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Abstract

It is known that stability of a model predictive con-
trol system is ensured if the terminal conditions of the
optimal control problem solved online satisfy certain
criteria. The usual requirement is that the terminal
cost function is a control Lyapunov function defined
on the terminal constraint set. Conventionally the ter-
minal cost function is chosen, when the system being
controlled is linear, to be the value function for the
infinite horizon unconstrained optimal control problem
and the terminal constraint set is chosen to be the out-
put admissible set for the closed-loop system using the
optimal unconstrained controller u = —Kx. The pur-
pose of this paper is to relax these terminal conditions
thereby facilitating online solution of the optimal con-
trol problem. Using some recent results, we present al-
ternative conditions that employ, as the terminal cost,
the infinite horizon cost resulting from a nonlinear con-
troller u = —sat(Kx) and, as the terminal constraint
set, the set in which this controller is optimal for the
infinite horizon constrained optimal control problem.
It is shown that this solution provides a considerably
larger terminal constraint set.

1 Introduction

This paper is concerned with closed-loop stability of
constrained linear systems when model predictive con-
trol is employed. Model predictive control is a form
of control in which the current control is obtained by
solving, at each sampling instant, a finite horizon open-
loop optimal control problem and applying the first ele-
ment of the optimal control sequence so obtained. Ob-
viously, model predictive control of constrained systems

is nonlinear so that stability is, in general, a nontriv-
ial issue. After the pioneering work of Chen and Shaw
[1], and of Keerthi and Gilbert [5], the value function
of the finite-horizon optimal control problem has been
used, almost universally, as a Lyapunov function for
analysing closed-loop stability [6].

Several ‘ingredients’ of the online optimal control prob-
lem directly affect closed-loop stability; these are: the
terminal cost F'(-), the terminal constraint set X’y (both
of which are employed in the optimal control problem
solved online), and the local controller k¢(-) that en-
sures existence of feasible solutions to the optimal con-
trol problem (see, e.g., [1, 5, 6]). Ideally, the terminal
cost F(-) is the infinite horizon value function V2 (-)
(for the constrained optimal control problem), in which
case, the finite horizon value function is V{(-) = V2 (*).
With this choice, online optimisation is unnecessary
and the advantages of an infinite horizon problem auto-
matically accrue. However, constraints generally render
this approach impossible. Usually, then, X is chosen to
be an appropriate neighbourhood of the origin in which
V2 (+) is exactly (or approximately) known, and F(-) is
set equal to V2 (+) or its approximation. When the sys-
tem being controlled is linear, F'(-) is often chosen to
be the value function of the infinite horizon, wuncon-
strained optimal control problem, x¢(-) is chosen to be
the optimal controller (k¢ (z) = —K) for this problem,
and Xy the mazimal output admissible set O, (defined
in [3]) for the closed-loop system using the local con-
troller k¢ (-). In this case, V2 (z) = F(z) = a7 Pz for
all z € Xy (P is the solution of an algebraic Riccati
equation) [8].

The purpose of this paper is to provide new terminal
ingredients for model predictive control of constrained
linear systems. The ingredients are an improvement



over those previously used in that the terminal con-
straint set A% is strictly larger than O, thus facili-
tating the solution of the optimal control problem. To
obtain the improved terminal conditions we employ re-
cent results [2] that show that the nonlinear controller
Kni(z) = —sat(Kz) is optimal in a region which in-
cludes the maximal output admissible set Oy. The
proposed terminal cost function F'(-) is the infinite hori-
zon value function V2 (-) which is proved, for stable
plants, to be finitely parameterisable in X;. However,
the proposed terminal cost function F(-), while still
convex (thus ensuring solvability of the optimal control
problem) is no longer quadratic (which implies that the
problem is not a quadratic program, and needs to be
solved using convex programming or conventional non-
linear programming). Some of these results are estab-
lished for the case of stable plants. However examples
indicate that the results may hold more generally.

2 Definitions and notation

The system considered is
z(k + 1) = Az(k) + Bu(k) (1)

or, more concisely, z* = f(z,u) := Az + Bu; where
x € IR™ and u € IR are, respectively, the current state
and control and zt is the successor state. The pair
(A, B) is assumed controllable. The control is required
to satisfy the constraint

u(k) € Q (2)

for all k, where Q := [-1,1]. The following nota-
tion will be employed. The solution of (1) at time
k, when the initial state is z at time ¢ and the con-
trol sequence is u, is " (k;x,); to simplify notation,
z*(k;z) := z"(k;x,0), i.e. the initial time is dropped
when it is zero. Z := {0,1,2,...} is the set of non-
negative integers, Z7 := {1,2,3,...} the set of positive
integers, and R' := {z € R | z > 0}. For all € > 0,
B :={z | |z| < €}. For any set X in, say, R", X¢ de-
notes the complement of X (in IR"). For each A € IRT,
the function sata (-) is defined by

w if Jul <A
sata (u) 1= A ifu>A (3)

-A fu<-A
The function sat(-) is defined to be sati(-). In the se-
quel we consider both a linear controller u = —Kxz and
a nonlinear controller u = sat(—Kz) = —sat(Kz). The

closed-loop satisfies z+ = ¢y(r) when the linear con-
troller is used and £+ = ¢,,;(z) when the nonlinear con-
troller is employed, where the mappings ¢, : IR" — IR"
and, ¢y : R™ — IR™ are defined by

gbg(l‘) = AK:L’, AK := A - BK (4)
¢ni(z) := Az — Bsat(Kx) (5)

In the sequel o denotes concatenation, i.e. (aob)(z) :=
a(b(z)), a®(z) := x and, for all i € T, a’(z) := (a*~ ' o
a)(z) = (aoa’1)(z). For all i € ZT, the function d;()
is defined by

0i(z) = Kz — sata, (Kx) (6)

where the saturation bounds A; are defined by

i—2
Api=1, Aj:=1+) |KAB|, i=23,... (7)
j=0

Hence, ¢ni(x) = Axx + Bdi(z). The set Xo := {z |
d1(x) =0} = {z | |Kz| < 1} and, for each i € ZT, the
set X; C IR™ is defined by
X; = {x|6;(A Agx) = 0} = {z | |Kiz| < A} (8)
where
Ki = KAiilAK (9)

We also require the sets Y; and Z; defined by

Yo = Y1 =R" (10)
YV; == XiNXe..NX,_y, i=2,3,... (11)
Zy = Y =R" (12)
Zi = {z| @) eYipk=0,...,i—2},(13)

’L. = 2,3,...; SO that Z1 = Yi, Z2 = YQ, Z3 = {.’I} |
r € YV3,0n(x) € Yo}, Zy = {2 | v € Yy, dnu(x) €
Y3, ¢2,(z) € Ya}, ete. The set sequence {Z;} is mono-
tonically non-increasing (with respect to inclusion), i.e.

Zi+1 C Z;, Vi € It (14)
and

Zir =Yig Nz | dulz) € Z;}, Vie It (15)

3 Model predictive control

In model predictive control, a finite horizon optimal
control problem Py (z) defined below is repeatedly
solved. Because of time invariance, the initial time in
the optimal control problem may be taken to be zero.
Thus Py (z) is defined by

Pn(z): Va(z) = m&n Vn(z,u) (16)

subject to the control constraint u € QV, and the ter-
minal constraint 2(N) € Xy, where

u = {u(0),u(l),...

is a sequence of N control actions,

s u(N = 1)} (17)

N-1
Vn(z,u) := Y l(z(k),u(k)) + F(z(N))  (18)
k=0



Uz, u) = |zfg + |ulf (19)

and z(k) = z“(k;z), kK = 0,1,...,N. We as-
sume that ) and R are positive definite. At
event (z,k) (at state z, time k), problem Py(z) is
solved yielding the optimal control sequence u®(z) =
{u®(0;z),u’(1;2),... ,u’(N — 1;2)}, the optimal state

sequence x°’(z) = {2°(0;z),2°(L;z),...,2%(N;z)}
(where 2°(0;z) = =, the initial state), and the value
function V¥(z) = Vn(z,u’(z)). The first control

u®(0;z) is applied to the plant so that the (implicit)
model predictive control law is

u = rn(z) = u’(0;x) (20)

If F(-) and X} are chosen appropriately (see, for exam-
ple, [6]), the control law can be shown to be stabilising.

For any function 6 : R™ — IR™, let :‘F)() be defined by

B, u) = 0(f (x,u)) — B(z) (21)

where f(z,u) = Az + Bu. We have [6]

Theorem 1 Suppose the terminal cost function F :
X; — IR, the terminal constraint set Xy and the lo-
cal control law kf : Xy — IR satisfy:

Al: Xy is closed and 0 € Xy,

A2: kp(x) € Q, Vo € Xy (control constraint satisfied
m Xf),

A3: Xy is positively invariant for the system, z+ =

[z, Ky (@),

Ay: [Z*7 + l(z,kp(x)) <0, Vo € Xp (F(-) is a local
Lyapunov function,).

Then

VO + f)(z, in(a)) <O

forallz € Xy, the (compact, convez) set of states steer-
able to Xy by an admissible control in time N or less.
Also XN is positively invariant for the closed-loop sys-
tem v = f(x, kN (7)) where kn(-) is the model predic-
tive control law.

Corollary 1 Suppose Q@ > 0 and R > 0, that
(F(-), Xr,kp(-)) satisfy A1-A4 and that, in addition,
there exists a finite ¢ such that F(x) < c|z|* for all
x € Xy. Then the origin is exponentially stable for the
closed-loop system v+ = f(z,kn(x)) with a region of
attraction Xy .

Proof: Since ¢ > 0 it follows from Theorem
1 that there exists a finite positive constant a such
that V3(z) > alz|?, Vo € Xy and VY(z,kn(z)) <
—a|z|?, Vo € Xn. Next Vi(z) < F(z) for all z € Xy

[4]. This is easily shown. Let z is an arbitrary point
in X; and let {zf(k;z),k = 0,1,2,...} be the state
sequence resulting from initial state x and controller
ks(-). Then, by A4

N-—-1
F(z) > ) Ua! (k@) 57 (2 (k52))) + F(z! (N;2))
k=0

where (by A3) 2/ (k;z) € Xy forallk =0,1,..., N and
(by A2) ks(zf(k;x)) € Q for all k =0,1,... ,N — 1.
But, by optimality (since 2/ (N;z) € A}),

N-1
VN(@) < ) Ua! (k@) 1 (2! (ks 2))) + F (2! (N;2))
k=0

Hence Vi (z) < F(z) < c|z|* for all z € Xy. Exponen-
tial stability, with a region of attraction Xy, follows.
]

For future reference we define the constrained infinite
horizon optimal control problem as follows:

Poolz): VO(z)= m&n Voo (z, 1) (22)
subject to the control constraint u(k) € Q, Vk € Z;
where, now, u is the infinite sequence {u(k) | k € 7}
and Vio(z,u) = Y00, lx(k),u(k)), with z(k) :=
x"(k; x). Note that P (-) does not have either a termi-
nal cost nor a terminal constraint; both are irrelevant
since, if a solution to the problem exists, z°(k;z) — 0
as k — oo.

4 Terminal conditions

4.1 Preliminaries

A triple (F'(-), Xt, ks(-)) satisfying A1-A4 and F'(z) <
clz|? for all z € Xy ensures exponential stability as
shown above. A useful choice of terminal conditions
[8] for the problem considered is to choose F(-) to be
the value function V,2.(-) for the unconstrained infinite
horizon optimal control problem P,.(z) for the same
system (1) and cost

Vae(,u) = 3 0(a(k), u(k)) (23)
k=0

where ((z,u) = ||, + |u|% as before. Thus
F(z) =2"Px (24)

where P > 0 is the (unique positive semi-definite) so-
lution of the algebraic Riccati equation

P=A"PA+ Q- K'RK (25)
where

K:=R'BTPA, R:=R+B'PB (26)



The local controller is defined by
kp(x) == —Kz (27)

and is, therefore, the optimal controller for the uncon-
strained infinite horizon problem P,.(-). The set X} is
usually taken to be the maximal output admissible set
O defined in [3], i.e.

O i={z | KALz € Q,j € T}. (28)

An interesting consequence of this choice for
(F(-),Xf,6¢(-)) is that VO(z) = F(z) for al z
in Xy and that V{(z) = V2(z) for all z € Xy such
that the terminal constraint is not active (i.e. z°(N;x)
lies in the interior of Ay); if N is so chosen, the
terminal constraint may be omitted from P (+).

4.2 Characterisation of the value function

It is the purpose of this paper to propose a larger X%,
thus simplifying optimisation (or reducing N in those
variants that omit the terminal constraint from the op-
timal control problem but increase the horizon N until
this constraint is satisfied). To this end we employ some
recent results [2] that show that the nonlinear controller
Kni(+) defined by

Kt () := sat(—Kz) = —sat(Kx) (29)

is optimal in a region which includes the output admis-
sible set O defined above.

We next state the main result of [2]:

Theorem 2 The optimal wvalue function V9(-) for
problem Pn with F(z) := T Pz and X; := IR" sat-
isfies
N
VN(z) = JV(z) == 2" Pz + R 6 (A*12)%,  (30)
k=1

for all x € Zy, and the optimal control law kn(-) sat-
isfies

kn(x) = kni(z) = —sat(Kzx), Vo € Zn (31)

Since the functions = — §x(A* 1z)? are convex, so is
the value function V(-).

4.3 Specification of (F(-), Xt,kz(-))

We cannot employ (JN(-), Zn,&u(-)) for the triple
(F'(-), Xf,kf) because, being the solution of a finite
horizon optimal control problem (in a specified region
ZN), this triple does not satisfy conditions A1-A4. To
obtain a suitable triple we allow NN to tend to infinity.
First we note

Proposition 1 For alli € 7, Y] is closed and conver
and contains the origin in its interior. If (K, A) is an
observable pair and Ak non-singular, Y; is a (convez,
compact) polytope for all i > n.

Proof: The first statement is obvious. The sec-
ond follows from the linear independence of K A?, i =
1,2,...,n. ]

This result does not necessarily hold if €2 is not bounded
(as it is for our problem). Let J*°(-),Y, and Z be
defined by

2"Pr+RY 6,(AF12)? (32)

J>*(x) =
k=1
Yoo = N2X; (33)
Zo = {z|¢k(z) €Yo,k €T}  (34)

The function J*°(-) is well defined if A is asymptotically
stable. The value function V2 (:) for problem Py (-)
satisfies

VO () = J®(x), Vr € Zs (35)

The set Z, is a candidate for A, but for this use it
is necessary that it be finitely determined. To establish
this we require:

Proposition 2 Assume A is asymptotically stable (i.e.
all of its eigenvalues lie in the open unit disc). Then Y
is finitely determined (Yoo = Y;, for some integer i),
and Yy is a (compact, convex) polytope that contains
the origin in its interior.

Proof: The sequence {A;} is monotonically non-
decreasing. Because A is asymptotically stable, the se-
quence {A;} is bounded above and therefore converges
to A < oo so that A; € [1,A] for all i € Zt. Secondly
(following [3]), there exists a ¢; € IR such that the
induced norm ||K;|| < ¢; for all i € ZF. Let c2 < 1/c;
so that |K;z| < 1 < A; (which implies z € X;) for
all z € B.,, all i € Zt. Hence B., C Y so that
Y, contains the origin in its interior. To show that
Y, is finitely determined, let c3 € IRT be such that
Y, C B.,. Clearly Y, C Y, C B.,. There exists an
integer i; > n such that the induced norm ||K;|| < 1/c3
for all i > iy and |K;z| < (1/c3)|z| < 1 < A; for all
T € By, all i > iy; this implies B., C N2; X;. Hence
Y, CN¥,; X; and Yoo =Y, N (N1 X)) N (N2, X;) =
Y, N (NIL,1X;) = Y, and Ya is finitely determined.
|

We also have

Proposition 3 Assume A is asymptotically stable.
Then: (i) The set Z, is positively invariant for the
system x = ¢ (). () Zoo C Yoo. (i8h) Zoo is com-
pact and contains the origin in its interior.

Proof: (i) This follows from the definition (34) of
Zo if Zy is not empty. Let ¢ > 0 be such that the



level set £ := {z | z7 Pz < ¢} C Oy N Yo; since both
O [3] and Y, contain the origin in their interiors and
since P > 0, such a ¢ exists. Since k() = —Kx and
dni(x) = Agx in Oy, and since L is positively invariant
for 7 = Az = ¢ni(z), it follows that £L C Z.,. But
L contains the origin in its interior (since P > 0). (ii)
From definition (34), © € Z, implies z € Y. (iii)
Since Y, is compact and ¢,;(-) is continuous, each set
Wi, = {x | ¢*,(z) € Yoo}, k € Z, is compact. Hence
Z~o is compact. n

Proposition 4 Assume A is asymptotically stable.
Then there exist a finite integer N1 such that

Ny
J¥(z) = JV'(z) :=2"Pz+RY 6;(A'x)”, (36)

i=1

forallx € Zoo C Yy, .

Proof:  Arguing as in the proof of Proposition 2 we
can establish the existence of a finite integer N such
that |K A=tz| <1 < A; (which implies §;(A*~1z) = 0)
forall¢ > Ny,allz € Y;,. [

For all j € ZT, let W; be defined by

W; = {z|¢},(z) €Yy fori=1,2,...,j—1

) 37
and ¢7,(z) € L} (87)

where £ is defined in the proof of Proposition 3.

Proposition 5 Assume A is asymptotically stable.
Then there exists an integer ia such that Zo, = W,,,
i-e. Zoo is finitely determined.

Proof: (i) Let
max{JN'(z) |z €Y =Yi,} =1 < 00

By (35) and proposition 4, VO (.) = J>(:) = JM ()
in Z,, so that there exists an ¢2 € (0,00) such that

INY (2, k() = =z, k(7)) < —|zg, < —calzf?, for
all z € Z,. There exists a ¢z € (0,00) such that

%
JNU (2, K (z) < —es, for all z € Zy N closure(LC).
Hence for all z € Z, there exists an integer i < ¢1/c3
such that ¢'%(z) € £. Hence = € Z, implies z € W;,.
(ii) Suppose x € Wy, so that ¢n(z) € Y for i =
0,1,...,i2 — 1 and ¢,> € L. Since L is positively
invariant for zT = ¢, (z), ﬁll(m) € L C Y, for
j =to,i+ 1,i5+2,.... Hence ¢ € Z,. n

We now establish that O, is a subset of Z.

Proposition 6 O, C Z.

Proof: By definition Z., is the maximal positively
invariant set in Y, for the closed-loop system z+ =
oni(x). The set Oy is also a positively invariant set for
v = ¢pi(z) (since gy (") = Pp(+) in On). It suffices,
therefore, to establish that Oy C Y. Since Yoo =Y},
we need only prove Oy C X; for i =1,2,...,i; — 1.
Assume, therefore, that x € O, so that

|[KAlz| <1, jeI (38)
For any i € Z+

Al = (A-BEK)AT' = AAT' — BKAL!
= A(A-BK)AZ? - BKAL!
= A?AL? — ABKAL? - BKA.!

i—2
= ATMAg - AIBKAYY
7j=0
which implies
i—2

KA™'Age = KAyx + Y KABKA ' 7z (39)

7j=0
From (38) and (39), we obtain the inequality

i—2
KA Agz| <1+ ) |KATB| = A;
j=0

This implies € X; for all i € Zt yielding the desired
result. ]

Example 1 In this example, the relative size of the
sets O, Yoo and Z is illustrated. Consider the sys-
tem o+ = Ax + Bu, y = Cx with

1 0 0.4
A:[0.4 1}’ B:{o.os]’ c=[0 1],

which is the zero-order hold discretisation, with a sam-
pling period of 0.4 sec., of the double integrator &1 (t) =
u(t), &2(t) = x1(t), y(t) = x2(t). In Egs. (18)-(19) we
take: Q = Isxo and R = 0.25. The matriz P and the
gain K were computed from (25)-(26).

In Figure 1 we show the sets: Yoo, the mazimal output
admissible set O, and an ellipsoidal set £ which is
positively invariant for x+ = ¢, (z) (the derivation of
E can be found in [2]). In this example iy =7, so that
Y = Y;. An estimate of the set Z., is given by:

OxU& C Z, C Y.
The trajectory of the closed-loop system with controller

k() = —sat(Kx) is also shown; this trajectory co-
incides with the optimal trajectory (Theorem 2). The



Figure 1: Set boundaries for the example.

initial condition, xo = [0.25 4.7]', has been chosen so
that a better estimate of the size of Zo, can be inferred
from the simulated trajectory.

Notice that this example indicates that the assumption
that A is asymptotically stable (made for the results
of this paper) is not a necessary condition, and con-
sequently, the results hold more generally than formally
established here.

We can now state the main result of this paper.

Theorem 3 Assume A is asymptotically stable. Then
the triple (F(:), X, k5(-)) where F(-) = J>®() =
IN), Xy o= Zoo = Wiy, and k4()) == k'), satis-
fies conditions A1-A/4.

Proof: (i) It is established above that Xy := Z, is
closed and contains the origin in its interior, thus sat-
isfying A1.

(ii) kf(-) := kni(-) satisfies A2 by definition.

(iii) That X} := Z is positively invariant for the sys-
tem T = f(x,k¢(z)) = dni(z) is established above.
(iv) Because F(+) := J°°(-) is the value function V2 (-),
and kn(+) the optimal control law, for the infinite hori-
zon optimal control problem Py, (-), it satisfies

*

F(z,kn(x)) = —L(x, kni(x))

for all x € &}, thus satisfying A4. ™

4.4 Implementation

Since Z« is not defined by linear inequalities and F'(-)
is not quadratic, problem Py(-) with F(-) = JM(.),
Xy = Zo and ks(-) = kpi(+) is not a quadratic pro-
gram. Indeed it is not even necessarily a convex pro-
gram since there is no guarantee that Z., is convex.

However, because Z., is finitely specified, the variant
of model predictive control in which the terminal con-
straint is omitted from Pn(-) and N is chosen (either
a priori or online) to ensure that the terminal con-
straint is satisfied (despite its omission from Py (-)) is
easily implemented. The resultant problem is convex
because F'(-) is convex and positive definite and may
be solved using convex programming or, indeed, con-
ventional non-linear programming (e.g., [7]).

5 Conclusions

We have shown how to obtain terminal ingredients
F(-),Xr,ks(-) (for the optimal control problem em-
ployed in model predictive control) that ensure closed-
loop stability. The ingredients provide a larger termi-
nal constraint set than that provided by previous ap-
proaches thus facilitating online solution of the optimal
control problem. Examples show that the new con-
straint set Xy may be considerably larger than the out-
put admissible set O conventionally employed. The
main result, though proven only for the case of stable
systems, is believed to hold more generally.
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