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Abstract

In this paper, we investigate approximate smoothing
schemes for a class of hidden Markov models (HMM),
namely, HMMs with underlying Markov chains that
are nearly completely decomposable. The objective
is to obtain substantial computational savings. Our
algorithm can not only be used to obtain aggregate
smoothed estimates, but can be used to obtain sys-
tematically approximate full-order smoothed estimates
with computational savings, unlike many of the aggreg-
ation methods proposed earlier.
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1 Introduction

Nearly completely decomposable Markov chains
(NCDMC) are Markov chains where one can readily
identify a hierarchical structure of two or more levels.
Typically consisting of a large number of states, the
states of NCDMCs can be easily grouped together in
what we shall term ‘super-states’ [5], with strong in-
teractions (i.e. high probability of transition) between
states in groups, while interactions between such
groups are weak (i.e. small probability of transition).
In this paper we propose an approximate smoothing
algorithm for partially observed NCDMCs — i.e. a class
of hidden Markov models (HMMSs) — which utilises this
hierarchical structure and provides an estimate to the
conditional state probabilities, but with reduced order
of computations compared to if exact smoothing was
carried out.

NCDMCs have been extensively studied in [3],
which considered NCDMCs with transition probability
matrices of the form P = I, + A + ¢B, n denoting the
total number of states. Since n is often large, this led
to the development of aggregation methods to reduce
computations. It is well known that such Markov chains
arise in studies of queueing systems and computer sys-
tems. Previous research in this direction has concen-
trated on approximations in obtaining the steady-state
distributions. Various approaches have been put forth
to derive from P an aggregate version of smaller di-
mension, resulting in schemes of O(e?) [3] approxim-
ation and an iterative scheme with (potentially) arbit-
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rary accuracy [1]. There have been several other studies
that contributed to the development of decomposition-
aggregation methods for obtaining reduced-order ap-
proximations for uncontrolled [6], as well as controlled
Markov chains [4], [7].

The state estimation of HMMs where the underlying
Markov chain is an NCDMC was first investigated in
[5], where apart from the structure inherent in NCD-
MCs, an additional assumption that the observation
probabilities reflect the block structure of the Markov
states was made. That is, for a given observation sym-
bol, the state-to-observation mapping is constant for
all states within the same super-state. The applicab-
ility of such block-structured observation probability
matrices not only lies in modelling of management sys-
tems (where top levels of management are only inter-
ested in macro-behaviour rather than micro-behaviour)
but also in real engineering applications like distributed
control environments particularly with communication
constraints. For example, in an environment where
multiple sensors are sending information, it might not
be possible to send fine information due to bit-rate
constraints, and hence it might just be practical to
send coarser information (e.g., information about the
macro-states). This may be of use in hierarchical con-
trol systems also, where a controller at one of the top
levels of the hierarchy may not want fine information
since it may only want to control transitions from one
macro-state to another (e.g., the controller may want
to know that a failure has occurred and not what par-
ticular kind of failure it is). It was demonstrated in [5]
that substantial computational savings can be obtained
in calculating an O(e?) approximation to the aggregate
filtered estimates via a decoupling scheme for this class
of hidden Markov models. It was also seen that some
aggregation methods (including Courtois’ method) may
be adapted to obtain comparable results as far as ag-
gregate filtered estimates are concerned. However, the
algorithm proposed in [5] can be used to obtain O(€?)
approximation to the full-order filtered state estimates
whereas none of the aggregation methods can be ad-
apted to achieve that. The computational savings in
calculating approximate full-order estimates were not
as large as in the case of the aggregate estimates, but
nevertheless, the algorithm of [5] is the first to obtain
systematic approximations to aggregate and full-order
filtered estimates with computational savings.

The focus of this paper is to present an approxim-



ate scheme for smoothing with performance at least
comparable with smoothing obtained by using aggreg-
ate transition probability matrices via e.g. [1, 3], but
with significantly reduced number of computations.
Secondly, our method provides a means of computing
the full-order smoothed estimates, which is not pos-
sible with previous aggregation schemes. By following
closely the techniques introduced in [5], it is then seen
that our smoothing algorithm is an O(e?) in approxim-
ation of the exact smoothed probabilities. Further, we
can also derive approximations of arbitrary accuracy,
but at the cost of increasing computational complexity.
This has not been pursued in this paper.

2 Signal Model

Analogous to [1], the underlying NCDMC of n states is
characterised by the row-stochastic transition probab-
ility matrix P € R™*™:

P=I,+A+eB (1)

where I, is the (n x n) identity matrix and

Ay, 0 - 0
0 Ay --- 0
A =
0 0 0
0 0 AnN

where A;; € R™*™Vi, 3" . n; = n, and 0 denotes zero
matrices of appropriate dimensions. In (1), € > 0 is a
small perturbation parameter. Note that I,, + A is also
row-stochastic, and rows of A and B sum to 0. We also
make the following assumption:

Assumption 2.1 P and I, + Aii, Vi are irreducible.

For small ¢, the states can be clustered into N groups
such that there is strong interaction between the states
in a given group, but weak interaction between the
groups. Following [5], we will term the N blocks the
‘superstates’. We denote the state of the full Markov
chain as X, € {1,2,...,n}, and the [-th superstate is
denoted by Sj, I € {1,2,..., N}. Without loss of gen-
erality, let S1 = {1,2,...,n1}, and So = {n1 + 1,n1 +
2,...,n1 + na}, etc. Consequently, in this notation

ni+nz+...4n;

Pr(X € S)) = >

i=14+ni+...4+n;_1

PI‘(Xk = Z)

The state-to-measurement mapping is given by the
measurement matrix C, where ¢;; = Pr(Y; = i| X} =
j)te{l,2,...,M} and j € {1,2,...,n}, and Y} de-
notes the discrete observation at time k. In the sub-
sequent discussions, we will use the shorthand )i to
denote {Yp,Y1,...,Y;}. Since our main interest is to
obtain smoothed estimates for aggregate states, we will
assume (as in [5]) that C has a particular block struc-

ture, such that ¢;; = ¢;,Vj € S;,Vi , ie. the meas-
urements reflect the superstates only. Finally we will
make the following standard assumption since other-
wise the measurements contain very little information
of the Markov states.

Assumption 2.2 min;jc;; > ¢ > 0.

3 Aggregate Smoothed Estimates

3.1 Exact Smoothing Equations

To construct an HMM fixed-lag smoother we proceed
similarly to [2] (which extends Kalman filtering results
to smoothing results), by constructing an augmented
signal model, consisting of the original Markov chain
and a state X; of which the smoothed estimate is sought
after. A filtered estimate of the augmented model at
time k(> j) will then contain within it a filtered estim-
ate of the state Xy, and also something equivalent to a
smoothed estimate of the original model at time j.

Definition 3.1 For each k > j, let Z, = Z;, =
[Xj Xk}, be an augmented state vector consisting of
the states of the original Markov chain, at a fized time
7, and a variable time k.

From Definition 3.1, it can be seen that Zj can only
assume the values (1,1), (1,2), ..., (1,n), (2,1), ...,
(n,m). It follows (see [8] for details) then that the
transition probability matrix for such a Markov chain
is P = I, ® P, where ® denotes Kronecker product.
We shall now argue that the output process Yj of the
original HMM can also be regarded as the output pro-
cess of an HMM with state Zg, for k& > j. That is,
suppose that the output process associated with Zj is
the same as before, and consequentlyPr(Y;, = ¢|2;) =
Pr(Y, = ¢|X%), this means that the corresponding ob-
servation matrix C for the augmented Markov chain is

c=[c ¢ Cl=1,0C.

Denote the (1 x n?) filtered probability vector for Zj
as Il x, with each component being

I g (1) = Pr(Z2y, = 1|Dk)

where I € {(1,1),(1,2),...,(n,n)}. The recursion for
this probability vector is (see also [8]):

1
I prjey1 = —Zk+1Hj,k|kPCYk+1
1
= Z—Hj’klk (In®P) (In®Cyk+1) (2)
k+1
where Cy,,, = diag(cni) when Yii1 = m, i =
L,2,...,n,and Zgy1 = Il xPCy, ., 12 is a scalar nor-

malising constant which ensures »°1" | II; 41541 (2) =
1. 1, denotes a column vector of length p with all entries
equal to 1.



By definition, the i-th entry of the smoothed probability
vector ILj ;A at time j with lag A for the unaugmented
HMM is just

I (@) = Pr(X; = i|Yjta)
= Z Pr(
/=1

Hence the smoothed probability vector 11, for the
unaugmented HMM can be evaluated by summing ap-
propriate terms in the filtered probability vector for the
augmented model

Xj =14, Xjpa =0Yjzn).

1, O 0
Wjjjea =4a4a [0 . 0
0 0o 1,

- Hj»jJrA\jJrA (In & 1n>

1
= 7 oa il (In® P) (In® Cy; ) - .-

)

(In ® P) (In ® Cy,,a) (In @ 1)

1
I 51 (In @ Uj1,j+a1n) (3)

Zjj+a

where we have used the property (A ® B)(C ® D) =
AC ® BD, and Z; j 4 is a normalising constant while

Uji154a = PCy, ,PCy,., ... PCy,,

Remark 3.1 We can in fact rewrite (3) in a more
compact form involving products of (n X n) matrices.
That is, in terms of the corresponding filtered estimate

diag(IL;j;)Uj41,j4+a Ln-

Iiogn — ———
Jli+A
Zjj+a

3.2 Aggregate HMM Smoother
Let us consider as in [1] the nonsingular transforma-

tion I' = [W1 Wg} such that I,, = [W1 Wg} [“j}},

2
where W; € R™N and the i-th diagonal blocks in
Wy € Rv*(n=N) "y, ¢ RVN*" and V, € RON)IX7 ape
given as follows:

In, -+ 0
W1 = 0 0 (4&)
0 - 1,
Wi — BO] (4D)
nifl
VO =1 0 ... 0 (4c)
Vi) = [~ln1 Lo (4d)

We note that the aggregate fixed-lag smoothed state
estimates can be represented as

Gli+a =1L aWh (5)

where (jpa € RN and (jpa(i) = Pr(X; €
SilVi+a) =2 es, Pr(X; = £|Yita).

We will now indicate the steps to obtain the aggregate
smoothed estimates using (4a)-(4d).
Step 1. Denote the product of Il with the i-th

diagonal block of I,, ® [W7 Wa] ai {C @ n](z,)c] with
() ¢ RIXN and 5\ € RI* (= N) | where each C( is
CLk Mj.k K

¢ =Pr(X; =i, Xk € $1|%)  Pr(X; =i, Xi € S2|))
Pr(X; =i, X) € Sn|Ve)]-

Rewriting (2) in terms of C](,le and 77}2, 1=1,2,...,n,

I papksr (I ® (W1 Wa])

1 Wi
e (e W W
Zsr O ( LS 2 {%D .

(In® P) (In ® CYk-H) (In ® [Wl WQD
or
CJ k41 773(11@)+1 C] k+1 77](7;)+1}
1
_ (1) (1) (n) (n)
" Zin {Cﬂ'vk kG "Jﬂ

(o ] Povc 91 W) @

Note that this recursion can also be written as:
I: Unnormalised Update

1 n)u
{CJ k+1 77§ k)+1 T C] k+1 77](‘ k)+1}
1 1 n n
{C() 77](;2 C() 773(12}
%1
I, ® v PCyk+1 [Wl WQ] (7)

where C k +1, nj(z,l 11 denotes the unnormalised variables

for each i, 7.
II: Normalization

1 n
[CJ k+1 77]( k)+1 T CJ 1 77]( k)+1]
1
" Zpn [Cj,k-tl nj,kil e Cjﬁﬁqfl njfﬁfl} (8)

where it is easy to show that Zy41 = > . C(?j_l

Step 2. At each k = j + A, where A denotes the
smoothing lag, the full-order smoothed probability vec-
tor is computed by summing the contribution from each
X

VE

(1) (n) (n)
jjjra = C]J-i-A Migra 0 Gara Migea) X

(In @ 1sn)  (9)



where II;;1a(i) = Pr(X;
[y 0 -+ 0] e R"XL,
Step 3. The aggregate smoothed probability vector is
then computed using (5). We then have

[Gljra mijral =Mjpa (W1 We. (10)

Remark 3.2 Similar to Remark 3.1, (7), (8) can also
be written as

= i|Yj4a) and 1, =

(1) €] CORNEY
CJ ki1 Tk Gk ik
R —C A ®

k1 k1 j

(n)u (n)
CJ k+1 Tk Cj,k Nk

PCy,,, (W1 Wa] (11)

where C](._i;H
1,2,...,n

(7) 1 (7) (%) -
ﬂ]zk+1} = Zis [CkaL 77311;11} Vi =

In [5] it has been shown that such calculations (for a
fized i), can be performed approzimately by decoupling
C(z) from n(z) The subsequent calculations (whether
for aggregate or full-order smoothed estimates) require
reduced number of computatzons ( as they only require
=1,2,..

the estimates are of O(e?) in approxz'matz’on. We will
show a similar development in the next section.

recursive computations of C b1 .,n) and

4 Approximate O(e?) Aggregate Smoother

In this section, we will adopt the decoupling transform-
ation technique as used in [5] to obtain approximate
aggregate smoothed state estimates.

As indicated in (11), for fixed j and at each k the com-

putation of {CJ(,ZZ 77§il)c
matrices. We will now recall some results from [5] which
are directly applicable in the present situation. Denote

} involves only products of (nxn)

the transformed variables as [fj(z,z ﬁyﬂ given by

@] Iy Li
”JkHo InN]' (12)

G ] = g
where, it is trivial to demonstrate that

-1
IN Lk - IN _Lk
KR I A B

Here {L; € RN*("=N)1 i5 assumed to be a sequence of
uniformly bounded time-varying matrices to be solved
for. In [5], it was shown that under certain assumptions
holding involving the system parameters and e, this uni-
form boundedness assumption is valid. Examples can
certainly be found where such assumptions can be veri-
fied to hold. We will not include these conditions here,
for details see [5].

To simplify the notation, let us introduce the shorthand

it A
{fl%i fl%ﬂ - {Vl} PCy, ., W1 Wo] (14)

where fln = Ak —|—eBl, Ak, = Ak4eBE, Ak = Cl4eD¥
and Ak, = C% + €Dk, and the individual terms are

Vi(In + A)Cy, ., Wi, B = ViBC,,, , W1 (15a)
=Vi(I, + A)Cy,, ,Wa, BS = ViBC,,, ,W> (15b)
Va(I, + A)Cy, ., Wi, DY = Vo, BC,, .\ W1 (15c)
Vo(In + A)Cy, ., Wa, D5 = Vo BC,,, \Wa (15d)

Using (12) and (14) (and writing only the i-row of (11)
for simplicity), we have the following recursion

(i) ~ (i)
[Cazim njzk-l-l}

_ 1 [5@ ﬁ(n] In =Ly | [AY AR [In Ly
Ty L3 0RO Ion] [AS, A%, [0 L

1 [C(z) ﬁ('i)} [A]ﬁ —~ka1§1 0 ]
Zpyr LIE R A%, A§ L1 A5,
(16)

where L, satisfies

(A]fl - LkAgﬂLkH = Lk;lgz - A]fzv Lo = 0. (17)

It was shown in [5] that by taking advantage of fact that
€ > 0 is small, L can be solved iteratively by express-
ing Ly as power series in € and truncate at some finite
powers of €. This approximation works only under the
assumption that Lg,Vk is uniformly bounded. Here,
we may add ( [5] for details) that the conditions under
which the uniform boundedness holds indicate that for
a given set of system parameters, € has to be sufficiently
small, which is not surprising. We stress again that the
principal reason for introducing the decoupling trans-
formation is to reduce the order of computations, at the
expense of having to approximate the true smoothed
estimates. Further, from our simulation studies no ap-
preciable decrease in performance has been observed
when the approximate technique for computing (16)
was used. Finally we note that the aggregate smoothed
estimates can also be obtained by using Courtois’ N x N
aggregate matrix and the aggregate observation prob-
ability matrix of size M x N. The subsequent smoothed
estimate can be obtained by substituting

P = Iy + € [Vi — ViAW, (Vo AW,) ' Va| BW,
(18a)
8 = (C28 ) = (Pr(Y}, = m| X € 5,,)) (18b)

for P and C respectively into (11). However, we em-
phasise that we cannot obtain the full-state smoothed

|



estimates by Courtois’ approach, and also we can-
not easily extend these aggregation ideas to the case
C=C+eCy.

Before recalling the main result stated in [5], we make
the following additional assumptions, the motivation
and sufficient conditions for which can be found in [5].

Assumption 4.1 € s small enough that 1/Z, =
1/ Zk + O(€?) for k > ko.

Assumption 4.2 The evolution zi+1 = 2 (flélLkH +
AL)) (namely the recursion for 77](1,1 in (16)) where z, €

RI*(=N) s exponentially stable,

Theorem 4.1 Consider a hidden Markov model with
the system matrices P,C as given in Section 2. Assume
Assumptions 2.1, 2.2, 4.1 and 4.2 hold. Also assume
that {Li} is a sequence of uniformly bounded matrices
evolving in a compact set. Denote the filtered probability
vector as Iy, € RV, where Ty, (i) = Pr(Xy = i W),
and the aggregated formulation of Iy as

Ln—N

—lo ol [ 2] (19)

[Ce 7] =My [W1 Wo {I(])V Ly ]

which can be recursively computed as

= 1
[Chs1 Tht1] = 7 X
= 1 [Ah - LeAb, 0 ]
- - ~ 20
Goad | ] @

where the meaning of each of the terms are given in the
discussion for (14). Then there exists a large enough
but finite ko such that for k > ko an O(€*) approzima-
tions for (. (denoted as () and ny, (denoted as 7y ) can
be computed recursively as follows:

Gon = Gl +e(BE - LD (21)
k+1

k1 = —Cre1[L(0) + €Ly (1)] (22)

L(0) = Vi AW (Vo AW,) 1 (23)

Li1(1) = (AN 7 Ly (1)CE + Qi (24)

Qx = (A%)™" (L(0)D} + L(0)DYL(0) - BEL(0) - BY) .

25)

where Zyp1 = (o[AF + e(Bf — L(0)DF)]1n, Crp1 =
Cho—1 and TMky—1 = Nky—1-

Remark 4.1 It is clear by direct substitution of 5](2

for ¢ and similarly replacing 7y, by 77](1,)@, for all i =
1,2,...,n, that Theorem 4.1 is applicable also in the
calculation of (16).

Additions Multiplications
+ Divisions?
FS: Exact An?(n—1)+ (n? -1) An3 +n
+n(n —1)
Decoupled | AnN(N —1) 4+ (nN —1) AnN2 +n
+n(N —1)

AG: Exact An?(n—1)+2n7 — N -1 An3 + N
Decoupled | AnN(N —1)4+2nN - N -1 | AnN2 + N
Courtois ANZ(N — 1) + (N2 —-1) AN? + N

+N(N - 1)

Table 1: Comparison of number of computations for each
smoothing scheme. FS: full-state; A: aggregate.

We will now indicate the savings in computations when
the decoupling transformation is used. Note that the
transformation by multiplying by [Wl Wg] is not in-
cluded since this only affects the initial condition at
each time j. In the following discussion, we also assume
the matrices in (14) can be precomputed and held in
memory. In fact, as we shall see in the sequel, only
2M matrices of size N x N and (n — N) x (n — N)
are required since 77](1,1 — 0, V4, j, for k sufficiently large
(for details see [5]). The comparison of the savings in
computations at each j for a given smoothing lag A are
given in Table 1.

5 Simulations

In this section, we will compare the exact full-order
and aggregate smoothed estimates with those obtained
using our decoupling scheme, as well as commenting on
the results obtainable from the aggregation schemes of
[1] and [3]. The results were obtained using 20000 data
points, averaged over 20 sets, with a fixed smoothing
lag of 50. This smoothing lag was chosen by noting
that there was no significant improvement in smoothing
performance when the lag exceeded this value. The
aim is to illustrate the claim of O(e?) approximation
that was made in Section 4. The error criteria used is
E[gk4+a — Hg|, where II; denotes the state vector at
time k; for the comparison of the various approximate
schemes Il is replaced by the approximate smoothed
probability vectors.

We will use the same example as in [5]:

—-0.35 0.25 0.1 0 0 0 0 0
0.15 —-0.65 0.5 0 0 0 0 0
0.55 0.15 -0.7 0 0 0 0 0
A= 0 0 0 -0.3 0.3 0 0 0
0 0 0 0.3 —-03 0 0 0
0 0 0 0 0 -0.4 0.25 0.15
0 0 0 0 0 0.3 —042 0.12
0 0 0 0 0 0.15 0.35 —0.5

'We have only indicated the number of divisions required in
principle for normalisation; in practice, more divisions are neces-
sary to prevent numerical underflows in the calculations.



C =

0.1

0.01
0.02
0.45
0.01
0.03
L0.01

0.15
0 0.1
0.01
0.42
0.01
0.05
0.01
0.05

0.25
0.32

—-1.0
-0.9
—0.4
0.01
0.4
0.01
0.03
0.01

0.32

—0.25

0 0

0.25 0.25
0.32
0.43 043 043 0.1

—025 0 0
LO)=1| 0 0

0.6

0.5

0.2
0.01
—-1.0
0.01
0.04
0.01

0.4
0.5

0.05 0
0.05
0.05
—0.61
0.01
0.05
0.01

0.05 —0.

0.5
0.1

-0.5 0
0 —0.4048

0.05
0.05
0.025
0.1
0.01
0.01

16

0.05
0.1
0.04
0.1
0.01
—0.15
0.01

0.05 7
0.1
0.04
0.025
0.02
0.01
—0.14

0.01 0.02 |

0.16 0.16 0.16

0.4 0.57 0.57 0.57
0.27 0.27 0.27

0
0
—0.2121

Average approximation error

€ Exact Smoothing | Decoupling Scheme

0.001
0.005
0.01
0.02
0.05
0.1

1.22759636430736
1.22291595821324
1.23981392134711
1.26983658972958
1.33095599692731
1.39437014954947

1.22759762653319
1.22293122070098
1.23981692582461
1.26983627705158
1.33094864102834
1.39440441531637

Table 2: Comparison of exact (full-order) smoothing with
decoupling scheme.

Average approximation error

€ Decoupling Adapted Adapted

Scheme Courtois Aldhaheri/Khalil

0.001 0.0000009482637 0.0000009482637 0.0000007076929
0.005 | 0.0000240804968 | 0.0000240804968 | 0.0000200219345
0.01 0.0000965298827 0.0000965298827 0.0000745328654
0.02 0.0003493682743 | 0.0003493682743 | 0.0002741025425
0.05 0.0016591628470 0.0016591628470 0.0012952105279
0.1 0.0046733190777 | 0.0046733190777 | 0.0035186308956

Table 3: Average approximation error of various aggregate
smoothing schemes relative to exact aggregate
smoothing.
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Figure 1: Aggregate smoothing via decoupling relative to
the exact aggregate smoothing.

The difference between exact and approximate smooth-
ing using our decoupling scheme is shown in Table 2. It
can be seen the performance of the approximate method
is comparable to the exact smoother under the noise
conditions of these simulations.

A comparison of the approximate methods is tabulated
in Table 3, where it can be seen that our decoupling

method results in the same performance as Courtois’
aggregation procedure. The O(e?) approximation can
be clearly seen in Fig. 1. However, the aggregation
matrix of Aldhaheri/Khalil is seen to consistently out-
perform our method by some small amounts. Never-
theless, we emphasise that the objective here is to com-
pute the aggregate conditional densities with reduced
computations in a systematic fashion. Our algorithm
certainly offers an algorithm for doing that. Further-
more, our method offers the possibility of computing
the full-order estimates while the other two aggregation
methods cannot be extended to include such cases. It
was also shown in [5] that for a special class of HMMs
where the underlying NCDMC is i.4.d., then one can ob-
tain O(€?®) to the aggregate filtered estimates with large
computational savings whereas none of the aggregation
methods discussed here can be adapted to achieve such
savings. Such results also hold for smoothing.

6 Conclusions

In this paper, we propose an algorithm for obtaining
approximate smoothed state estimates for a class of
hidden Markov models with (possibly large-scale) un-
derlying NCDMCs. These approximations are of order
O(€?) and they result in substantial computational sav-
ings.
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