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Abstract

This paper proposes a robust trajectory tracking con-
trol scheme for a nonholonomic wheeled mobile robot.
This control scheme achieves full state tracking in the
sense of uniform ultimate boundedness. It is robust
against the uncertain inertia parameters, unknown dis-
turbances and initial errors.

1 Introduction

In the past decades, the tracking control problem of
nonholonomic wheeled mobile robots was extensively
studied and different approaches were proposed. Es-
pecially, the static and dynamic input-output feedback
linearization techniques were well studied in [1,2]. Be-
cause some useful nonlinearities are cancelled by lin-
earization feedback, it is believed that the system’s
stability and robustness under the input-output feed-
back linearization control law are decreased. So, con-
trol schemes in terms of the full state tracking were
also studied based on the general input-output error
dynamics [3] or based on the full order error dynam-
ics [4,5]. Using Lyapunov method and backstepping
method to the full order error dynamics, global track-
ing control laws were proposed for a two-wheel driven
nonholonomic cart [4] and for chained form [5].

The above works do not take into account of the model-
ing uncertainties in terms of dynamic parameters such
as the uncertain inertia parameters and the unknown
disturbances. The control schemes that are robust
against the modeling uncertainties require other tech-
niques. Su and Stepanenko proposed a robust control
strategy based on the reduced-order dynamics in [6]
and then [7]. However, it should be pointed out that
these control schemes are valid for the tracking prob-
lem of partial states or outputs only when the solutions
of the original full order system are admissible. On the
other hand, sliding mode control is also studied [8,9].
By appropriate design of the sliding surfaces, some er-
ror terms can converge to zero and the others remain
within the boundaries in [8], all posture variables are

stabilized in [9]. Nonetheless, these methods may be
limited to some strict conditions, such as “the refer-
ence trajectory and the real trajectory do not cross the
origin of the world coordinates” as well as “the heading
angle of the robot and the angle coordinate cannot be
perpendicular with each other”.

In this paper, we propose a novel robust control scheme
for nonholonomic wheeled mobile robots. With suit-
able design of a set of output function, we establish the
reduced-order dynamics in terms of the input-output
relationship. Then, the robust control scheme is devel-
oped based on the reduced-order dynamics. The analy-
sis to the internal stability reveals that the full state
tracking can be achieved under an applicable sufficient
condition. Simulation results show that the uniformly
ultimately bounded full state tracking is achieved with
the robustness against uncertain inertia parameters,
unknown disturbances and initial errors.

2 Dynamics of a Wheeled Mobile Robot
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Figure 1: A wheeled mobile robot

We consider wheeled mobile robots moving on the hor-
izontal plane as shown in Figure 1. Suppose that there
is no skidding between the wheels and the ground. The
robot dynamics can be described as,

g = GOp (1)



Mg = 7.+ Bt (2)
where, states ¢ = [z y 8]1" are the posture of the ro-
bot. States p = [v w]1 consists of the linear velocity v
and angular velocity w. Vector 7 = [r; m2]? consists of
control input torques on left driving wheel 7; and right
driving wheel 75 respectively. Vector 7, is the resistant
forces/torques (air resistance and friction) given by
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where, f, is the air resistance; f, is the friction against
the linear motion; 7, is the friction against the angular
motion. Matrices G(6), M and B are

cosf O m 0 , 11
G(0)= |sind 0| M= B=—1| "1 1
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where, m is the robot mass, I, is its inertial moment
around the vertical axis, r,, is the radius of the wheel,
and a is the displacement from each wheel to the center
of the robot.

To facilitate the robust controller design, we consider
the reduced-order dynamics of the mobile robots based
on the input-output relationships. To this end, a set of
output variable z € R? is defined as

z:h(q)z[ﬂJrRT(e)H] (4)

where, R(0) is the rotation matrix. Output h(g) rep-
resents the coordinates of a virtual reference point P
in front of the robot when [ is positive, and a virtual
reference point P, behind the robot when [ is negative.

Taking time derivative to (4) yields
s B ) (5)
where,

oh(q)

B(6) = =5,
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Clearly, if I # 0, the decoupling matrix F (#) is nonsin-
gular and the output (4) is input-output decoupled.

We define the velocity vector of output as

Using the invertible property of the decoupling matrix
E(#) and equation (5), the generalized velocity p is
expressed in terms of the output velocity as

n=E""(6) . (8)

Substituting (8) and its time derivative into dynamics
model (2), a modified dynamics is obtained as

ME Y0 jr.=—-ME™ Y (@) p. + 7.+ Bt (9)

Suppose that the desired trajectory is given by z4(t),
which is twice differentiable. We define the output
tracking error as

Z=2z— 24 (10)

Furthermore, define the combined output tracking er-
ror as

r=Z4+ Az (11)
and the modified desired velocity as
Bs = 24— AZ (12)

where A is a positive definite matrix whose all eigenval-
ues have strictly positive real parts. Then, the output
velocity (7) is represented as

e =2=1+4 (24— A2) =71+ ps (13)

Using (13) into (9) leads to the dynamics in terms of
the combined output tracking error r as

ME~Y(@#)7+ = —-ME'(@)r+Br+r, (14)
~ME™(0) j1s — ME™! (0) s

Note that, there exist disturbances in the external re-
sistant force vector 7. and unknown inertia parameters
in the matrix M. For the controller design that is ro-
bust against disturbances and unknown parameters, we
would like to have the disturbances and unknown pa-
rameters linearized.

First, we show that ME 1 (0) fis + ME~ () ps is lin-
early parameterizable. We know that My is linearly
parameterizable, i.e.,

Mji = Yi(j1)pm

where,

Yi(jr) = {8 fj] om=[m L]

Then,

ME™"(0) jre + MET () ppz = Ml iy, i1
= Ya(q, s fiz; f12) P

where,

}/Q(Qv s oz s MZ) - le(:[l’”/l:E'*lpz—i-E*l/l:

Using the modified desired velocity ps instead of the
output velocity ., then, ME~Y(0) iy + ME™1(0) s
is linearly parameterized as

ME™"(9) fus+MET" (0) s = Yo(q, 11, prs, fts)dm (15)

Note that, regression matrix Y3(q, i, pis, fis) in (15) is
measurable.



On the other hand, we model the resistant
forces/torques in (3) as

fa = k;al'v + kaZ'U2
fo kyysat(v/0.01)mg
fw Eosat (w/0.01) mg

where, g is the gravitational acceleration, kg1, keo are
the air resistance coeflicients, kf,, k. are the friction
coeflicients. Uncertain coeflicients kq1, ka2, ko and ky.
characterize uncertain resistances and unknown distur-
bances. Then, the resistant vector 7, can be linearly
parameterized as follows

7 = D(p)os (16)
where
¢r = [kal ka? k;fvm kf.um]T
v % sat(v/0.01)g 0
Dp) = [0 0 0 sat(w/0.01)g
Combining (15) and (16) into (14) leads to

ME™ Y%t = -ME Y%+ Br-Y¢ (17)

where, ¢ € RS is the uncertain parameters given by

¢ - |:(Zm:| - [m Io k;al ka? kf’vm k;fwm]T

Y is the augmented regression matrix given by
Y q, 1 prs, frs) = [Ya(qs b, s, f1s)  —D(p)]

Equation (17) is the reduced-order dynamics of the
full-order dynamics (1)(2) with (4) as the output. Be-
cause all the uncertain parameters are linearized in ¢,
reduced-order dynamics (17), which is based on the
relationships between input 7 and combined output
tracking error r, is now suitable to develop controllers
that are robust to the uncertain parameter ¢.

3 Robust Controller Design

Taking into account of the uncertain parameter ¢ in
(17), a simple robust control law is provided as follows.

Suppose that, there exist q@ € RS and w € R,, both
known, such that

|6l = ¢ — d| <w (18)

Then, consider the following control law
Br=Y (és + u¢) ~ BT (0)1Ir (19)

where, II is a positive definite 2 x 2 matrix; u4 is an
additional control input given by

(20)

with 7 = YTE~'r a vector and ¢ a positive constant.

Theorem 1 The closed-loop system of (19)(20) and
(17) is uniformly ultimately bounded if the solutions
q(t) and u(t) are admissible for all t.

Proof: Using control (19) into dynamics (17), the
closed-loop system is obtained as

ME Y% = MEY%w  ETIr 1Y (’% - g?s) (21)
Consider the following positive definite function
V(rt) = % (B M (B ') (22)
Its time derivative is
V(rt)= (E"')" ME~'r+ (E-)" ME'+ (23)
Substituting (21) into (23) yields
V(rt) = —rTIr 4+ 7T (u¢ - q;) (24)

Clearly, the first term is negative definite. The second
term, if ||[7]| > o, becomes

il (u¢, — qz) = (u% — ~>
= —w|F| -7
—wll+ 7l - | 6]

7 (- |8])) <0 @)
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If |7|| < o, we have

7’ (u¢—¢) < fTU¢+||f||-H<£H
< i ws w7
g
w2 _
= Il + w7l (26)

To complete the proof, it suffices to notice the follow-
ing. The decoupling matrix E(#) is uniformly bounded
and regular if [ # 0. The matrix M is positive definite
and bounded. So, there exist a P, and a Pjs such that

P.I< % (EY) ME™ < PyI

and hence,
P |r|* <V (r,8) < Par|Ir|”
Inequality (26) shows that
y 2 W 2
Vrt) < =Pulr|” = —lrl" +wirl

where constant Pij = Apin (II) > 0. Uniform ultimate
boundedness thus follows using Lemmas in [10]. [ ]

Remark 1 The ultimate boundary depends on the
value of 0. The smaller the value of o is, the smaller
the ultimate boundary is. As o — 0, the ultimate
boundary approaches zero.



4 Full State Tracking

Suppose that a feasible desired trajectory qq(t), pa(t)
for the mobile robot in Figure 1 is pre-specified such
that the dynamics (1)(2) are satisfied for a uniformly
bounded input 74(¢), i.e.,

da = G(0a)pa (27)
Mﬂd = Tdr+BTd (28)

Clearly, the desired trajectory can also be expressed in
the form of output (4) as

za = h(ga) (29)

We say that the system (1)(2) with output (4) achieves
uniformly ultimately bounded output tracking to the de-
sired trajectory (29) if a control law 7 makes the output
tracking error Z = z—zg4 uniformly ultimately bounded.
Similarly, we say that the system (1)(2) achieves uni-
formly ultimately bounded full state tracking to the de-
sired trajectory (27)(28) if a control law 7 makes the
tracking errors § = q — q4 and & = p — pg uniformly
ultimately bounded.

We should note that the output function h(q) defined
in (4) is an epimorphism. So, the uniformly ultimately
bounded full state tracking implies the uniformly ulti-
mately bounded output tracking. However, the reverse
might not be true. Next, we shall show that, under cer-
tain condition, robust controller (19)(20) may achieve
both the uniformly ultimately bounded output track-
ing and the uniformly ultimately bounded full state
tracking.

Tnstead of the original system of (¢, ), we study its
diffeomorphic system. Because the decoupling matrix
E(0) is nonsingular, one may check that the following
map

[51-| B [h(Q)-I
§21 =P(gp) = | E(0) (30)
T A

ia a diffeomorphism. We define an auxiliary control

0 -l

u= RT(9) L 0

} w4+ M~ (7. 4 BT) (31)

In the new coordinates (&1,&2,7m), robot dynamics
(1)(2) are described as,

& = & (32)
& = w (33)
i = glosinn cosnlés (34)

Similar operations on (27)(28) lead to the desired state
in new coordinates (£14, 24, 774)- Taking difference be-
tween the dynamics of (£1,&2,7n) and (€14, 24, 14), We

obtain the dynamics of tracking errors in terms of
E=& —&q (1 =1,2) and 77 =5 — ngq as follows

%] = & (35)
52 = Uié2d (36)
77 - w(f%ﬁvt) (37)

where,
P€int) = Jl-sin(i+na) o5l + 1) (G + Eaa)
f%[fsinnd cos Mg €24 (38)

This set of tracking error dynamic equations (35)-(37)
consists of two parts. The first part is the &-subsystem
(35)(36), which characterizes the input-output dynam-
ics. The second part is the n-subsystem (37), which is
not controllable and characterizes the internal dynam-
ics. In the case that the £-subsystem stabilized by an
input-output control law, the stability property of 7-
subsystem determines whether the full state tracking
and even the output tracking can be achieved. Espe-
cially, the zero dynamics, equation (37)(38) when the
system output (z = £1) is set to zero, is given as

= (i) (39)
= %—d[sin Ng — sin(f +nq)  cos(] + nq) — o814 ]

and its stability plays a critical role. To gain more
insights to the tracking error zero dynamics, (39) may
be expressed in the original mobile robot coordinates
as follows

0 = fof,va(t),wa(t)) (40)
va(t) . = ~
—# sin @ — wq(t) (1 — cos 0)
where, 6 = 6 — 0y; va(t) and wq(t) are the linear and
angular velocities of the desired trajectory respectively.

Now, we may propose a sufficient condition for the uni-
formly ultimately bounded full state tracking by the
following theorem.

Theorem 2 Suppose that a feedback control law makes
the reduced-order dynamics (17) uniformly ultimately
bounded. Then, this control law locally achieves uni-
formly ultimately bounded full state tracking of the ro-
bot dynamics (1)(2) to the moving desired trajectory
(qa(t), palt)), which satisfies (27)(28) with pa(t) uni-
formly bounded, if parameter I has the same sign with
the velocity vq(t) of the desired trajectory.

Proof: Due to (30) is a diffeomorphism, the uniform
ultimate boundedness of tracking error system (35)-
(37) is equivalent to that of the robot dynamics (1)(2)



to a moving desired trajectory (gq(t),pma(t)). Next,
we prove that the £-subsystem (35)(36) and the 7-
subsystem (37) are uniformly ultimately bounded, re-
spectively.

1. &-subsystem (35)(36) is uniformly ultimately
bounded.

Since the reduced-order input-output dynamics (17) of
7 is uniformly ultimately bounded, by the definition of
combined tracking error r in (11), there exist certain d
and T, such that
F=—Ai+4r Vr| <d,t>T (41)
Take 7 in (41) as a perturbation term, it is easy to check
(by Lemma 4.8 in [11]) that the output tracking error
Zin (41) is uniformly ultimately bounded. This in turn
means that Z in (41) is uniformly ultimately bounded.
Therefore, by the definitions of & = % and & = %, the
&-subsystem is uniformly ultimately bounded.

2. np-subsystem (37) is locally uniformly ultimately
bounded.

(a) Firstly, we show that the tracking error zero dy-
namics (40) and hence (39) are locally uniformly expo-
nentially stable.

Clearly, the function

%];f (é, t) = 7’Udl(t) cos 0 — wy (t)sin

is globally bounded and Lipschitz, uniformly in ¢, if
pa(t) = [vg(t) wq(t)]T is uniformly bounded. Let

A(t) = Of (é, t) _ wal)
0o =0 !
The linear system
= A() = —”dl(t)é

is clearly uniformly exponentially stable if parameter
I and v4(t) are positive and negative simultaneously.
Therefore, (by Theorem 4.4 in [11]) the tracking error
zero dynamics (40) and hence (39) are locally uniformly
exponentially stable.

(b) Let
9(71:t) = @(&1(1), &(1), 71, 1) — ol 1)
The 7-subsystem (37) can be written as
=0 (i1,t) + g (7}, 1) (42)

Take g (7j,t) as a perturbed term. Since the uniform
boundedness of g implies the uniform boundedness
of £2d7 by (38) and (??)7 both @(fl(t),§2(t),ﬁ,t) and

©wo(7}, 1) are uniform boundedness. This in turn means
that g (77,¢) is uniform boundedness. We have proven
that 77 = @, (7, t) is locally uniformly exponentially sta-
ble if vq(t)/l > 0. Therefore, by Lemma 4.8 in [11], one
may check that the n-subsystem (42) is locally uni-
formly ultimately bounded.

This completes the proof. ||

Theorems 2 give the applicable approach to achieve
the uniformly ultimately bounded full state tracking
of the robot in Figure 1 by using control laws based
on the input-output dynamics such as the robust con-
trol law in Theorems 1. It indicates that the uniformly
ultimately bounded full state tracking can be locally
achieved by adjusting the parameter | in the output
function according to the behavior of the desired tra-
jectory, i.e, setting I > 0 when the desired trajectory
moves forwards (vg > 0) and setting I < 0 when the
desired trajectory moves backwards (vq < 0).

5 Simulation Results

A simulation program is developed to verify the robust
control law (19)(20). In the simulation, the true values
of the robot are set as

a=0.5m, r, = 0.3m, m = 100kg, I, = 25kgm?,

kq1 = 10Ns/m, k.o = ONs/m, kg, = 0.05, ky, = 0.2

The estimation ¢ of the unknown parameter in (19) is
chosen as

¢ =[0.8m 1.21, 1.2kq1 kao 0.64kp,m 0.72ks,m|"

Parameters w and o in additional control law (20) are
chosen as

w=0.2]¢| o=0.1
The control gain II and A are taken as
IT = diag{1,1} A = diag{1,1}

The desired trajectory consists of three straight lines
and two curves, which starts from the origin along the
x axis with the constant linear velocity v4 = 2.5m/s.
The initial configurations of the robot are set as

[:E(O), y(O), Q(O)a ’U(O), W(O)] - [Oa -1,0,0, 0]

so that the real robot is initially off the desired trajec-
tory with the following initial errors

[%(0),5(0),0(0),5(0),&(0)] = [0, —1,0,—2.5,0]

The parameter [ in the output function is chosen as
[ = sgn(vg)0.6m.



The obtained results are shown in Figure 2 and Figure
3. The time responses in Figure 2 show that the state
tracking error ¢ = [Z(t) g(t) 0()]7, i = [0(t) @a(t)]T
exhibit uniform ultimate boundedness around zero.
The Cartesian motion in Figure 3 shows more clearly
the convergence of the configurations of the robot to
the desired trajectory. This observation indicates that
the uniformly ultimately bounded full state tracking is
achieved by (a) using control law (19)(20), (b) setting
parameter [ a value with the same sign of v4(t).
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Figure 2: Uniform ultimate boundedness
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Figure 3: Cartesian motion

6 Conclusions

Through establishing the reduced-order input-output
dynamics of a wheeled mobile robot, the robust con-
trol scheme is proposed. The analysis to the internal
dynamics reveals that the full state tracking can be
achieved under the proposed control scheme by adjust-
ing the output function.
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