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Abstract

An extension of the LQR/LQG methodology to
systems with saturating actuators, referred to as
SLQR/SLQG, is obtained. The development is based
on the method of stochastic linearization. Using this
method and the Lagrange multiplier technique, so-
lutions to the SLQR and SLQG problems are de-
rived. These solutions are given by Riccati and Lya-
punov equations coupled with two transcendental equa-
tions. It is shown that, under standard stabilizabil-
ity and detectability conditions, these equations have
a unique solution, which can be found by a simple bi-
section algorithm. When the level of saturation tends
to in�nity, these equations reduce to their standard
LQR/LQG counterparts.

1. INTRODUCTION

The LQR/LQG methodology is one of the main tech-
niques for control systems design. It is applicable,
as the abbreviation implies, to linear systems with
quadratic performance index. In practice, however,
even if the plant can be viewed as linear (or linearized,
when the controller forces its operation close to an op-
erating point), the actuator is often nonlinear due to
power and material limitations. One such fundamental
limitation is amplitude saturation in actuators.
In these situations, the appropriate model of the sys-

tem is a linear plant and a saturating actuator. The
LQR/LQG methodology is not applicable in this case.
In this paper, the LQR/LQG theory is extended to
systems with saturating actuators. The resulting tech-
nique is referred to as SLQR/SLQG, where S stands for
saturating.
The approach of this paper is based on a quasi-

linearization technique known as stochastic lineariza-
tion [1]{[4]. According to this technique, the saturation
nonlinearity is replaced by its equivalent gain, which is
a function of the variance of the signal at its input. As
a result, the closed-loop system is described by a linear
dynamic equation and a nonlinear static relationship,
which characterizes the equivalent gain.

Using this structure and the Lagrange multiplier
technique, solutions of the SLQR and SLQG problems
are derived in terms of Riccati and Lyapunov equations
coupled with two transcendental equations, which de-
�ne the variance of the signal at the input of satura-
tion and the Lagrange multiplier associated with the
constrained minimization problem. It is shown that,
under standard stabilizability and detectability condi-
tions, these equations have a unique solution, which can
be found by a simple bisection algorithm.
It should be pointed out that stochastic linearization

has been used in the context of the LQR/LQG theory in
the past [5], [6]. However, their frameworks are di�er-
ent from that of this work. Moreover, unlike the present
work, [5], [6] do not provide algorithms for synthesis of
controllers. In addition, systems with saturating actu-
ators have been studied in numerous publications (e.g.,
see [7]{[15]), but the problem of designing controllers
that minimize a quadratic performance index remains
open. The present work is intended to contribute to
this end.
The outline of this paper is as follows: Section 2 gives

the problem formulation. Section 3 presents a brief
review of the stochastic linearization technique. Sec-
tions 4 and 5 are devoted to SLQR and SLQG theories,
respectively. Section 6 applies the developed results
to a simple example. Section 7 gives the concluding
remarks. Due to the space limitation, the proofs are
omitted and can be found in [16].

2. PROBLEM FORMULATION

Consider the system shown in Figure 2.1, where P (s)
is the plant, C(s) is the controller, '(u) is the static
saturation nonlinearity

'(u) = � sat
� u
�

�
; � > 0; � > 0; (2.1)

A(s) describes the dynamics of the actuator, F1(s) and
F2(s) are coloring �lters, and H1(s) and H2(s) are
weighting �lters. Signals u, v, y 2R are the commanded
control, actual control and measured output, respec-
tively, w1, w2 2 R are uncorrelated standard white



noise processes, and z1, z2 2 R are the controlled out-
puts. Assume that the system excluding the controller
has the state-space representation

_xG = AxG +B1w +B2'(u);

z = C1xG +D12u;

y = C2xG +D21w;

(2.2)

where xG = [xTP xTA xTF1 x
T
F2

xTH1
xTH2

]T 2 R
n , w =

[w1 w2]
T and z = [z1 z2]

T .

+
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+
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Figure 2.1: System model.

In the following, we will be interested in the (steady-
state) variance of z, which is denoted by �2z , and address
the problem: Given (2.2), �nd a controller C(s) that
stabilizes the system when w � 0 and minimizes �2z ,
using the method of stochastic linearization.
The above normalized white noise assumption does

not restrict generality since such normalization can be
carried out by appropriately scaling B1 and D21. More-
over, the assumption that the signals u, v, y, w1, w2,
z1, z2 are all scalar is made for the sake of simplicity,
and the theory developed below can be extended to the
vector case.

3. STOCHASTIC LINEARIZATION

When a linear time-invariant system is driven by
white noise, calculation of the output variance is rel-
atively easy and requires only the solution of a Lya-
punov equation. For a nonlinear system, however, the
situation is quite di�erent. Speci�cally, calculation of
the output variance requires the solution of the Fokker-
Planck equation [17]. Unfortunately, exact solution of
this equation is available only in a few special cases.
Numerical solution of the Fokker-Planck equation, on
the other hand, requires extremely intensive compu-
tational e�ort and has limited value especially from a
design point of view. Therefore, several approximate
methods, such as stochastic linearization, moment clo-
sure and functional series, have been developed to over-
come these di�culties (e.g., see [4] and the references
therein). Among these methods, due to its simplicity
and reasonable accuracy, the most widely used is the
method of stochastic linearization.
This method is essentially the stochastic analogue

of the well-known describing function method [3], [18].
The basic idea behind it is to replace the nonlinear

element with a linear time-invariant element that min-
imizes the mean-square error between the outputs of
these two systems. For an isolated nonlinear element
'(u) driven by a zero-mean wide-sense stationary Gaus-
sian process u, it can be shown [3], [4] that the optimal
linearization is a constant gain of value

N = Ef' 0(u)g; (3.1)

where E is the expectation operator. However, when
the nonlinear element '(u) appears in a feedback con-
�guration driven by white noise as in Figure 2.1, its
input u is no longer Gaussian and is not equal to the
corresponding signal û of the linearized system. Never-
theless, if u is approximately Gaussian due to low-pass
�ltering in the loop, it can be shown [3], [4] that a sub-
optimal linearization of '(u) is

N = Ef' 0(û)g: (3.2)

Note that since û is Gaussian, N depends only on the
variance of û.
For the saturation function de�ned in (2.1), it follows

from (3.2) that

N =
�

�
erf

 
�p
2�û

!
; (3.3)

where erf is the error function

erf(x) =
1p
�

Z +x

�x

exp(�t2) dt: (3.4)

Note that N is a decreasing function of �û. Moreover,
when �û=� is very small N � �=� and when �û=� is
very largeN �p

2=� �=�û. As a result, with the equiv-
alent gain N given in (3.3), the stochastic linearization
of (2.2) is

_̂xG = Ax̂G +B1w +B2Nû;

ẑ = C1x̂G +D12û;

ŷ = C2x̂G +D21w:

(3.5)

The method of stochastic linearization is used
throughout this paper by assuming that it is reason-
ably accurate. However, except for a few special cases,
there seems to be no analytical results that predict
its accuracy [4]. Nevertheless, by numerous simula-
tions (e.g., see [3]{[6], and the references therein), it
has been shown that the method yields reasonable ac-
curacy in predicting variances, usually within 10% of
actual values.
The following simple example illustrates the accuracy

of stochastic linearization in a case where exact analytic
calculation of the output variance is possible.

Example 3.1: Consider the system

_xG = �xG + w + '(u);

z = xG;

y = xG;

(3.6)



where xG 2 R, w is standard white noise, and assume
that � = 1, � = 1. With

u = �ky; k � 0; (3.7)

the variance of z can be calculated analytically by solv-
ing the corresponding Fokker-Planck equation. The re-
sult is shown in Figure 3.1 by the solid curve. Applica-
tion of stochastic linearization yields the dashed curve
for �2ẑ . The error between the exact value of �

2
z and that

predicted by stochastic linearization is less than 5.54%
for all k � 0. Moreover, as k gets smaller, this er-
ror approaches zero. These results give some assurance
concerning the accuracy of stochastic linearization. For
comparison, Figure 3.1 also shows the variance of z by
the dash-dot curve when the saturation is ignored.
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Figure 3.1: The variance of z.

4. SLQR

In this section, we present the SLQR control theory.
To this end, consider the open-loop system

_xG = AxG +B1w +B2'(u);

z = C1xG +D12u
(4.1)

with the state feedback controller

u = KxG; (4.2)

and assume the following

Assumption 4.1:

(a) A has no eigenvalues in the open right-half plane,
(b) (A;B2) is stabilizable,
(c) (C1; A) is detectable,

(d) D12 =

�
0p
�

�
, � > 0,

(e) DT
12C1 = 0.

Remark 4.1: These assumptions, except for (a) are
standard in the LQR theory. Assumption (a) is neces-
sary for the existence of a semi-globally stabilizing con-
trol law for linear systems with saturating control.

The closed-loop system (4.1), (4.2) is governed by

_xG = AxG +B2'(KxG) + B1w;

z = (C1 +D12K)xG;

u = KxG:

(4.3)

Application of stochastic linearization to this system
yields

_̂xG = (A+B2NK)x̂G +B1w;

ẑ = (C1 +D12K)x̂G;

û = Kx̂G;

(4.4)

where N is as in (3.3). Then under the above assump-
tions, we have

Theorem 4.1: The SLQR problem

min
K

�2ẑ ; (4.5)

where the minimization is over all K such that A +
B2NK is Hurwitz, has a unique solution. Moreover,
the minimum value of the cost is

min
K

�2ẑ = trfC1RC
T
1 g

+�
N2

(�+ �)2
BT2 QRQB2; (4.6)

and a state feedback gain K that achieves this mini-
mum is

K = � N

�+ �
BT2 Q; (4.7)

where (N;Q;R; �) is the unique solution of the follow-
ing system of equations

�� �
p
��N exp (

�
erf�1(�N=�)

�2
)

2� erf�1(�N=�)
� 1

= 0; (4.8)

ATQ+QA� N2

�+ �
QB2B

T
2 Q+ CT1 C1 = 0; (4.9)

(A� N2

�+ �
B2B

T
2 Q)R+R(A� N2

�+ �
B2B

T
2 Q)

T

+B1B
T
1 = 0; (4.10)

( N2

�+ �
)
2

BT2 QRQB2 � �2N2

2
�
erf�1(�N=�)

�2 = 0: (4.11)

In addition, if R is nonsingular, then the state-feedback
gain K given above is unique.

The proof of this theorem (see [16]) suggests the fol-
lowing bisection algorithm to compute the SLQR state
feedback gain.

Algorithm 4.1: Given A, B1, B2, C1, D12, �, �
and a desired accuracy level � > 0,
(a) start with N1 = 0 and N2 = �=�,
(b) let N = (N1 +N2)=2,



(c) calculate � from (4.8),
(d) solve the Riccati equation (4.9) for Q,
(e) solve the Lyapunov equation (4.10) for R,
(f ) calculate the left-hand side of (4.11) and call it �,
(g) if j�j < �, then go to step (i),
(h) if � < 0, then let N1 = N , else let N2 = N , and

go to step (b),
( i ) calculate K from (4.7).

Remark 4.2: This algorithm terminates at the so-
lution of the SLQR problem in a �nite number of iter-
ation with desired accuracy.

Remark 4.3: When � = � and � ! 1, i.e., the
saturation is removed, N approaches 1� and � ap-
proaches 0+ so that equations (4.6){(4.11) reduce to
the standard LQR equations.

Note that, with a very small �, Theorem 4.1 can also
be used to calculate the achievable level of disturbance
rejection measured by the variance of ẑ. Moreover, it
follows from (4.11) that N2�2û < 2�2=�, and there-
fore, the variance of ẑ cannot be made arbitrarily small
even when the plant is minimum phase. This result is
expected because with a limited control authority the
disturbance cannot be rejected completely.
It can be shown [19] that the SLQR controller guar-

antees local asymptotic stability of the undisturbed
nonlinear system. In addition, the region of attraction
of the undisturbed closed-loop system controlled by the
SLQR controller can be enlarged to include any given
compact set by increasing �.

5. SLQG

In the above development, it is assumed that the
state is available for feedback. Since this is usually an
unrealistic assumption, we now develop the SLQG the-
ory. For this purpose, consider the open-loop system

_xG = AxG +B1w +B2'(u);

z = C1xG +D12u;

y = C2xG +D21w

(5.1)

with the output feedback controller

_xC =MxC � Ly;

u = KxC ;
(5.2)

where xC 2 Rn , and assume the following

Assumption 5.1:

(a) A has no eigenvalues in the open right-half plane,
(b) (A;B2) is stabilizable and (C2; A) is detectable,
(c) (A;B1) is stabilizable and (C1; A) is detectable,

(d) D12 =

�
0p
�

�
, � > 0 and D21 = [ 0 p� ], � > 0,

(e) DT
12C1 = 0 and B1D

T
21 = 0.

Remark 5.1: These assumptions, except for (a) are
standard in the LQG theory. Assumption (a) is neces-
sary for the existence of a semi-globally stabilizing con-
trol law for linear systems with saturating control.

The closed-loop system (5.1), (5.2) is governed by

_xG = AxG +B2'(KxC) + B1w;

_xC =MxC � LC2xG � LD21w;

z = C1xG +D12KxC ;

u = KxC :

(5.3)

Application of stochastic linearization to this system
yields

_̂xG = Ax̂G +B2NKx̂C +B1w;

_̂xC =Mx̂C � LC2x̂G � LD21w;

ẑ = C1x̂G +D12Kx̂C ;

û = Kx̂C ;

(5.4)

where N is as in (3.3). De�ning

~A =

"
A B2NK

�LC2 M

#
; ~B =

"
B1

�LD21

#

~C =
h
C1 D12K

i
; ~K =

h
0 K

i
;

(5.5)

the stochastically linearized state-space equations can
be rewritten compactly as

_̂x = ~Ax̂+ ~Bw;

ẑ = ~Cx̂;

û = ~Kx̂;

(5.6)

where x̂ = [x̂TG x̂TC ]
T . Then under the above assump-

tions, we have

Theorem 5.1: There exists a unique controller
C(s) = K(sI �M)�1L that solves the SLQG problem

min
K;L;M

�2ẑ ; (5.7)

where the minimization is over all (K;L;M) such that
~A is Hurwitz. Moreover, the minimum value of the
cost is

min
K;L;M

�2ẑ = trfC1(P +R)CT1 g

+�
N2

(�+ �)2
BT2 QRQB2; (5.8)

and a state-space realization for the controller is

K = � N

�+ �
BT2 Q;

L = �PCT2
1

�
;

M = A+B2NK + LC2;

(5.9)



where (N;P;Q;R; S; �) is the unique solution of the
following system of equations

�� �
p
��N exp (

�
erf�1(�N=�)

�2
)

2� erf�1(�N=�)
� 1

= 0; (5.10)

AP + PAT � PCT2 C2P
1

�
+B1B

T
1 = 0; (5.11)

ATQ+QA� N2

�+ �
QB2B

T
2 Q+ CT1 C1 = 0; (5.12)

(A� N2

�+ �
B2B

T
2 Q)R+R(A� N2

�+ �
B2B

T
2 Q)

T

+PCT2 C2P
1

�
= 0; (5.13)

(A� PCT2 C2

1

�
)TS + S(A� PCT2 C2

1

�
)

+
N2

�+ �
QB2B

T
2 Q = 0; (5.14)

( N2

�+ �
)
2

BT2 QRQB2 � �2N2

2
�
erf�1(�N=�)

�2 = 0: (5.15)

In addition, if R and S are nonsingular, then (5.9) is a
minimal realization for C(s).

The proof of this theorem (see [16]) suggests the fol-
lowing bisection algorithm to compute the SLQG con-
troller.

Algorithm 5.1: Given A, B1, B2, C1, C2, D12,
D21, �, � and a desired accuracy level � > 0,
(a) start with N1 = 0 and N2 = �=�,
(b) let N = (N1 +N2)=2,
(c) calculate � from (5.10),
(d) solve the Riccati equations (5.11) and (5.12) for

P and Q, respectively,
(e) solve the Lyapunov equations (5.13) and (5.14)

for R and S, respectively,
(f ) calculate the left-hand side of (5.15) and call it �,
(g) if j�j < �, then go to step (i),
(h) if � < 0, then let N1 = N , else let N2 = N , and

go to step (b),
( i ) calculate K, L, M from (5.9).

Remark 5.2: This algorithm terminates at the so-
lution of the SLQG problem in a �nite number of iter-
ation with desired accuracy.

Remark 5.3: Similar to SLQR case, when � = �
and � ! 1, i.e., the saturation is removed, equations
(5.8){(5.15) reduce to the standard LQG equations.

It can be shown [19] that the SLQG controller guar-
antees local asymptotic stability of the undisturbed
nonlinear system. The global stability of the closed-
loop undisturbed system, on the other hand, can be
checked by using standard results like the Popov crite-
rion [20].

6. EXAMPLE

Referring to Figure 2.1, consider the system

_xG =

2
64
�1 �2 �1
1 0 0

0 1 0

3
75xG +

2
64
0

0

1

3
75w1+

2
64
1

5

0

3
75'(u);

z1 =
�
0 1 1

�
xG; z2 =

� p
�
�
u;

y =
�
0 0 3

�
xG +

�
1� 10�4

�
w2;

(6.1)

and assume that � = 1, � = 1. The open-loop variance
of z1 is 1. Suppose that the speci�cation is to reduce
the closed-loop variance of z1 around 0:025.
First, using Theorem 4.1, with a very small �, the

best achievable �2ẑ1 is calculated as 0:015. Then, with
� = 2:060 � 10�2, Theorem 4.1 yields the SLQR
controller

K =
��0:228 � 5:044 � 4:822

�
; (6.2)

which achieves �2ẑ1 = 0:025, N = 0:827 and ensures the
absolute stability of (6.1) in the sector [0; 1]. Simula-
tions show that �2z1 is approximately 0:026.
Next, with � = 9:500� 10�3, Theorem 5.1 yields the

SLQG controller

C(s) =
616:672s2+589:158s+589:792

s3+325:093s2+7:580�103s+8:664�103 :(6.3)

This controller achieves �2ẑ1 = 0:025, N = 0:745 and
guarantees the absolute stability of (6.1) in the sector
[0; 1]. Simulations show that the variance of z1 is ap-
proximately 0:027.
Sample time histories of z1 and u with the SLQR

and SLQG controllers are shown in Figure 6.1 and Fig-
ure 6.2, respectively. In each case, the controller is o�
for the �rst 25 sec and on for the next 25 sec. Clearly,
both controllers achieve the desired performance.
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Figure 6.1: Time histories of z1 and u with the SLQR
controller.
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Figure 6.2: Time histories of z1 and u with the SLQG
controller.

7. CONCLUSIONS

In this paper, it is shown that the LQR/LQG design
methodology admits an extension to systems with sat-
urating actuators: the SLQR/SLQG theory. Results
of this theory can be used for designing controller for
systems with saturating actuators. The approach of
this work can be used to extend the LQR/LQG the-
ory to systems with other types of nonlinear actuators,
for instance, those with deadzone, hysteresis, friction,
quantization, etc.
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