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Abstract

This paper presents new analytical results on the global
asymptotic stability for the equilibrium states of a gen-
eral class of discrete-time recurrent neural networks
(DTRNNS) described by using a set of nonlinear differ-
ence equations. We provide a few sufficient conditions
for the global asymptotic stability of DTRNNs. The
resulting criteria include diagonal stability and nondiag-
onal stability. These stability conditions are less restric-

tive than the existing ones in literature.

1 Introduction

In recent years, the dynamical behavior and stability
of neural networks are widely investigated. Research
areas include local stability [1] and [7], global asymptotic
stability, absolute stability, exponential stability [5] and
[8], and so on. In particular, global asymptotic stability
and absolute stability [2] and [3] are intensively studied.

When applying neural networks to solve many prac-
tical problems in the fields of optimization, control, and
signal processing, we usually design neural networks to
have a unique equilibrium point as well as to be glob-
ally asymptotically stable (or attractive), to avoid the
risk of spurious responses or the problem of local min-
ima. Hence, exploring the global asymptotic stability
of neural networks is an important topic. For exam-
ple, Liu and Michel [6] established some results for the
global asymptotic stability of the equilibrium point of a
discrete-time dynamical neural network with state satu-
ration using the Lyapunov function method. The results
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were used to design nth-order fixed point digital filters.
They also pointed out that the global asymptotic sta-
bility of neural networks guarantees the nonexistence of
limit cycles in such filters. Jin et al. [2] applied the diag-
onal Lyapunov function method to obtain several global
asymptotic stability criteria for an analog neural network
with an asymmetric weight matrix. They also empha-
sized that it is very difficult to search for nondiagonal

Lyapunov functions.

This paper deals with the global asymptotic stability
of a general class of discrete-time recurrent neural net-
works (DTRNNs). The DTRNN model discussed in our
paper is more general than that in [3], and consequently

is of more practical sense.
2 Preliminaries

2.1 Model Description
Consider a general class of discrete-time recurrent neu-
ral networks (DTRNNs) with continuous states and de-

scribed by the following set of difference equations:

xz(k + 1) = Z aijxj(k) + ,BZO'(Z wij:vj(k) + Si), (1)

1=1,2,---,n; or equivalently in a vector form
z(k + 1) = Az(k) + Bo(Wz(k) + s) (2)
where z(k) = (21(k),z2(k), - ,z,(k))T is the neural

state vector, W = {w;;}nxn is the real-valued connec-
(51,82, ,8,)T is the input
vector, A = {a;j}nxn With |a;| < 1 is the state feed-
back coefficient matrix, B = diag[B1, 52, - ,0n] with
Bi # 0 is the activation gain matrix, and o (Wz(k) +
(0 (X wijzj(k) + s1),0(307, weyz;(k) +

tion weight matrix, s =

s) =



S2),- - ,Z?Zl wnjzi(k) + s,))7T is the vector-valued ac-
tivation function. The first term in (2) is called the state

feedback term or the linear term of the network.

We also consider the special case of Model (1) defined

as follows:
ZEl(k + 1) = OéZZEl(k) + ,BZO'(Z Wij T 5 (k) + Si), (3)
j=1

1=1,2,---,n; or equivalently in a vector form

z(k+1) = Az(k) + Bo(Wz(k) + s) (4)

where A = diag[ai,az,- -+, ay], |a;| < 1;2,W, s, B and
o(Wz(k) + s) are same as in (2).

The DTRNN (3) is discussed in [3]. The DTRNN
(1) involves the self-feedback terms as well as the other
state feedback terms which make use of more state in-
formation in the application of such neural networks.
Therefore, The DTRNN (1) is of more practical sense.

The function o(-) may be chosen as a continuous
and differentiable sigmoid function satisfying the fol-
1) o(u) = £1 as u — =oo; 2)
o(u) is bounded with the upper bound 1 and the lower

lowing conditions:

bound —1; 3) o(u) = 0 at a unique point u = 0; 4)
o'(u) > 0 and o'(u) — 0 as u — +o0; 5) ¢'(u) has
a global maximal value one where ¢'(u) = do(u)/du.
In this paper, o(-) is chosen as the hyperbolic tangent
sigmoid function o(u) = tanh(u). It is easy to verify
[lo(Wz(k) + s)|| < +/n where || - || represents the Eu-

clidean norm throughout this paper.

Given an initial condition z(0) of the DTRNN (2),
the state solution of the network at the instant & can be
expressed as z(k) = A¥z(0)

k—1 '
+3° A Be(Wa(i) + 5) £ ¢(k,(0),5).  (5)
=0
It is well known that the equilibrium points of the
DTRNN (2) are defined by z(k + 1) = z(k), Vk.

For (2), we have the following lemma with respect to

its equilibrium points.

Lemma 1: Given any state feedback matriz A, weight
matriz W, gain matriz B, and constant input s € R",
the DTRNN (2) has a unique equilibrium point, if the
following conditions hold: i) A is a stable matriz; i.e.,
all the eigenvalues of A are located inside the unit circle
in the complex plane; i) det(I — A — H(k)BW) # 0 for
any H(k) where H(k) = diag[hi(k), ha(k),--- , hn(k)],
0 < hi(k) <1 and I is the identity matriz throughout
this paper.

The detailed proof of Lemma 1 is omitted.

2.2 Global Equilibrium Point Stability
Definition 1: The DTRNN (2) is said to be glob-
ally asymptotically stable (GAS for short) if it has a
unique stable equilibrium point z* and the attractive
region of z* is the whole space or the state solution
¢(k,z(0),s) for any initial state z(0) € R™ satisfies
Tt = kLHJPoo o(k, z(0), s).

Definition 2: The matrix M is said to be a stable
matrix if all of the eigenvalues of M are located inside the
unit circle in the complex plane. The matrix M is said to
be a marginally stable matrix if all of the eigenvalues of
M are not located outside the unit circle in the complex
plane and there at least exists one eigenvalue on the unit

circle in the complex plane.

To study the global asymptotic stability of the
DTRNN (2) by applying the Lyapunov function method,
we need to transform the DTRNN (2) into a new
DTRNN where the origin is an equilibrium point. Let
ot = (zf,zh,- -
DTRNN, and z = (21, 22, -
state vector. Then, (2) can be expressed in terms of z

as z(k+ 1) = Az(k)

,z:)T be an equilibrium state of the

,2n)T =z — z* be a new

+B(oc(W(z(k) +z*) +s) —o(Wz* +5)). (6)

Applying the Lagrangian mean value theorem into (6) we
have that the DTRNN (2) is equivalent to the following
transformed DTRNN

2

2k +1) = (A+ o' (€)BW)z(k) 2 (A + H(k)BW)z(k)

(7)



where H (k) = diag[hi(k), ha(k),- - , hn(k)]
2 diaglo'(€1),0" (&), -+ 10" (€2)] £ & (6),

& € (ai,bi),ai = min{zyzl Wi (Z](k) + x]*) +
$iy gy Wiy + 8} and by = max{>i_, wi;(z;(k) +
%) + 8iy 25—y wigah + i}, and 0 < hi(k) <1,

H(k) = o' (Wa* +5) as ||z(k)]] = 0.  (8)

According to Lemma 1, if A, B and W satisfy det(/—A—
H(k)BW) # 0 for any H (k) where 0 < h;(k) < 1, then
the transformed DTRNN (7) has a unique equilibrium
point z* = 0. In the following discussion, we will con-
centrate on the transformed DTRNN (7) if the DTRNN

(2) has at least an equilibrium point.

3 Global Asymptotic Stability in the General

Case

We first give the following two well-known lemmas.

Lemma 2: For a sequence {z(k)} C Qo which is a
bounded, convex, and closed set there must exist a sub-

sequence {z(ix)} such that lim z(iy) = z* € Q.
k—+o00

Lemma 3: (Lyapunov linearization theorem) Con-
sider a nonlinear DTRNN z(k + 1) = f(z2(k)) where
f(0) = 0. If its linearized DTRNN z(k + 1) = Az(k) at
the origin is stable, then the DTRNN z(k+1) = f(z(k))

1s locally stable at the origin.

Lemma 4: Let A; and As be two n X n sta-

ble matrices, Aji and Mgz be the eigenvalues of
A1 and As respectively, i = 1,---,n. Define
Amax = max{|Ai1],--, | An1l, A2l 0 s | An2|}. Let
Ai be the eigenvalues of AjAs. Define Xmax =

max{| 1], [An|}. Then Amax < A2, < 1.

The proof of Lemma 4 is simple. To save space, we

omit its proof here.

Theorem 1: When ||A|| < 1. If A+ HBW is a
stable matriz for any H where H = diag[h1, ha, -+ , hy]

and 0 < h; < 1, then the DTRNN (2) is GAS.

Based on Lemmas 2—4, the proof of Theorem 1 is

easily given and omitted here.

Corollary 1: Consider the DTRNN (4) where |o;| <
1,6 =1,2,--- ,n. If each A+ HBW is a stable matriz
for any H as in Theorem 1, the DTRNN (/) is GAS.

Obviously, Corollary 1 is a direct result of Theorem 1.

In general, for a higher order network it is not easy to
verify the condition in Theorem 1 and Corollary 1; that
is, each A + HBW is a stable matrix. In the following,

we supply one special remark.

Remark 1: Consider the DTRNN (2) or (4) where
[|A]] < 1 and A + BW 2 {mij }nxn satisfies det(A +
BW) =myimas - -mpy. If jmy| <1lfori=1,2,--- n,
then we easily see that each A+ HBW is a stable matrix

for any H as in Theorem 1.

Since checking the condition in Theorem 1 and Corol-
lary 1 is not easy for a high order DTRNN (2). We need
to develop other methods to determine the global asymp-
totic stability of the DTRNNs (2) and (4).

and 5 will present a few of such methods.

Sections 4

4 Diagonal Stability

For discrete-time linear systems, the following lemma is

well known.

Lemma 5: The matrix M is stable <= there exist
two positive definite matrices P > 0 and Q > 0 such
that.

MTPM — P = —Q. (9)

In (9), If P is a positive diagonal matrix, then the ma-
trix M is said to be diagonally stable. If there only exists
nondiagonal matrix P, then the matrix M is said to be
nondiagonally stable. The diagonal stability implies the
schur stability of the matrix. Moreover, if the tested ma-
trix is a nonnegative or M-matrix, the diagonal stability

is equivalent to the schur stability [4] and [9].

Lemma 6: Given any A = {a;j}nxn, B and W.



det(I — A — H(k)BW) # 0 for any H(k) where
H(k) = diagl[hi(k), h2(k),- -, hn(K)] and 0 < h(k) <
1, if there exist two positive diagonal matrices F =
,Tn] > 0 and P = diag[p1,p2,"* ,Pn] >
0, and a positive definite matriz @ > 0 such that 1)

|a'ii| S ﬁﬂ’: 17 y 1oy 2)

diaglry,ra,- -

AT(I+ F)PA+WTB(I + F"')PBW — P = —Q. (10)

Lemma 7: The DTRNN (7) is GAS if there exist two
positive diagonal matrices F' and P as in Lemma 6 and
a positive definite matriz Q > 0 such that (10) holds.

The detailed proofs of Lemmas 6 and 7 are omitted.

The matrix F' in Lemma 7 involves adjustable param-
eters ry,+-»,rn. If F = rl,«, in Lemma 7, then we

immediately have the following theorem.

Theorem 2: The DTRNN (7) is GAS if there exist
two positive diagonal matrices F' = rl, v, > 0 and P =
diag|p1,p2,- -+ ,on] > 0, and a positive definite matriz
Q@ > 0 such that

(1+r)ATPA+ (1+ %)WTBPBW -P=-Q (11)

which can be represented equivalently by

r

rATpPA —
1+r

P+WTBPBW =-Q (12

where r > 0 is an adjustable parameter.

Lemma 8: Given any constant matrices A, B and
W. Let M = {aij + ti]',Bi’wij}an where 0 < tij < 1.
* * A * *

Let M* = {m;}nxn = {laij + t;;8iwij|tnxn where t3;
satisfies the following conditions: 0 < t7; <1 and
Jaij + ti;Biwij| = max ai; + tij i), (13)

If M* is a stable matriz, then det(I — A — H(k)BW) #
0 VH(k) where H(k) = diag[hi(k),---,hn(k)],0 <
hi(k) < 1.

The detailed proof of Lemma 8 is omitted.

The DTRNN (7) is GAS if M* in

Lemma 8 is a stable matriz; i.e., there exist a positive

Theorem 3:

diagonal matrix P = diag[p1,p2,--- ,pn] > 0 and a pos-
itive definite matriz Q@ > 0 such that

M*TPM* — P = —-Q. (14)

From Lemma 8, the proof of Theorem 3 easily follows

and omitted here.

Theorem 4: The DTRNN (7) is GAS if |A| +
A o A _ A .

IBIIW| = M = {mi;} = {laij| + |Bil|lw;|} is a sta-

ble matriz; i.e., there exist a positive diagonal matrix

P = diag[p1,p2,- - ,pn] > 0 and a positive definite ma-

trix Q@ > 0 such that

(14] +|BIW)TP(|A| + |[B|[W]) - P = -Q.  (15)

Noting 0 < m}; < m;;, Lemma 8 and Theorem 3, we

can easily prove Theorem 4.

Remark 2: i) Consider the DTRNN (4) where |a;| <
1,7 = 1,--- ,n. We may directly verify that the con-
ditions in Theorems 3, 4, 7 and 8 in [3] guarantee
|A| + |B||W]| to be a stable matrix. However, a stable
matrix |A|+|B||W| obviously can not guarantee the con-
ditions in Theorems 3, 4, 7 and 8 in [3]. Therefore, the
conditions in Theorems 3, 4, 7 and 8 in [3] are stronger
than the condition that |A| + |B||W]| is a stable matrix.
ii) Consider the DTRNN (4) where |o;| = 1,5 =1,--- ,n.
The conditions in Theorems 5 and 6 in [3] guarantee
the connection weight W is invertible. Thus, by noting
Theorem 2 in [3], the proofs of Theorems 5 and 6 in [3]
actually show that the DTRNN (3) in [3] has a unique
equilibrium point which is GAS. iii) From Theorem 4,
it follows that the conditions in Theorems 3, 4, 7 and 8
guarantee the DTRNN (3) in [3] has a unique equilib-
rium point and is GAS. Hence, noting ii) above, we eas-
ily know that [3] actually discusses the global asymptotic
stability instead of the absolute stability as in Definition
2 of [3].

5 Nondiagonal Stability

Consider the DTRNN (7). Let

H(k) = diag[hi(k), ha(k),- - , hn(k)]



where 0 < h;(k) < 1. Let an n x n matrix

[0 0 0
L0 -~ 0 --- 0 |

where 1 = 1,2,--- ,n and m; > 1.

Then the DTRNN (7) may be rewritten by
hn (k)

Lz

dk+1) = (——mod + h;n( JGy 4+ 4 Gn)z(k)

mo
2 (hoGo + T (k)G + -+ - + hn (k)G 2 (k)

m <1, Go

(17)

where 0 < ho = = mpA.

,mp, satisfy Y1 -1 < 1, then ho +

-+ + hy(k) < 1 by noting 0 < h;(k) < 1.

If mo,mq,---

El(k) +

Lemma 9: If P is a positive definite matrix such that
D¥PD,—P < 0and DIYPDy—P < 0 where Dy, D>, P €
R™ " then DFPD, + DI PD, — 2P < 0.

Proof:
DQ)TP(D]_

DTPD, + D¥PD, — 2P = —(D;, —

— Dy) + DfPD, + DIYPD, — 2P
= —(D1—D5)'P(D1 — D5)+D{ PD; — P+ D3 PD,—P.

Since P > 0, —(Dl - DQ)TP(Dl —

the condition of the lemma follows.

D5) < 0. Therefore,

Lemma 10: The equilibrium point z* = 0 of the
DTRNN (17) is GAS if ho + hy(k) + -+ + hn(k) < 1
and there exists a common positive definite matriz P
such that

GTrPG;,—P<0, i=0,1,---,n (18)

Proof of Lemma 10: Consider a Lyapunov function
V(z(k)) = 2T (k)Pz(k). Compute AV (z(k)) = V(2(k +
1) =V (2(k)) = 2T(k + 1) Pz(k + 1) — 2T (k) Pz (k)

DT P(haGot > Falk) )z

i=1

= zT(k)(EOGOJrf:Ei(k)G

i=1

—2T(k)Pz(k) = 27 (k)((hoGo + Z hi(

i=1

+ Zﬁi(k)Gi) — P)z(k)

G;)TP(hoGo + Z hi(k)G:)

i=1

< 2T (k)(( hoGo+Zh

i=1

—(ho + Y hi(k))P(ho + > hi(k)
i=1 =1
= 2T (k) (R2(GT PG, — Z k) (GT PG
+GJ PGy — 2P) + th k)(G] PG; — P)

=1

+ Z hi( k)(GT PG + GT PG; — 2P))2(k)

1<j

2 T (k)Fz(k).

Noting ko > 0, hs(k) > 0, (18
follows F' < 0. Hence, The equilibrium point z*
(17) is GAS.

), and Lemma 9, it easily
=0 of

Noting Lemma 10 and the proof of Lemma 10, we

easily obtain the following theorem.

Theorem 5: The equilibrium z* = 0 of the DTRNN
(7) is GAS if the following two conditions hold: i) There
exist m; > 1 (i =0,1,2,---,n) such that ., mi <
1; i) There exists a common positive definite matriz P
such that GTPG; — P <0,i=0,1,2,--- ,n

In view of the proof of Lemma 10, we easily have the

following theorem.

Theorem 6: The equilibrium z* = 0 of the DTRNN
(7) is GAS if the following conditions hold: i) Condi-
tion i) in Theorem 5; i) There exists a common posi-
tive definite matriz P such that GZTPGi — P <0, =

0,1,2,---,n; iii) Let V(k) = 2T (k)Pz(k), the equation
AV (k) 2 V(k+ 1) — V(k) = 0 has a unique solution
z(k) =0

6 An illustrative Example

We now present a example to use Corollary 1 and Re-
mark 1. For space reason we omit applications of other

results.



Example 1: Consider a DTRNN:
z1(k + 1) = arz1 (k) + fro(wnz1 (k) + 51)
z2(k+1) = aomz (k) + 20 (w2121 (k) + wazz2 (k) + 52)
(19)

ZTn(k+1) = ann(k)+Bno(wriz1 (k)+- - A wpnzn (k)+55)

where |a;| < 1,4 = 1,---,n. The architecture of this
DTRNN can be found in Figure 1 of [2].

If |a; + Biwg| < 1 Vi = 1,-++ ,n, then, the DTRNN
(19) is GAS by noting Corollary 1 and Remark 1.

When n = 3,a1 = —0.6,,31 = 0.1,’1.011 = —3.8,&2 =
—0.35,52 = 1.5,’(1)21 = 1,w22 = —0.4,0(3 = 0.5,,33 =
2,w3; = —1, w32 = 1,wszz = —0.7, a simulation result is

depicted in Fig. 1.

lhe initial state
z(0) = (4,4,3)T

The/unique equilibrium point r

Fig. 1. The phase space trajectory of the states x1,x2 and z3 of
the DTRNN (19) with the input s = (—4, —0.5,0.5)T, and the
initial state z(0) = (4,4,3)T. The unique equilibrium point
z* = (—0.0624,—0.4177,0.1523)T.

Remark 3: i) In Example 1 of [2], a sufficient condi-
tion (i.e., |ay| + |wsi|ps < 1) is applied to determine the
global asymptotic stability of the DTRNN. As shown in
Example 1 above, the condition |a; + w;;8;] < 1 is ob-
viously more relaxed than the existing condition. More-
over, the global asymptotic stability of the DTRNN (19)
also has nothing to do with w;; (2 > j).

7 Conclusions

In this paper, several analytical results on the global
asymptotic stability of a general class of discrete-time re-
current neural networks (DTRNNs) are discussed. The
DTRNN model involved in this paper is more general
than that in [3] and consequently is of more practical

sense. We first present two conditions for the global

asymptotic stability of a general DTRNN. In these con-
ditions, the weight matrix may not be restricted to be
symmetric or asymmetric. we then give several sufficient
conditions which tackle with diagonal stability and non-
diagonal stability. The resulting criteria are novel and

less restrictive than the previous stability results.
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