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Abstract

Sufficient delay-dependentconditionsfor the stabilization
of linear continuous-timesystemswith time-delayin the
state,additive boundeddisturbancesand limited actuators
aregiven. Fromtheseconditions,a region insidewhich the
stability of theclosed-loopsaturatedsystemis assuredand
a saturatingstatefeedbackcontrollaw areobtained.

1 Introduction

During the last yearsa large amountof attentionhasbeen
paid to the problemof stabilizationof linear systemswith
statedelays[7], [10]. Time delaysarefrequentlyencoun-
tered in control systemsand can be the reasonof a poor
performancebehavior or closed-loopinstability [16]. The
existing resultsin continuous-timetime delaysystemsare
mainly concernedwith delay independentconditions,i.e.
the time delaysareallowedto bearbitrarily large[5], [15],
[20]. However, theseconditionscanbeconservative, espe-
cially in situationswheretheexisting timedelaysaresmall.
On theotherhand,delay-dependentstabilizationconditions
canbefoundin [3], [6], [12], but thesestrategiesshow to be
very conservative for systemsallowing unlimitedsizetime-
delays.

Concerningthesubjectof constrainedcontrolof linearsys-
tems,a greateffort hasbeenspentduring the last decade
to take into accountsaturatingcontrols in linear systems
control design. In fact, this is an importantpracticalcon-
straintusuallydisregardedin classicalcontroldesignmeth-
ods. See,for example,the two specialissues[1], [21] and
thereferencesthereinfor anoverview onthis subject.

In the context of continuous-timesystemswith both time-
delayand saturatingcontrols,somedelay-independentre-
sultstreatinglocal aswell asglobalstabilizationvia mem-
orylessfeedbackcontrol laws have beenproposed.See,for
example,[18], [22], [24], [4]. In [25], the necessityto ex-
plicitly definea setof admissibleinitial conditionsassoci-
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atedto theproblemof stabilizationhasbeenclearlyunder-
lined.

This paper is concerned with the stabilization of a
continuous-timelinearsystemsubjectto time-delaysin the
stateandsaturatingcontrols.Additiveboundeddisturbances
arealsoconsideredin thesystemmodel. A saturatingstate
feedbackcontrollaw is derivedfromaLyapunov-Krasovskii
approach[14] which providesdelay-dependentconditions.
A region in which thestability of theclosed-loopsaturated
systemis ensuredis alsodetermined.

First,differenceinclusionsareusedto describethesaturated
closed-loopsystemviaalocally equivalentpolytopicmodel.
Then,thesynthesisof the suitablegainmatrix with theas-
sociatedsetof admissibleinitial conditionsis carriedoutby
usingS-procedureandquadraticstabilizationresults.Some
relaxationschemesresultingin LMI optimizationproblems
whichcanbeefficiently solved[2] arealsodiscussed.

2 Problem statement

2.1 Notation
ℜ
�

is the setof non-negative real numbers.For any vec-
tor x � ℜn, x� i � denotesthe ith componentof x. A� i � de-
notesthe ith row of matrix A. For two symmetricmatrices,
A andB, A � B meansthatA � B is positivedefinite.A� and
trace� A	 denotethe transposeand the traceof A, respec-
tively. Im denotesthe m-orderidentity matrix. 1m denotes
in ℜm the vector 
 1 ���
� 1 � � . λmax� P	 andλmin � P	 denote
respectively the maximal andminimal eigenvaluesof ma-
trix P. diag� B1 � B2 �
�
�
��� Bn 	 denotesa blockdiagonalmatrix
composedby the blocks B1, B2, �
�
� , Bn. co� ��� denotesa
convex hull. � τ � ������� τ � 0� � ℜn 	 denotestheBanachspace
of continuousvectorfunctionsmappingthe interval ��� τ � 0�
into ℜn with the topologyof uniform convergence. �����
refersto either the Euclideanvector norm or the induced
matrix 2-norm. � φ � c � sup� τ  t  0 � φ � t 	!� standsfor the
norm of a function φ �"� τ. Whenthe delay is finite then
“sup” canbe replacedby “max”. � v

τ is the setdefinedby� v
τ � � φ �#� τ ; $%$ φ $%$ c & v� v � 0 � . For any vectorν � ℜm,

onedefinessat � ν � i � 	 � sign� ν � i � 	 min � u0� i � � $ ν � i � $ 	 , u0� i � � 0,
i � 1 �
���
��� m.



2.2 Problem statement
Considerthelinearcontinuous-timedelay1 system:

ẋ � Ax� t 	(' Aτx � t � τ 	(' Bu� t 	(' Dw � t 	 (1)

with theinitial conditions

x � t0 ' ψ 	 � φ � ψ 	 �*) ψ �+��� τ � 0� � t0 � φ � ℜ �-, � v
τ (2)

wherex � ℜn is thestate,u � ℜm is thecontrolandw � ℜd

is thedisturbance.MatricesA, Aτ, B andD arerealconstant
matricesof appropriatedimensions.The system(1)-(2) is
supposedto verify thefollowingassumptions:

A1. � A ' Aτ � B	 stabilizable.

A2. Theinputvectoris subjectto amplitudeconstraints,i.e.
u �+. 0 / ℜm with. 0 � � u � ℜm ; � u0� i �10 u� i �20 u0� i � � u0� i � � 0 � i � 1 ���
� m�

(3)

A3. The disturbancevectorw is subjectto amplitudecon-
straints,i.e. w �43 0 / ℜd with3 0 � � w � ℜd ;w�w 0 w

� 1
0 � w0 � 0 � (4)

Thecontroldesignproblemaddressedin thispaperconsists
in determininga controllaw whichstabilizessystem(1)-(2)
underassumptionsA1, A2 andA3 andis detailedbelow.

Problem 1 (Control Design Problem). Find matrix K �
ℜm 5 n anda setof initial conditions6 0 / ℜn such that the
closed-loopsystemgivenby

ẋ � t 	 � Ax� t 	(' Aτx � t � τ 	(' Bsat � Kx � t 	�	(' Dw � t 	 (5)

exhibitsthefollowingconditions:7 whenw � 0, system(5) is locally asymptoticallystable) φ � ψ 	8�96 0, ) ψ �4��� τ � 0� ,7 whenw :� 0, thetrajectoriesof system(5) remainbounded) φ � ψ 	8�96 0, ) ψ �4��� τ � 0� , and ) w �43 0.

In thedisturbance-freecase(i.e. w � 0), givena stabilizing
statefeedbackgain K, the resultingnonlinearclosed-loop
system(5) possessesabasinof attractionof theequilibrium
point xe � 0 [19], [23]. Whenw :� 0 it is not possibleto
strictly defineoneequilibriumpoint for theclosed-loopsys-
temwith the time-varyingdisturbancew � t 	 . At a givenin-
stantt with w � t 	 � we, however, a correspondingequilib-
rium point x � t 	 � xe, ẋ � t 	 � 0, could be computed,imply-
ing that, associatedto any disturbancewe �;3 0, thereex-
istsa setof equilibriumpoints. In this sense,onecouldsay
thattheclosed-loopsystem(5) exhibits abasinof attraction
of this setof equilibriumpoints. The determinationof this
basinis averyhard(if not impossible)task,evenin thecase
whereτ � 0 (nodelay)andw � 0 (nodisturbance).

1Forsimplicity, thedevelopmentis presentedfor thecaseof onesingle
delay.

An interestingway to overcomethis difficulty is to deter-
minea suitablesetof initial conditionsfrom which thesta-
bility relativeto thetrajectoriesof theclosed-loopsystem(5)
is ensured[13]. A naturalobjective is thento maximizethe
sizeof this set,which could be addressedthroughanother
optimizationproblem.

The global asymptoticstability of system(5) can be ad-
dressedonly if theopen-loopsystemis stable.In this case,
the set 6 0 solutionto Problem1 is equalto ℜn (see[18]).
Throughoutthispaper, noassumptionontheopen-loopsys-
temstability is made.In thissense,Problem1 andtheinitial
region maximizationsub-problemare referredto be local
stabilizationproblems,thatis, 6 0 :� ℜn.

3 Stability results

3.1 Saturation nonlinearities representation
A locally equivalentpolytopicrepresentationfor thenonlin-
earsystem(5) basedon differenceinclusions[17], [25] is
used.In fact,system(5) canbeequivalentlywrittenas

ẋ � t 	 � � A ' BΓ � α � x	�	 K 	 x � t 	<' Aτx � t � τ 	(' Dw � t 	 (6)

where Γ � α � x	=	 is a diagonalmatrix whosediagonalele-
mentsaredefinedfor i � 1 ���
�
��� mas:

α � i � � x	 � >?@ ?A u0B i C
KB i C x � t � if K � i � x � t 	D� u0� i �
1 if � u0� i � 0 K � i � x � t 	 0 u0� i �� u0B i C

K B i C x � t � if K � i � x � t 	 & � u0� i �
yielding0 & α � i � � x	 0 1, i � 1 �
�
���
� m, ) x � ℜn. Notethatthe
scalarα � i � � x	 canbeconsideredasanindicatorof thesatu-
rationdegreeof the ith entry of u� i � . Hence,the smalleris
α � i � � x	 , thefartheris x from theregion of linearityS� u0 � 1m	
definedby

S� u0 � 1m	 �FE x � ℜn; � u0� i � 0 K � i � x � t 	 0 u0� i � � i � 1 ���
�mG
(7)

Sincethispaperaddressestheproblemof localstabilization
a limit is imposedon x yielding a lower boundfor α � i � � x	 .
Thus,thefollowing lemmacanbepresented:

Lemma 1 Givenanycompactset6 c / ℜn andthesaturated
system(5), assumethat x � t 	H�I6 c. Thenẋ � t 	 can be deter-
minedfromthefollowingpolytopicmodel

ẋ � t 	 � 2m

∑
j J 1

ξ j K j x � t 	(' Aτx � t � τ 	(' Dw � t 	 (8)

with
2m

∑
j J 1

ξ j � 1, ξ j L 0.

Proof. For x ��6 c the componentsof vectorα � x	 admit a
lowerbounddenoted

αM � i � � min � α � i � � x	 ;x �N6 c �<� i � 1 �
�
���
� m (9)



meaningthatfor any x �N6 c onegets

0 & αM � i � 0 α � i � � x	 0 1 �O) i � 1 �
�
�
��� m (10)

which allow us to definethe vector αM and the following
vertex matrices:K j � A ' BΓ j � αM 	 K � j � 1 �
�
�
��� 2m (11)

In (11), Γ j � αM 	 is a diagonalmatrix whosediagonalele-
mentstake the values1 or αM � i � , i � 1 �
�
�
��� m (in order to
describeall the vertices). Hence,if x � t 	H��6 c thenthe dif-
ferencialinclusionresults[17] allow to determinėx � t 	 from
thepolytopicmodelgivenby (8). P
Actually, thesetS� u0 � αM 	 :
S� u0 � αM 	 � � x � ℜn; � u0� i �

αM � i � 0 K � i � x � t 	 0 u0� i �
αM � i � � i � 1 �
�
� m�

(12)

containsby definition6 c andcorrespondsto themaximalset
in whichmodel(8) representssystem(5).

3.2 Disturbance free case (w � 0)
Thestabilityof system(5) in thedisturbancefreecase(w �
0) canbeassessedby thefollowing proposition.

Proposition 1 For a givenτ � 0, if there existmatricesY �
ℜm 5 n, W � W �(� 0 � ℜn 5 n, R � R�Q� 0 � ℜn 5 n, Q � Q�(�
0 � ℜn 5 n, αM � ℜm anda positivescalarγ satisfyingRS

ϒ τWA��' τY � Γ j � αM 	 B� τWA�τ
τAW ' τBΓ j � αM 	 Y � τQ 0

τAτW 0 � τR

TU
& 0 �Q) j � 1 �
�
�
��� 2m

(13)

where

ϒ V W � A ' Aτ 	W�
'X� A ' Aτ 	 W ' Y � Γ j � αM 	 B�' BΓ j � αM 	 Y ' τAτQA�τ ' τAτRA�τY
W αM � i � Y �� i �

αM � i � Y� i � γu2
0� i �[Z L 0 �() i � 1 �
���
��� m (14)

0 & αM � i � 0 1 �() i � 1 �
���
��� m (15)

Then,the feedback gain K � YW
� 1 andthesetΦ0 defined

as

Φ0 �FE φ; � Φ � 2c 0 1

γ � λmax� W � 1 	(' 3τ2

2 λmax� A�τR� 1Aτ 	 �
�
�' τ2

2 max
j

λmax� K � j Q� 1 K j 	=	 G (16)

solveProblem1.

Proof. If (14) is satisfied,thentheellipsoid\ � P� γ � 1 	 � � x � ℜn;x � t 	 � Px� t 	 0 γ � 1 �
with P � W

� 1 is includedin thesetS� u0 � αM 	 definedas(12)
wherethevectorαM verifies(15). Then,usingtheresultsof

Lemma1, ẋ � t 	 canbecomputedfrom thepolytopicsystem
(8) with w � t 	 � 0.

Now, the aim is to prove that if (13) is satisfiedthen the
closed-loopsystem(8) with w � 0 is locally asymptotically
stable ) φ � θ 	]� Φ0, ) θ �"��� 2τ � 0� . For that, considerthe
Leibniz-Newton formula^

b

a
ν̇ � β 	 dβ � ν � b	_� ν � a	 (17)

Then,for t L τ andfromthepolytopicmodel(8) with w � 0,
onehas

x � t � τ 	 � x � t 	Q� ^ 0� τ
ẋ � t ' β 	 dβ� x � t 	Q� ^ 0� τ

Y
2m

∑
j J 1

ξ j K j x � t ' β 	(' Aτx � t � τ ' β 	 Z dβ (18)

implying that

ẋ � t 	 � � 2m

∑
j J 1

ξ j K j ' Aτ � x � t 	Q� ^ 0� τ
Aτ

2m

∑
j J 1

ξ j K j x � t ' β 	 dβ� ^ 0� τ
AτAτx � t � τ ' β 	 dβ (19)

Thestatetrajectoriesof (8) with w � 0 alsosatisfytheequiv-
alentsystem(19)with initial dataon ��� 2τ � 0� . Thus,thesta-
bility of thepolytopicsystem(8) canbestudiedthroughthe
analysisof system(19).

IntroducetheLyapunov-Krasovskii functional

V � xt 	 � x � t 	 � Px� t 	(' S� xt 	 (20)

whereP is a symmetricpositive definitematrix and S� xt 	
is an appropriatepositive definitequadraticform to bede-
termined. Furthermore,xt denotesthe restrictionof x to
the interval � t � 2τ � t � , ) t L t0, translatedto ��� 2τ � 0� , i.e.,
xt � ψ 	 � x � t ' ψ 	 , ) ψ �+��� 2τ � 0� .
Thetimederivativeof V � xt 	 alongthetrajectoriesof system
(8) with w � 0 is givenby

V̇ � xt 	 � ẋ � t 	 � Px� t 	(' x � t 	 � Pẋ � t 	<' Ṡ� xt 	 � 2m

∑
j J 1

ξ j ` j (21)

with
2m

∑
j J 1

ξ j � 1, ξ j L 0 and` j � x � t 	 � 
 � K j ' Aτ 	 � P ' P � K j ' Aτ 	 � x � t 	' ν j � xt 	(' η j � xt 	(' Ṡj � xt 	 (22)

with

ν j � xt 	 � � 2

^
0� τ

x � t 	 � PAτ K j x � t ' β 	 dβ (23)

η j � xt 	 � � 2

^
0� τ

x � t 	 � PAτAτx � t � τ ' β 	 dβ (24)

Usingtheproperty � 2u� v 0 u� Xu ' v� X � 1v whereX is any
symmetricpositivedefinitematrixandu andv arevectorsof
appropriatedimensionsonegets

ν j � xt 	 0 τx � t 	 � PAτQA�τPx� t 	



' ^ 0� τ
x � t ' β 	 � K � j Q� 1 K j x � t ' β 	 dβ (25)

η j � xt 	 0 τx � t 	 � PAτRA�τPx� t 	' ^ 0� τ
x � t � τ ' β 	 � A�τR� 1Aτx � t � τ ' β 	 dβ (26)

Define

Sj � xt 	 � ^
0� τ

^
t

t
� β

x � θ 	 � K � j Q� 1 K j x � θ 	 dθdβ' ^ 0� τ

^
t

t � τ � β
x � θ 	 � A�τR� 1Aτx � θ 	 dθdβ (27)

andits time-derivativeis givenby

Ṡj � xt 	 � τx � t 	 � K � j Q� 1 K j x � t 	� ^ 0� τ
x � t ' β 	 � K � j Q� 1 K j x � t ' β 	 dβ ' τx � t 	 � A�τR� 1Aτx � t 	� ^ 0� τ

x � t � τ ' β 	 � A�τR� 1Aτx � t � τ ' β 	 dβ (28)

Now, takinginto account(25), (26) and(28), it follows` j 0 x � t 	 � Ψ jx � t 	 (29)

where

Ψ j � � K j ' Aτ 	a� P ' P � K j ' Aτ 	<' τPAτQA�τP' τPAτRA�τP ' τ K � j Q� 1 K j ' τA�τR� 1Aτ
(30)

UsingSchur’s complementandthechangeof variableW �
P
� 1 it canbeverifiedthatrelation(13) ensuresWΨ jW & 0

for all j � 1 �
���
��� 2m. Thus,from (21), thereexists π3 such
that V̇ � xt 	 0 � π3 � x � t 	!� 2 andthereforeonegetsV � xt 	 0
V � xt0 	 providedthat themodel(8) with w � 0 is valid, that
is, providedthatx � t 	b� S� u0 � αM 	 .
Furthermore,theLyapunov functionaldefinedin (20) satis-
fies

π1 � x � t 	b� 2 0 V � xt 	 0 π2 � xt � 2c
with π1 � λmin � P	 and

π2 � λmax� P	(' τ2

2
max

j
λmax� K � j Q� 1 K j 	(' 3τ2

2
λmax� A�τR� 1Aτ 	

Hence,for φ � θ 	c� Φ0, θ �4��� 2τ � 0� , onegets

x � t 	 � Px� t 	 0 V � xt 	 0 V � xt0 	 0 γ � 1 �() t L t0

Therefore,for any initial condition in Φ0, the system(5)
verifiesthe conditionsof theKrasovskii Theorem[11] and
V � xt 	 is a localstrictly decreasingLyapunov function.Thus,
theasymptoticstabilityof system(5) is ensured.P
3.3 Disturbance case (w :� 0)
A solutionto Problem1 in thecasew :� 0 is presentednow.

Proposition 2 For a givenτ � 0, if there existmatricesY �
ℜm 5 n, W � W �(� 0 � ℜn 5 n, R � R�Q� 0 � ℜn 5 n, Q � Q�(�

0 � ℜn 5 n, Z � Z �_� 0 � ℜn 5 n αM � ℜm and threepositive
scalarsγ, ω, µ satisfyingequations(13), (14),(15) andRdddddS Θ τWA��' τY � Γ j � αM 	 B�

τAW ' τBΓ j � αM 	 Y � τQ
τAτW 0

D � 0
0 0

τWA�τ D 0
0 0 0� τR 0 0
0 � ωId τD �
0 τD � τZ

T�eeeeU 0 0 �I) j � 1 �
�
�
��� 2m (31)

where

Θ V W � A ' Aτ 	a��'X� A ' Aτ 	 W ' Y � Γ j � αM 	 B�
' BΓ j � αM 	 Y' τAτQA�τ ' τAτRA�τ ' τAτZA�τ ' µW� µw0 ' ωγ 0 0 (32)� w0 ' τ
2

ωγ 0 0 (33)

Then,the feedback gain K � YW
� 1 and thesetΦ0 defined

as

Φ0 � E φ; � Φ � 2c 0 w0 � τ
2ωγ

γw0 � λmax� W � 1 	(' 3τ2

2 λmax� A�τR� 1Aτ 	 �
�
�' τ2

2 max
j

λmax� K � j Q� 1 K j 	�	 G (34)

solveProblem1.

Proof. ConsidertheLyapunov functional

V � xt � w	 � x � t 	 � Px� t 	(' S� xt � w	 (35)

whereP � P�f� 0 andS� xt � w	 hasto besuitablydetermined.

Sincethe casew � 0 hasbeenaddressedthroughProposi-
tion 1 andthereforefrom thesatisfactionof equations(13),
(14) and (15), in the casew :� 0 it must be shown that
V̇ � xt � w	 0 0 for any x suchthat x � t 	W� Px� t 	 L 0 andany w
suchthatw � t 	W� w � t 	 0 w

� 1
0 . Thus,by usingtheS-procedure

[2], it mustbeproventhat thereexist two positivescalarsµ
andω satisfying

V̇ � xt � w	<' µ � x � t 	 �Px� t 	Q� γ � 1 	(' ω � w� 1
0 � w � t 	 �w � t 	=	 0 0

(36)

By usingequation(17), in thecasew :� 0 onegets:

ẋ � t 	 �hg 2m

∑
j J 1

ξ j K j ' Aτ i x � t 	(' Dw � t 	
� ^ 0� τ

Aτ g 2m

∑
j J 1

ξ j K j x � t ' β 	(' Dw � t ' β 	 i dβ

� ^ 0� τ
AτAτx � t � τ ' β 	 dβ (37)



Therefore,V̇ � xt � w	 canbecomputedalongthe trajectories
of system(37).

If inequality (36) holds, the trajectories of the satu-
ratedclosed-loopsystemremainconfinedin the ellipsoid\ � P� γ � 1 	 . ThetermV̇ � xt � w	 now reads:

V̇ � xt � w	 � ẋ � t 	 � Px� t 	(' x � t 	 � Pẋ � t 	(' Ṡ� xt � w	 � 2m

∑
j J 1

ξ j ` j

(38)

with
2m

∑
j J 1

ξ j � 1, ξ j L 0, and` j � x � t 	 � 
 � K j ' Aτ 	 � P ' P � K j ' Aτ 	 � x � t 	<' 2x � t 	 � PDw� t 	' Ṡj � xt � w	(' ν j � xt 	(' η j � xt 	(' ζ j � xt � w	 (39)

wherethetermsν j � xt 	 andη j � xt 	 aredefinedasin (23)and
(24) whereasthetermζ j � xt � w	 is givenby

ζ j � xt � w	 � � 2

^
0� τ

x � t 	 � PAτDw � t ' β 	 dβ (40)

Furthermore,the termsν j � xt 	 andη j � xt 	 canbemajorized
asin (25)and(26),whereasζ j � xt � w	 verifies:

ζ j � xt � w	 0 τx � t 	 � PAτZA�τPx� t 	' ^ 0� τ
w � t ' β 	 � D � Z � 1Dw � t ' β 	 dβ (41)

Hence,in this case,it sufficesto defineSj � xt � w	 as

Sj � xt � w	 � ^
0� τ

^
t

t
� β

x � θ 	 � K � j Q� 1 K j x � θ 	 dθdβ' ^ 0� τ

^
t

t
� β � τ

x � θ 	 � A�τR� 1Aτx � θ 	 dθdβ' ^ 0� τ

^
t

t
� β

w � θ 	 � D � Z � 1Dw � θ 	 dθdβ (42)

yielding

Ṡj � xt � w	 � τx � t 	 � K � j Q� 1 K j x � t 	� ^ 0� τ
x � t ' β 	 � K � j Q� 1 K j x � t ' β 	 dβ ' τx � t 	 � A�τR� 1Aτx � t 	� ^ 0� τ

x � t � τ ' β 	 � A�τR� 1Aτx � t � τ ' β 	 dβ ' τw � t 	 D � Z � 1Dw � t 	� ^ 0� τ
w � t ' β 	 D � Z � 1Dw � t ' β 	 dβ (43)

Thereforeit followsthat` j ' µx� t 	 � Px� t 	Q� ωw � t 	 �w � t 	 0 x � t 	 � Ψ jx � t 	' µx� t 	 � Px� t 	(' 2x � t 	 � PDw� t 	(' τx � t 	 � PAτZA�τPx� t 	' τw � t 	 � D � Z � 1Dw � t 	Q� ωw � t 	 �w � t 	 (44)

where Ψ j is definedin (30) and scalarsµ and ω satisfy� µγ � 1 ' ωw
� 1
0 0 0, thatis, relation(32).

As in theproof of Proposition1, usingSchur’scomplement
andthechangeof variableW � P

� 1 it canbeverifiedfrom
(44) and(32) that inequality(36) holdsprovidedthemodel
(8) is valid, thatis, providedx � t 	b� S� u0 � αM 	 .
Furthermore,theLyapunov functionaldefinedin (35) satis-
fies

π1 � x � t 	b� 2 0 V � xt � w	 0 π2 � xt � 2c ' π3 � wt � 2c
with π1 � λmin � P	 , π3 � τ

2ω and

π2 � λmax� P	(' τ2

2
max

j
λmax� K � j Q� 1 K j 	(' 3τ2

2
λmax� A�τR� 1Aτ 	

Hence,for φ � θ 	8� Φ0, θ �#��� 2τ � 0� andany admissibledis-
turbance(thatis, w0 satisfyingrelations(32) and(33)),one
gets

x � t 	 � Px� t 	 0 V � xt � w	 0 V � xt0 � w	 0 γ � 1 �O) t L t0

For any initial condition in Φ0 defined in (34) and any
admissibledisturbancesatisfying assumptionA2, system
(5) verifies the conditions of the Krasovskii Theorem
[11] and V � xt � w	 is a local strictly decreasingLyapunov
function.Thus,thestabilityof system(5) is assured.P
Theresultsderivedfrom Proposition2 arepotentiallycon-
servative. This sourceof conservatismcomesin particular
from:

1. Thepolytopicrepresentationusedfor theclosed-loopsat-
uratedsystem.
2. The useof a singlequadraticLyapunov function to en-
forcethedifferentspecificationssimultaneously.
3. Themajorizationusedto expressconditionson bothad-
missibleinitial conditionsandinitial disturbances.
4. Thedecompositionof delaypartx � t � τ 	 (see[9]).

Moreover, the presenceof bilinearities in somedecision
variablesmay causeproblemsin obtaininga feasiblesolu-
tion. Indeed,relations(13), (14) and(31) arebilinearin the
decisionvariablepairs � Y � αM 	 and � W � µ	 . Relations(32)and
(33) arebilinear in variablesω andγ. A way to overcome
this difficulty consistsin fixing alternatelysomevariables
andsearchingthe others. Thus,somerelaxationsschemes
basedon theLMIs asdescribedin [8] canbeused.

In view of establishingthe largeststability domain,it in-
tuitively appearsthat greateris the stateevolution domain,
moreeasily it canabsorbimportantdisturbances.This in-
tuitivestatementcanbenumericallyconfirmedin thesense
thatif γ is great(i.e. smallstateevolution domain)it canbe
difficult for agivenw0 (possiblysmall if thedisturbanceset
is great)to verify (32) and(33).

Proposition2 givesa sufficient solutionfor computingthe
gainK andasetΦ � γ � 1 	 of admissibleinitial conditionssuch
thatProblem1 canbesolved. An interestingway to orient



the solutionsfor seekingthe largestsetΦ � γ � 1 	 aspossible
is to considersomeoptimizationproblems. In this sense,
dependingon how the sizeof the setΦ � γ � 1 	 is measured,
thereexist variouscandidatecriteriato derivethelargestset.
Theinterestedreaderis referredto, for instance,[8].

Furthermore,it canbe interestingto computethe maximal
valueof the delayτ from which relationsof Proposition2
aresatisfied.In this sense,anoptimizationproblemcanbe
posedin which τ would bea decisionvariable,but different
relaxationschemesshouldbeconsideredsinceτ multiplies
otherdecisionvariables.

4 Conclusion

Sufficientdelay-dependentconditionsfor thelocalstabiliza-
tion of continuous-timesystemswith time delaysandsatu-
rating control have beenestablished.The stability of the
open-loopsystemis not required.Theconditionsobtained
canbeeasilyextendedto dealwith uncertainmodelsin con-
vex boundeddomains.

Severalquestionscanbeconsideredasopenproblems:7 Theinfluenceof thedecompositionof thedelaypart into
theresultingsolutionto Problem1.7 How this influencecanbequantified.7 How to dealwith thetradeoff betweenthesizeof thedelay
andthesizeof thesetsof admissibleinitial conditionsand
disturbances.

Moreover, it shouldbe interestingto study other typesof
control law, asfor exampledynamicoutputfeedbackor to
investigatetheuseof differentrepresentationsfor thesatu-
rationnonlinearities.
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