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Abstract

Sufiicient delay-dependentonditionsfor the stabilization
of linear continuous-timesystemswith time-delayin the

state,additive boundeddisturbancesind limited actuators
aregiven. Fromtheseconditions,aregion insidewhich the

stability of the closed-loopsaturatedsystemis assuredand

a saturatingstatefeedbackcontrollaw areobtained.

1 Introduction

During the last yearsa large amountof attentionhasbeen
paid to the problemof stabilizationof linear systemswith

statedelays[7], [10]. Time delaysare frequentlyencoun-
teredin control systemsand can be the reasonof a poor
performancebehaior or closed-loopinstability [16]. The
existing resultsin continuous-timeime delay systemsare
mainly concernedwith delay independentonditions,i.e.

thetime delaysareallowedto be arbitrarily large [5], [15],

[20]. However, theseconditionscanbe conserative, espe-
cially in situationswvheretheexisting time delaysaresmall.
Ontheotherhand,delay-dependerstabilizationconditions
canbefoundin [3], [6], [12], but thesestratgiesshav to be
very conserative for systemsallowing unlimited sizetime-
delays.

Concerninghe subjectof constrainectontrolof linearsys-
tems, a greateffort hasbeenspentduring the last decade
to take into accountsaturatingcontrolsin linear systems
control design. In fact, this is animportantpracticalcon-
straintusuallydisregardedin classicalcontroldesignmeth-
ods. See,for example,the two specialissued1], [21] and
thereferenceshereinfor anoverviewn onthis subject.

In the context of continuous-timesystemswith both time-
delay and saturatingcontrols, somedelay-independente-
sultstreatinglocal aswell asglobal stabilizationvia mem-
orylessfeedbackcontrollaws have beenproposed See for
example,[18], [22], [24], [4]. In [25], the necessityto ex-
plicitly definea setof admissiblenitial conditionsassoci-
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atedto the problemof stabilizationhasbeenclearly under
lined.

This paper is concernedwith the stabilization of a
continuous-timdinear systemsubjectto time-delaysn the
stateandsaturatingontrols.Additiveboundedlisturbances
arealsoconsideredn the systemmodel. A saturatingstate
feedbaclcontrollaw is derivedfrom aLyapuna-Krasorskii
approacH14] which providesdelay-dependerntonditions.
A region in which the stability of the closed-loopsaturated
systemis ensureds alsodetermined.

First, differencenclusionsareusedto describehesaturated
closed-loogsystenvia alocally equivalentpolytopicmodel.
Then,the synthesiof the suitablegain matrix with the as-
sociatedsetof admissibldnitial conditionsis carriedout by
usingS-procedureandquadraticstabilizationresults.Some
relaxationschemesesultingin LMI optimizationproblems
which canbe efficiently solved[2] arealsodiscussed.

2 Problem statement

2.1 Notation

07 is the setof non-ngative real numbers. For ary vec-
tor x € 0", x, denotesthe ith componentof x. Ay de-
notestheith row of matrix A. For two symmetricmatrices,
AandB, A> B meanghatA— B is positive definite. A" and
tracgA) denotethe transposeand the trace of A, respec-
tively. Iy, denoteghe m-orderidentity matrix. 1, denotes
in O™ thevector[ 1 --- 1]". AmaxP) andAmin(P) denote
respectrely the maximal and minimal eigervaluesof ma-
trix P. diag(B1, By, . . ., By) denotesablock diagonalmatrix
composedy the blocks By, By, ..., By, cof.} denotesa
corvex hull. G = C([-T,0], O") denotesheBanachspace
of continuousvectorfunctionsmappingthe interval [T, O]
into 0" with the topology of uniform corvergence. || - ||
refersto eitherthe Euclideanvector norm or the induced
matrix 2-norm. || @ ||c= SUP_(«t<g || @(t) || standsfor the
norm of a function @ € ¢. Whenthe delayis finite then
“sup” canbereplacedby “max’. (' is the setdefinedby
G ={9c G; ||0|lc<V, v> 0}. Forary vectorv € O™,
onedefinessat(v(i)) = sign(v(i)) min(uo(i), |V(i)|)- Uo(iy >0,
i= 1,....m



2.2 Problem statement
Considetthelinearcontinuous-timelelay* system:

X = AX(t) + AcX(t — T) 4+ Bu(t) + Dw(t) (1)
with theinitial conditions
X(t0+L|J):‘P(UJ)’VLIJE[—TaO]ath(PE D+XC;/ (2)

wherex € 0" is thestateu € O™ is thecontrolandw ¢ 09
is thedisturbanceMatricesA, A, B andD arerealconstant
matricesof appropriatedimensions. The system(1)-(2) is
supposedo verify the following assumptions:

Al (A+ A, B) stabilizable.

A2. Theinputvectoris subjectto amplitudeconstraintsi.e.
ue Uo C OMwith

Up = {ue O0™; —Uggiy < Uiy < Uogiy, Uggiy > 0,1 =1---m}
®3)

A3. Thedisturbancerectorw is subjectto amplitudecon-
straintsj.e.w e Mh C 09 with

W= {we 09 ;ww<wyt w >0} (4)

Thecontroldesignproblemaddresseih this paperconsists
in determininga controllaw which stabilizessystem(1)-(2)
underassumption&\1, A2 andA3 andis detailedbelow.

Problem 1 (Control Design Problem). Find matrix K €
O™=N anda setof initial conditionsSy ¢ 0" sud thatthe
closed-loopsystengivenby

X(t) = AX(t) + Acx(t — 1) + Bsa (Kx(t)) +Dw(t)  (5)
exhibitsthefollowing conditions:

e whenw = 0, system(5) is locally asymptoticallystable
Yo(p) € S, VY € [-T1,0],

e whenw # 0, thetrajectoriesof systen{5) remainbounded
Yo(Y) € S, YU € [-T1,0], andYw € Wp.

In the disturbance-freease(i.e. w = 0), givena stabilizing
statefeedbackgain K, the resultingnonlinearclosed-loop
system(5) possessesbasinof attractionof theequilibrium
point Xe = 0 [19], [23]. Whenw # 0 it is not possibleto

strictly defineoneequilibriumpointfor theclosed-loogsys-
temwith the time-varyingdisturbancew(t). At agivenin-

stantt with w(t) = we, however, a correspondingequilib-

rium point x(t) = Xe, X(t) = 0, could be computed,;mply-

ing that, associatedo ary disturbancewe € M}, thereex-

istsa setof equilibrium points. In this sensepnecould say
thatthe closed-loopsystem(5) exhibits a basinof attraction
of this setof equilibrium points. The determinatiorof this

basinis avery hard(if notimpossible}ask,evenin thecase
wheret = 0 (nodelay)andw = 0 (no disturbance).

IForsimplicity, the developmenis presentedor the caseof onesingle
delay

An interestingway to overcomethis difficulty is to deter

mine a suitablesetof initial conditionsfrom which the sta-
bility relativeto thetrajectoriesof theclosed-loogsystem(5)

is ensured13]. A naturalobjectiveis thento maximizethe
size of this set, which could be addressedhroughanother
optimizationproblem.

The global asymptoticstability of system(5) can be ad-
dressednly if the open-loopsystemis stable.In this case,
the set S solutionto Problem1 is equalto 0" (see[18]).

Throughouthis papernoassumptioronthe open-loopsys-
temstabilityis made.In thissenseProbleml andtheinitial

region maximizationsub-problemare referredto be local
stabilizationproblemsthatis, So # O".

3 Stability results

3.1 Saturation nonlinearities representation

A locally equivalentpolytopicrepresentatiofor thenonlin-
ear system(5) basedon differenceinclusions[17], [25] is
used.In fact, system(5) canbeequialentlywritten as

X(t) = (A+ Bl (a(x))K)X(t) + Ax(t —T) + Dw(t)  (6)

wherel (a(x)) is a diagonalmatrix whose diagonalele-
mentsaredefinedfori=1,..., mas:

Ui .
—K(i?(xgt) if K(-)X( ) > Ugiy
1if —UO()<K( )<U0()

X(t
IJI

i) (X) =

yielding0 < ay(x) <1,i=1,...,m,¥xe O". Notethatthe
scalarajy(x) canbe consideredasanindicatorof the satu-
ration degreeof theith entry of u;;,. Hence,the smalleris
aiy(x), thefartheris x from theregion of linearity S(uo, 1m)

definedby

S(uo, 1m) = {x € O™ —ug(iy < KyX(t) < Uggiy,i=1---m}

(7)

Sincethis paperaddressethe problemof local stabilization
alimit is imposedon x yielding a lower boundfor o;(x).
Thus,thefollowing lemmacanbe presented:

Lemmal GivenanycompacsetS; ¢ 0" andthesaturated
system(5), assumehat x(t) € S.. Thenx(t) canbe deter
minedfromthefollowing polytopicmodel

- S

) +AX(t —T) + Dw(t) (8)

2m
with Ej:l,EjZO.
2

Proof. For x € S the component®f vectora(x) admita
lower bounddenoted

Oy = min{agy(X);x€ St i=1,...,m 9)



meaninghatfor ary x € Sc onegets
0< Oy < C((i)(X) <1, Vvi=1,...,m (20)

which allow us to definethe vector a, and the following
vertex matrices:

Aj=A+Blrj(ayK, j=1,...,2" (11)
In (11), I'j(a,) is a diagonalmatrix whosediagonalele-
mentstake the values1 or Oy(iys i=1,...,m(in orderto

describeall the vertices). Hence,if x(t) € S thenthe dif-
ferencialinclusionresults[17] allow to determinex(t) from
the polytopicmodelgivenby (8). O

Actually, thesetS(ug, a,):

Sup, 0p) = {x€ D”;—% < Kiyx(t) < uii_?,i =1---m}
| (12)

containdy definition.S; andcorresponds themaximalset

in which model(8) representsystem(5).

3.2 Disturbancefree case (w= 0)
The stability of system(5) in thedisturbancdree case(w =
0) canbeassessely thefollowing proposition.

Proposition 1 For agivent > 0, if there exist matricesY ¢
Dmxn,WZWI >0¢ ann' R=R >0¢ ann.Q:Ql >
0 0O™" a, € O™ anda positivescalary satisfying

Y WA +1Y'Tj(0a,)B  TWA
TAV + 1Bl j(0g)Y -1Q 0
TAW 0 —1R

<0, Vvj=1,...,2"
(13)
whee
YEW(A+A) + (A+A)W+Y'T(a,)B
+ Bl j ()Y + TA QA + TARRA

W)Y, -
5 >0,vVi=1,....m (14)
iy Yy Wy
O<a[(i)§1,Vi:1,...,m (15)

Then,the feedbak gain K = YW~1 andthe set®, defined
as

1
o= {@]| @<
{ 7 VAmaxWL) 4 3 Ama AR 1AY)

} (16)

+ S manal A Q7HA))
solveProblem1.

Proof. If (14)is satisfiedthentheellipsoid
E(Py™) = {xe 0% x(t)'Pxt) <y}

with P= W1 isincludedin thesetS(uo, o) definedas(12)
wherethevectora, verifies(15). Then,usingthe resultsof

Lemmal, x(t) canbe computedrom the polytopic system
(8) with w(t) = 0.

Now, the aim is to prove thatif (13) is satisfiedthenthe
closed-loopsystem(8) with w= 0 is locally asymptotically
stableV@(6) € &g, VO € [—21,0]. For that, considerthe
Leibniz-Newvton formula

[ o@ias=v()-v(a) an

Then,fort > 1 andfrom the polytopicmodel(8) with w= 0,

onehas
0

X(t—1) = x(t) _/ X(t+B)dB

:x(t)—/_i

implying that

2m
> &AX(E+B) +AX(t—T+P)

=

dp (18)

2m 0 2m

X0 = [ &A+AXO - [ AT &AX(t+Bdp
=1 o=
~ [ At (19)

Thestatetrajectorie®f (8) with w= 0 alsosatisfytheequi-
alentsystem(19)with initial dataon [—2t,0]. Thus,thesta-
bility of the polytopicsystem(8) canbestudiedthroughthe
analysisof system(19).
Introducethe Lyapuna-Krasovskii functional

V(x) = x(t)' PX(t) + S(x) (20)
whereP is a symmetricpositive definite matrix and S(x)
is an appropriatepositive definite quadraticform to be de-
termined. Furthermorex denotesthe restriction of x to
the interval [t — 2t,t], Vt > to, translatedto [—21,0], i.e.,
% (P) = X(t+ W), Yy € [-21,0].

Thetimederivative of V(x ) alongthetrajectorief system
(8) with w= 0is givenby

V(%) = X(t)'PX(t) + X(t)'PX(t) + S(x) = ZZ &Ly (21)
j=1
2m
with lezj = 1,Ej >0and
Li=X(t)' [(Aj +A)'P+P(A) +A)] X(t)

+Vj (%) +nj(%) + S (%) (22)
with

Vi) =2 [ xAPAAXEEBE  (23)

11060 =2 [ XOPAAXE T BdB (24)

Usingthe property—2u'v < u'Xu+ v X~1v whereX is ary
symmetricpositivedefinitematrixandu andv arevectorsof
appropriatalimension®negets

vi(x) < TX(t) PAQAPX(Y)



[ OxeeBaQ A B @5)

nj(x%) < (1) PARRAPX)

0

+ [ X(t—1+B)ARIAXt—T+B)dB  (26)

—T

Define
0 ,t
_ / / X(8)' A Q4 x(8)d6dp
—TJt+p

0 gt
+ / / X(O)ARIAXO)dOR  (27)
—TJt—1+B
andits time-dervativeis givenby
Sj(x) = TX(t) A} QA x(t)

_ /_ i X(t+B)' A5 QA X(t + B)dB+ TX(t) AR T Ax(t)

0
_/ X(t—T+PB)ARIAXEt—T+B)dB  (28)
-1
Now, takinginto accouni(25), (26) and(28), it follows
Li < Xt)'Wixt) (29)
where
Wi = (Aj +A)P+P(A] +A) + TPAQAP
+TPARA P+ T4 Q1Aj +TARIA
Using Schurs complemenandthe changeof variableW =
P~1it canbe verifiedthatrelation(13) ensuresV¥;W < 0
forall j =1,...,2™ Thus,from (21), thereexists 1@ such
thatV (%) < Tl'3 || X(t) ||> andthereforeone getsV (%) <

V (X,) provided thatthe model(8) with w = 0 is valid, that
is, providedthatx(t) € S(ug, o).

Furthermorethe Lyapunw functionaldefinedin (20) satis-
fies

(30)

T || X(t) [P< V(%) < TR % |I¢

1 _ 3r?
T = Amax(P) + Emja)O\max(Alj Q 1A] )+ —Amax(ATR_ Ar)

Hence for ¢(0) € ®g, 6 € [—21,0], onegets
X(t)'PX(t) <V (%) <V (%) <y Wt >to

Therefore,for ary initial conditionin ®q, the system(5)
verifiesthe conditionsof the Krasorskii Theorem[11] and
V(%) is alocalstrictly decreasindtyapuna function. Thus,
theasymptoticstability of system(5) is ensuredd

3.3 Disturbance case (w # 0)
A solutionto Probleml in thecasew # 0 is presentechow.

Proposition 2 For a givent > 0, if there exist matricesY ¢
Dmxn,W:WI>OE D”X”,R:R >OE ann.Q:Ql>

0cO™N Z=2 >0 0™ a, € O™ andthree positive
scalarsy, w, p satisfyingequationg13), (14),(15)and

C] WA +1Y'Tj(a,)B'
TANV + 1Bl (ay)Y —-10Q
AW 0
D' 0
0 0
WA, D 0
0 0 0
TR 0 0 | <0 Vvj=1,...2" (31
0 —wlg D’
0 D -1z
whee
O EW(A+A) + (A+A)W YT j(0,)B + Bl j(a,)Y
+TAQA, + TARA + TAZA + W
—Hwo+wy< 0 (32)
o+ Sy < 0 (33)

Then,the feedbak gain K = YW~1 andthe set® defined
as

Wo — 5y
o= {@ || @ |13< 2

Wo(AmaxdW=1) + 3 A mas AL R-1AY)

} (34)

+ %mja”\maX(AIj Q'A)))

solveProbleml.

Proof. Considetthe Lyapunw functional
V (%, W) = X(t)'PX(t) + S(x, W) (35)
whereP = P’ > 0 andS(x, w) hasto besuitablydetermined.

Sincethe casew = 0 hasbeenaddressedhroughProposi-
tion 1 andthereforefrom the satisfactiorof equationg13),
(14) and (15), in the casew # 0 it must be shovn that
V(%,w) < 0 for ary x suchthatx(t)'Px(t) > 0 andary w
suchthatw(t)'w(t) < wy*. Thus,by usingthe S-procedure
[2], it mustbe proventhatthereexist two positive scalargu
andw satisfying

V (%, W) + H(X() Px(t) —y~1) + (g " — w(t)'w(t)) <O
(36)
By usingequation(17),in thecasew # 0 onegets:
2m
X t) = {ZEJ'AJ' —}-A—r} X(t) + DW(t)
=1
- [zz Ajx(t+B)+Dw(t+B)| dB
— :A[A[x(t—r—k[&)d[& (37)



ThereforeV (%, w) canbe computedalongthe trajectories
of system(37).

If inequality (36) holds, the trajectories of the satu-
rated closed-loopsystemremainconfinedin the ellipsoid
¢(P,y"1). ThetermV(x,w) now reads:

V (%, W) = X(t)'Px(t) +X(t)' PX(t) +Sx, W)

ZEJLJ

(38)

2m
with E,—:l,E,—zO,and
2

L =X(0)" [(Aj +A) P+ P(A] + A X(t) +2x(t) PDW1)

+ S (%, W) + V(%) +1nj (%) + (%, W) (39)

wherethetermsv|(x) andnj(x) aredefinedasin (23) and
(24)Wherea$hetermZ (%, w) is givenby

’ X(t)' PADw(t + B)dB (40)

-1

Zj()(t,W):—Z

Furthermorethetermsvi(x) andn;(x) canbe majorized
asin (25) and(26),whereasi (%, w) verifies:

i (%, W) < TX(t)' PAZAPX(t)

+ ’ w(t+B)'D'Z~Dw(t + B)dB (41)

-1

Hence,in this casejt sufficesto defineS;j(x, w) as

0 pt
Sj(Xt’W):/—T[+BX(G)IA11'Q_lAjX(e)dedB

0 pt

Al -1
+/—T[+B_TX(9)ATR Acx(8)dodp
0 pt
+/_T/t+ﬁw(e)/
yielding

Sj(%, W) = TX(t)' A Q1A x(t)

D'z Dw(B)dedB  (42)

_ / " (t+ B A} QLA X(t + B)dB + Tx(t) AR LAX(t)

-1

- /_0 X(t — T+ B) ALRAX(t — T+ B)dB + Tw(t)D'Z ™ *Dw(t)

- / " W(t+ B)D'Z-1Dwit + B)dB 43)
Thereforeit followsthat
Li+ px(t) PX(t) — aw(t)'w(t) < x(t)'Wix(t)

+ pX(t)'PX(t) 4 2x(t)'PDw(t) + TX(t)' PA ZA PX(t)

+Tw(t)D'Z7IDw(t) — cow(t)'w(t)  (44)

where W; is definedin (30) and scalarsp and w satisfy
—py~ 1+ owy ! < 0, thatis, relation(32).

As in theproof of Propositionl, usingSchurs complement
andthe changeof variablew = P~ it canbe verified from

(44) and(32) thatinequality (36) holdsprovidedthe model
(8) is valid, thatis, providedx(t) € S(uo, ay).

Furthermorethe Lyapunw functionaldefinedin (35) satis-
fies

T || X(1) [P<V (%, W) < T2 || % 12 +7. || we |2
with Ty = Amin(P), T3 = Swand

312

1 _
T = Amax(P) + Emja)O\max(Alj Q 1Aj )+ 7>\max(AITR_1AT)

Hence for ¢(8) € ®g, 6 € [—21,0] andary admissibledis-
turbance(thatis, wo satisfyingrelations(32) and(33)), one
gets

X(t)'PX(t) <V (%, W) <V (%g,W) <Y, V> to

For ary initial conditionin ®g definedin (34) and ary
admissibledisturbancesatisfying assumptionA2, system
(5) verifies the conditions of the Krasosskii Theorem
[11] andV (%, w) is a local strictly decreasind-yapunw
function. Thus,the stability of system(5) is assured

Theresultsderived from Proposition2 are potentially con-
senative. This sourceof conseratismcomesin particular
from:

1. Thepolytopicrepresentationsedfor theclosed-loosat-
uratedsystem.

2. Theuseof a single quadraticLyapunw functionto en-
forcethedifferentspecificationsimultaneously

3. Themajorizationusedto expressconditionson bothad-
missibleinitial conditionsandinitial disturbances.

4. Thedecompositiorof delaypartx(t — 1) (se€e[9]).

Moreover, the presenceof bilinearitiesin some decision

variablesmay causeproblemsin obtaininga feasiblesolu-

tion. Indeed relations(13), (14) and(31) arebilinearin the

decisiorvariablepairs(Y, a,) and(W, ). Relationg32)and

(33) arebilinearin variablesw andy. A way to overcome
this difficulty consistsin fixing alternatelysomevariables
andsearchinghe others. Thus, somerelaxationsschemes
basedntheLMIs asdescribedn [8] canbeused.

In view of establishingthe largeststability domain, it in-
tuitively appearghat greateris the stateevolution domain,
moreeasilyit canabsorbimportantdisturbances.This in-
tuitive statementanbe numericallyconfirmedin the sense
thatif yis great(i.e. smallstateevolution domain)it canbe
difficult for agivenwp (possiblysmallif the disturbanceset
is great)to verify (32) and(33).

Proposition2 givesa sufiicient solutionfor computingthe
gainK andaset®(y~?1) of admissiblenitial conditionssuch
that Probleml canbe solved. An interestingway to orient



the solutionsfor seekingthe largestset®(y~1) aspossible
is to considersomeoptimizationproblems. In this sense,
dependingon how the size of the set®(y~1) is measured,
thereexist variouscandidateriteriato derive thelargestset.
Theinterestedeadelis referredto, for instance[8].

Furthermorejt canbe interestingto computethe maximal
value of the delayt from which relationsof Proposition2
aresatisfied.In this sensean optimizationproblemcanbe
posedn which T would bea decisionvariable but different
relaxationschemeshouldbe consideredincet multiplies
otherdecisionvariables.

4 Conclusion

Sufiicientdelay-dependembnditionsfor thelocal stabiliza-
tion of continuous-timesystemswith time delaysandsatu-
rating control have beenestablished. The stability of the
open-loopsystemis not required. The conditionsobtained
canbeeasilyextendedo dealwith uncertairmodelsin con-
vex boundeddomains.

Severalquestionsanbe considerecsopenproblems:

¢ Theinfluenceof the decompositiorof the delaypartinto
theresultingsolutionto Problem1.

¢ How this influencecanbe quantified.

¢ How to dealwith thetradeof betweerthesizeof thedelay
andthe size of the setsof admissiblenitial conditionsand
disturbances.

Moreover, it shouldbe interestingto study other types of
controllaw, asfor exampledynamicoutputfeedbackor to
investigatethe useof differentrepresentationfor the satu-
rationnonlinearities.
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