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Abstract

We present conditions under which a family of
controllers that semiglobally-practically asymp-
totically (SPA) stabilizes a set for a family of
discrete-time approximations of a nonlinear dif-
ferential inclusion also SPA stabilizes that set for
the inclusion's family of exact discrete-time mod-
els, for su�ciently small sampling periods. The
result has the following important features: it
does not require any regularity assumptions on
the designed controllers; it is applicable to dy-
namic control laws; and it is stated for stability
with respect to sets that are not necessarily com-
pact.

1 Introduction

A main obstacle in feedback synthesis for
sampled-data nonlinear systems is the absence
of a good model for controller design. The ap-
proach that we take in this paper is to use an
approximate discrete-time model of the plant for
the controller design and then implement it us-
ing fast sampling (see, for instance, [1, 2, 3, 6, 8]).
The results in [8] are particularly important for
this approach since they give a set of rather
general conditions on the continuous-time plant
model, the approximate discrete-time model and
the designed controller that guarantee that a con-
troller family (parameterized by sampling pe-
riod) that semiglobally practically asymptoti-
cally (SPA) stabilizes (see De�nition 1) the ori-
gin of a family of approximate discrete-time mod-
els also SPA stabilizes the origin of the family of
exact discrete-time models, for su�ciently small
sampling periods. In [8] we used tools from nu-
merical analysis literature [9] to obtain the main
results. The results in [8] are applicable to:
plants whose model is described by a continu-

1Research supported in part by the AFOSR under
grant F49620-00-1-0106.

ous nonlinear di�erential equation with unique
solutions; static state feedbacks; investigation of
stability of an equilibrium (the origin).

In this paper, we extend the results of [8] in three
directions: 1. we consider plants that can be
modeled by a di�erential inclusion; 2. the re-
sults are applicable to dynamic control laws; 3.
the considered stability is with respect closed sets
that are not necessarily compact.

More precisely, we present a framework for un-
derstanding the design of sampled-data control
laws for di�erential inclusions

_x 2 F (x; u) ; (1)

based on approximate discrete-time models for
(1), that SPA stabilize a given closed set A for
su�ciently fast sampling. We make the following
assumption for the set-valued map F (�; u):

Assumption 1 For each u 2 Rm , the set-valued
map F (�; u) satis�es the following basic condi-
tions: 1) it is upper semi-continuous, i.e., for
each x 2 R

n and each " > 0 there exists � > 0
such that, for all � 2 Rn satisfying j��xj � � we
have F (�; u) � F (x; u) + "Bn, where Bn denotes
the closed unit ball in Rn , 2) for each x 2 Rn the
set F (x; u) is nonempty, compact and convex.

This assumption guarantees that for each �xed u
there exists at least one solution to (1). We will
use S(x; u) to denote the set of solutions to (1)
starting at x with u held constant.

With Assumption 1 and assuming that u is held
constant between sampling periods, we can de�ne
the exact discrete-time model for (1), parameter-
ized by sampling period T > 0, as

xk+1 2 F
e
T (xk ; uk) (2)

where, for each (x; u) 2 Rn � R
m and T > 0,

F e
T (x; u) := f� 2 Rn : � = �(T; x; u); � 2 S(x; u)g.
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By convention if, for a given triple (T; x; u),
there is a solution � 2 S(x; u) right maximally
de�ned on [0; T 0) with T 0 � T then we take
F e
T (x; u) = R

n . In general, it is an impossible
task to compute F e

T (x; u). Instead, control
design may be carried out for a family of
approximate discrete-time models

xk+1 2 F
a
T (xk; uk) : (3)

We will suppose that we can �nd a family of con-
trollers for (3), given by

zk+1 2 GT (zk; xk)
uk 2 HT (zk; xk) ;

(4)

and a closed set C such that the set A�C for the
system (3)-(4) is semiglobally practically asymp-
totically (SPA) stable in the parameter T (see
De�nition 1). The purpose of this paper is to
present natural conditions on the relationship be-
tween F e

T and F a
T and the uniformity of the sta-

bility required for the set A � C for the system
(3)-(4) to guarantee that the controller (4) ren-
ders the set A � C for the system (2),(4) SPA
stable for su�ciently fast sampling.

2 Preliminaries

A function 
 : R�0 ! R�0 is of class-K if it
is continuous, zero at zero and strictly increas-
ing. It is of class-K1 if it is of class-K and is
unbounded. A continuous function � : R�0 �
R�0 ! R�0 is of class-KL if �(�; �) is of class-K
for each � � 0 and �(s; �) is decreasing to zero
for each s > 0. Given an arbitrary set A � R

n

and a vector x 2 R
n , the following notation is

used jxjA := infs2A jx� sj, where jxj denotes the
Euclidean norm of the vector x. We will use the
following de�nition in what follows: for a closed
set A and nonnegative real numbers 0 � � � �
we de�ne HA(�;�) := fx 2 Rn : � � jxjA � �g.
The main stability property we will work with is
de�ned as follows:

De�nition 1 Let eA be a closed subset of Rp and
let FT;�(�) be a family of set-valued maps from R

p

to subsets of Rp . For the parameterized family of
systems

�k+1 2 FT;�(�k) (5)

the set eA is said to be semiglobally practically
asymptotically (SPA) stable in T uniformly in
small � if there exists � 2 KL, and, for each
� > 0 and � > 0, there exists T � > 0 and �� > 0
such that, for all T 2 (0; T �), � 2 [0; ��] and all

� 2 H eA(0;�), all solutions  T;�(�; �) of (5) sat-
isfy

j T;�(k; �)j eA � �(j�j eA; kT ) + � : (6)

If (5) does not depend on a parameter �, and the
above property holds, we simply say that the seteA is SPA stable in T .

The property we will assume about the family of
approximate discrete-time models compared to
the family of exact discrete-time models is the
following:

De�nition 2 The family F a
T is said to be one-

step upper semi-consistent with F e
T uniformly

with respect to A if, for each pair of positive real
numbers (�;M) there exist � 2 K1 and T � > 0
such that, for all (x; u) 2 HA(0;�)�MBm and
all T 2 (0; T �), we have

F e
T (x; u) � F a

T (x; u) + T�(T )Bn (7)

A su�cient condition for one-step upper semi-
consistency is given in the next lemma, whose
proof is omitted for space reasons.

Lemma 1 If
1. for each e� � 0 there exists M > 0 such that
supf(x;u)2HA(0;e�)�e�Bm ; w2F (x;u)g jwj � M , 2.

there exists a set-valued map eF (�; �) such that

(a) for each u 2 R
m , the set-valued map eF (�; u)

satis�es the basic conditions of Assumption 1,
(b) F a

T is one-step upper semi-consistent witheFEuler
T (x; u) := x + T eF (x; u) uniformly with re-

spect to A,
(c) for each e� � 0 there exists e� 2 K1 such

that (x; �; u) 2 HA(0; e�)�HA(0; e�)� e�Bm im-

plies F (�; u) � eF (x; u) + �(j� � xj)Bn, then F a
T

is one-step upper semi-consistent with F e
T uni-

formly with respect to A.

Proof of Lemma 1: Let (�;M) be given.
De�ne �1 := maxf�;Mg. Let item 1 of
the lemma generate T �1 > 0 and �1 2 K1.

De�ne e� = �1 + 1 and let items 2 and
3 of the lemma generate M1 > 0 ande� 2 K1. De�ne T � := min

�
T �1 ;M

�1
1

	
and �(s) = �1(s) + e�(M1s). It follows from item
2 of the lemma that, for all (x; u) 2 HA(0;�)�
�Bm, f� 2 S(x; u) ; t 2 [0; T �]g impliesn
�(t; x; u) 2 HA(0; e�) ; j�(t; x; u)� xj �M1t

o
.

For each v 2 R
n and (x; u) 2 R

n � R
m , de�ne

g(x;u)(v) to be the unique (since eF (x; u) is
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closed and convex) closest point in eF (x; u)
to v. Since eF (x; u) is closed and convex,
the function g(x;u)(�) is continuous. Let
w : R�0 ! R

n be a measurable function such
that w(t) 2 F (�(t; x; u); u) 8t � 0 and, for al-

most all t � 0, w(t) =
_z {

�(t; x; u) 2 F (�(t; x; u); u).
Then the function g(x;u)(w(�)) enjoys the follow-
ing properties:
1. g(x;u)(w(�)) is measurable (since w(�) is
measurable and g(x;u)(�) is continuous),
2. for all t 2 [0; T �], jw(t) � g(x;u)(w(t))j �e�(j�(t; x; u) � xj) � e�(M1t),

3. from convexity of eF (x; u) and the

fact that g(x;u)(w(t)) 2 eF (x; u) for all t,R T
0
g(x;u)(w(t))dt 2 T eF (x; u).

It follows that, for all T 2 (0; T �)

�(T; x; u) = x+

Z T

0

w(t)dt

= x+

Z T

0

g(x;u)(w(t))dt

+
R T
0

�
w(t) � g(x;u)(w(t))

�
dt

2 x+ T eF (x; u) + T e�(M1T )Bn

� F a
T (x; u) + T (�1(T ) + e�(M1T ))Bn

= F a
T (x; u) + T�(T )Bn :

(8)

It follows that, for all (x; u) 2 HA(0;�)�MBm
and all T 2 (0; T �),

F e
T (x; u) � F a

T (x; u) + T�(T )Bn ; (9)

i.e., F a
T is one-step upper semi-consistent with F e

T

uniformly with respect to A. �

Remark 1 A candidate choice for eF iseF (x; u) = F (x; u). In this case, item 2c becomes
a uniform upper condition on F (�; u). If F (�; u)
has this uniform continuity property and item 1
of the lemma holds then the Euler approxima-
tion F a

T (x; u) = x + TF (x; u) is one-step upper
semi-consistent with F e

T . Unfortunately, it is not

su�cient to take eF (x; u) = F (x; u) and assume
that F (x; u) is only upper semi-continuous.
Indeed, consider F (x; u) which has value 1
when x < 0, value 10 when x > 0 and the
set value [1; 10] when x = 0, which satis�es
Assumption 1 and let F a

T (x; u) = x + TF (x; u).
Let A = f1g, let � = 2 and suppose there
exist � 2 K1 and T � > 0 such that (7) holds
for all (x; u) 2 HA(0;�) � �Bm. Let T > 0
be such that T < min

�
T �; 1; ��1

�
1
2

�	
. Let

x = �T
2 , so that x 2 HA(0;�), and u = 0.

Then we have F a
T (x; u) + 1

2TB1 = [0; T ] and
F e
T (x; u) = 5T . It follows from the fact that
�(T ) � 1

2 that F e
T (x; u) 6� F a

T (x; u) + T�(T )B1.
This contradicts (7).

In the absence of this uniform continuity condi-
tion, one option is to search for an inclusion eF
satisfying basic conditions:
1. F (x; u) � eF (x; u),
2. eF (�; u) is uniformly continuous, or uniformly
locally Lipschitz,
3. the Euler approximation of _x 2 eF (x; u) can
be stabilized in the appropriate sense.
In this case, x+ T eF (x; u) will be one-step upper
semi-consistent with F e

T uniformly with respect
to A and we will be in a position to apply the
main theorem of the next section. �

3 Stability results

In this section we state and prove two stability re-
sults. First, we state a stability theorem that fol-
lows directly from the de�nition of one-step up-
per semi-consistency. Then, we state and prove
the main result of the paper which assumes the
existence of a Lyapunov function for the closed
loop discrete-time approximate model to prove
SPA stability of the closed loop discrete-time ex-
act model.

Theorem 1 Suppose:
1. the family F a

T is one-step upper semi-
consistent with F e

T with respect to A,
2. For each � > 0 there exist M and T � > 0
such that

sup8<
:

(x; z) 2 HA�C(0;�)
w 2 HT (z; x) ; T 2 (0; T �)

9=
;

jwj �M ;

(10)

3. the parameterized family of systems:

xk+1 2 F a
T (xk; uk) + T�Bn

zk+1 2 GT (zk; xk)

uk 2 HT (zk; xk) ; (11)

is SPA stable in T with respect to A � C, uni-
formly in �.
Under these conditions the system (2), (4) is SPA
stable with respect to A� C.

Proof of Theorem 1: Let  aT;�(�; �) represent
a solution of (11) starting at � and let  eT (�; �)
represent a solution of (2), (4) starting at �.
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Let eA := A � C. Let (�; �) be given. Since
the family (11) is SPA stable in T with respect
to A � C, uniformly in �, there exists � 2 KL
and, for the given (�; �), there exist T �1 > 0 and
�� > 0 such that, for all � = (x; z) 2 HA�C(0;�),
T 2 (0; T �1 ) and � 2 [0; ��], the solutions of (11)

satisfy (6). Let e� := �(�; 0) + � and let item 2

with e� generateM and T �2 > 0. Then let item 1

with (e�;M) generate � 2 K1 from one-step up-
per semi-consistency (see De�nition 2). Choose
T �3 := ��1(��) and T � := minfT �1 ; T

�
2 ; T

�
3 g. Note

that � 2 H eA(0; e�) implies x 2 HA(0; e�). It fol-

lows that for all T 2 (0; T �) and � 2 HA�C(0; e�)
that F e

T (x;HT (z; x)) � F a
T (x;HT (z; x))+T�

�Bn.
It follows that, for all T 2 (0; T �) and all

� 2 HA�C(0;�), we have j eT (k; �)j eA � e�;8k.
This, in turn, implies that the solutions of (2),
(4) satisfy (6) for all (x; z) 2 HA�C(0;�) and
T 2 (0; T �). Hence, the system (2), (4) is SPA
stable. �

The main assumption of Theorem 1 is that SPA
stability for the family closed loop discrete-time
approximate models is robust to the types of un-
certainties that describe the assumed mismatch
between the exact and approximate model. In
the next theorem we give Lyapunov type condi-
tions that guarantee this type of robustness. To
shorten notation, we introduce the following no-
tation ~x = (xT zT )T and

F`
T (~x) :=

�
F `
T (x;HT (z; x))
GT (z; x)

�
;

where ` can be either \a" (for approximate
model) or \e" (for exact model).

Theorem 2 Suppose that the following condi-
tions hold:
1. the family F a

T is one-step upper semi-
consistent with F e

T uniformly with respect to A,
2. for each � > 0 there exist M > 0 and T � > 0
such that

sup8<
:

~x 2 HA�C(0;�)
w 2 HT (z; x) ; T 2 (0; T �)

9=
;

jwj �M ;

(12)

3. there exist �1; �2 2 K1, �3 2 K and, for
each triple of strictly positive numbers (�1; �2;�)
with �2 � �, there exist T � > 0 and L > 0 and,
for each T 2 (0; T �), there exists a function VT :
R
n+nc ! R�0 such that, for all ~x 2 HA�C(0;�),

we have

�1(j~xjA�C) � VT (~x) � �2(j~xjA�C) (13)

sup
w2Fa

T
(~x)

VT (w) � VT (~x) � �T�3(j~xjA�C) + T�1 ;

(14)

and, for all (x1; z); (x2; z) 2 HA�C(�2;�), we
have

jVT (x1; z)� VT (x2; z)j � L jx1 � x2j : (15)

Then the system (2), (4) is SPA stable.

Remark 2 We emphasize that no regularity as-
sumptions on HT and GT are needed in Theorem
2. In particular, HT and GT may be discontinu-
ous in x and z. Moreover, we do not need a con-
tinuity assumption on z dependence of VT . On
the other hand, the condition that VT is locally
Lipschitz, uniformly in z, is crucial in the proof.

Proof of Theorem 2: Given an arbitrary solu-
tion  eT (k; ~x) of (2),(4) at time k starting from an
initial condition ~x, we use the notation VT (k) :=
VT ( 

e
T (k; ~x)).

First, we claim that for each pair of strictly posi-
tive numbers (d;D) there exists T � > 0 such that
for all T 2 (0; T �) we have that j~xjA�C � D,
w 2 Fe

T (~x) and maxfVT (w); VT (~x)g � d imply

VT (w) � VT (~x) � �
T

4
�3(j~xjA�C): (16)

We will prove this claim later and suppose for
now that it is true. Let � > 0 be arbitrary,
let D := ��11 � �2(�) and let d be an arbitrary
number such that d 2 (0; �1(D)).

Using the above claim with the pair (d;D) it
follows that for all T 2 (0; T �) and all ~x 2
HA�C(0;�) all solutions of (2),(4) satisfy:

VT (k) � maxfVT (0); dg (17)

and

VT (k + 1)� VT (k) � �
T

4
�3 � �

�1
2 (VT (k))

=: �T�(VT (k));

(18)

whenever maxfVT (k + 1); VT (k)g � d

Relation (17) follows by induction. Indeed, (17)
clearly holds for k = 0. Suppose now that (17)
holds for some solution  eT (k; ~x) at time k � 0.
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Then (17), (13) and the de�nitions of d and D
imply

j eT (k; ~x)j � max
�
��11 (VT (0)); �

�1
1 (d)

	
� D:

(19)

Hence, either VT (k + 1) � d which, from (16)
and (19), implies VT (k + 1) � VT (k) or else
VT (k + 1) � d so that, in either case, (17) holds
for VT (k + 1) as well. With (16), (19) and (13),
the relation (18) is immediate.

Consider now an arbitrary solution  eT (k; ~x) with
T 2 (0; T �) and ~x 2 HA�C(0;�). Introduce
yT (t) := VT (k)+( t

T
�k)(VT (k+1)�VT (k));8t 2

[kT; (k + 1)T ); k � 0. Then yT (t) is a contin-
uous, non-negative, piecewise linear function of
\time" t and hence it is absolutely continuous
with derivative given, for almost all t, by

_yT (t) =
VT (k + 1)� VT (k)

T
; (20)

for t 2 [kT; (k + 1)T ). Using the def-
inition of yT (t) and (18), we have that
fyT (t) � d ; t 2 [kT; (k + 1)T )g implies the fol-
lowing

max fVT (k + 1); VT (k)g � d =)

VT (k + 1)� VT (k) � �T�(VT (k)) =)

yT (t) � VT (k)

(21)

and so, combining with (20), we can write for
almost all t that yT (t) � d impies:

_yT (t) � ��(VT (k)); k : t 2 [kT; (k + 1)T )

� ��(yT (t)) : (22)

It follows from the arguments in [5, Section VI]
that there exists �1 2 KL that is determined by
� = �3 � �

�1
2 , i.e., independent of T and d, such

that

yT (t) � max f�1(yT (0); t); dg ; 8t � 0 :

This implies, using VT (k) = yT (kT ) for all inte-
gers k � 0, that

VT (k) � max f�1(VT (0); kT ); dg ; k � 0:

By using (13) we obtain that 8~x 2
HA�C(0;�); T 2 (0; T �), any solution of
(2),(4) satis�es:

j eT (k; ~x)jA�C � ��11 ( �1(�2(j~xjA�C); kT ) )

+��11 (d) ; k � 0 ; (23)

where it is obvious that �(s; �) :=
��11 ( �1(�2(s); �) ) is a class-KL function
that is independent of T and d, and if d is chosen
so that d � �1(�), the claim of the theorem is
proved.

The only thing that is left to prove is claim (16).
Given the pair of strictly positive real numbers
(d;D), we make the de�nitions:

� :=
1

2
��12

�
d

2

�

� := ��11 ( 2�2(D) ) +
1

2
��12

�
d

2

�
: (24)

Let �1 and �2 be de�ned as:

�1 := min

�
1

2
�1

�
1

4
��12

�
d

2

� �
;

1

2
�3 � �

�1
2

�
1

2
�1(�)

��
(25)

�2 := ��12

�
1

2
�1(�)

�
; (26)

and let the triple (�1; �2;�) generate from con-
dition 3 of Theorem 2 the numbers T �1 > 0 and
L > 0. Let � generate M > 0 and T �2 > 0 from
condition 2 of Theorem 2. Let the pair (�;M)
generate T �3 > 0 and � from condition 1 of The-
orem 2. Let T �4 > 0 be such that

L�(T �4 ) �
1

4
�3 � �

�1
2

�
1

2
�1(�)

�
: (27)

Let T �5 > 0 be such that:

T �5 �(T
�
5 ) �

1

4
��12

�
d

2

�
: (28)

Take T � = minfT �1 ; T
�
2 ; T

�
3 ; T

�
4 ; T

�
5 ; 1g.

In all subsequent calculations we suppose that
j~xjA�C � D. Let w 2 Fe

T (~x) be arbitrary and
let v 2 Fa

T (~x) be such that jw � vj � T�(T ) (it
is always possible to choose such v because of
condition 1 of Theorem). From conditions (13),
(14) and (25) and the fact that T � � 1, we have
for any v 2 Fa

T (~x) and all T 2 (0; T �):

jvjA�C � ��11 (VT (v))

� ��11 (VT (~x) + T�1)

� ��11 (2�2(j~xjA�C)) + ��11 (2T�1)

� ��11 (2�2(D)) +
1

4
��12

�
d

2

�
< � : (29)
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Then using (29) and from our choice of �1 and T
�

(in particular the choice of T �5 ) and using that
the function j � jA�C is globally Lipschitz with
Lipschitz constant equal to one, we can write for
all T 2 (0; T �):

jwjA�C � jvjA�C + jw � vj

� ��11 (2�2(D)) +
1

4
��12

�
d

2

�
+ T�(T )

� ��11 (2�2(D)) +
1

4
��12

�
d

2

�

+
1

4
��12

�
d

2

�
= � : (30)

Suppose now for an arbitrary w 2 Fe
T (~x) that

VT (w) �
d
2 . This implies that for all T 2 (0; T �):

jwjA�C � ��12

�
d

2

�
� � : (31)

Consider arbitraryw 2 Fe
T (~x) such that VT (w) �

d
2 . Then, from our choice of T �, we have for all
T 2 (0; T �):

jvjA�C � � jw � vj+ jwjA�C

� �T�(T ) + ��12

�
d

2

�

� �
1

4
��12

�
d

2

�
+ ��12

�
d

2

�
� � : (32)

and from our choice of T � � 1, � and �1 we write:

1

2
�1(�) �

1

2
�1(�) +

1

2
�1(�)�

1

2
�1

�
�

2

�
� �1(�)� T�1

� �1(jvjA�C)� T�1

� VT (~x)

� �2(j~xjA�C); (33)

which implies:

j~xjA�C � ��12

�
1

2
�1(�)

�
= �2 : (34)

From (15), (31)-(33), �2 � � and condition 1 of
Theorem it follows that given any w 2 Fe

T (~x)
with VT (w) � d=2 there exists v 2 Fa

T (~x) such
that

jVT (w) � VT (v)j � L jw � vj � TL�(T ) : (35)

Then, from the choice of T � (in particular the
choice of T �4 ), the choice of �1 in (25) and �2 in

(26) and the the conditions (29)-(33) we conclude
that j~xjA�C � D, w 2 Fe

T (~x) and VT (w) � d=2
imply for all T 2 (0; T �):

VT (w) � VT (~x) � VT (v)� VT (~x)

+ jVT (w) � VT (v)j

� �T�3(j~xjA�C) + T�1

+LT�(T )

� �
T

4
�3(j~xjA�C) : (36)

Suppose now that w 2 Fe
T (~x), VT (w) � d=2 and

VT (~x) � d. We also know from (14) that VT (~x) �
T�3(j~xjA�C) � T�1 and from our choice of �1 in
(25) it follows for all T 2 (0; T �) that (37) holds,
which completes the proof.

VT (w) � VT (~x) � 1
2 (d� VT (~x)� VT (~x))

� �T
2 �3(j~xjA�C) + T �1

2

� �T
4 �3(j~xjA�C)�

T
4 �3(j~xjA�C)

+T
4 �3 � �

�1
2

�
1
2�1(�)

�
� �T

4 �3(j~xjA�C)�
T
4 �3 � �

�1
2

�
1
2�1(�)

�
+T

4 �3 � �
�1
2

�
1
2�1(�)

�
= �T

4 �3(j~xjA�C) :

(37)

�
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