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Xvlqj wkh uhodwlrq ehwzhhq wkh vxssruwv ri lqyduldqw
Pdunry phdvxuhv dqg lqyduldqw frqwuro vhwv zh glvfxvv
wkh fkdudfwhul}dwlrq ri doprvw lqyduldqw vhwv iru Pdunry
gl�xvlrq v|vwhpv1

4 Lqwurgxfwlrq

Lw lv zhoo nqrzq wkdw Pdunry gl�xvlrq v|vwhpv fdq eh
dqdo|}hg yld dq dvvrfldwhg qrqolqhdu frqwuro v|vwhp1
Wklv uhodwlrq/ edvhg rq wkh vxssruw wkhruhp ri Vwurrfn
dqg Ydudgkdq/ |lhogv lqirupdwlrq rq wkh vxssruwv ri wkh
lqyduldqw phdvxuhv dqg wkh pxowlvwdelolw| ehkdylru1 Lq
wklv sdshu zh sursrvh wr h{whqg wklv frqqhfwlrq wr wkh
dqdo|vlv ri doprvw lqyduldqw vhwv1 Wkhvh vhwv fdqqrw eh
frpsxwhg gluhfwo|1 Yld wkhlu uhodwlrq wr frqwuro vhwv wkh
qxphulfdo dojrulwkpv ghyhorshg iru qrqolqhdu frqwuro
v|vwhpv +frpsduh wkh frqwulexwlrq ri G1 V}roqrnl lq
wkhvh surfhhglqjv, fdq eh xvhg wr h{wudfw lqirupdwlrq
rq doprvw lqyduldqw vhwv iru Pdunry gl�xvlrq v|vwhpv1

Pruh suhflvho|/ zh zrun lq wkh iroorzlqj vhwxs1 Zh
vwduw iurp d shuwxuehg v|vwhp rq d vprrwk pdqlirog
P jlyhq e|
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Khuh wkh vwrfkdvwlf shuwxuedwlrq � lv jlyhq e| d vwrfkdv0
wlf gl�huhqwldo htxdwlrq rq d F4�pdqlirog Q +ri �0
qlwh glphqvlrq, zkhuh \3> \4> ===> \c duh F4�yhfwru �hogv
rq Q dqg c�* ghqrwhv wkh v|pphwulf +Vwudwrqrylfk,
vwrfkdvwlf gl�huhqwldo1 Zh dvvxph wkdw wklv htxdwlrq
dgplwv dw ohdvw rqh vwdwlrqdu| Pdunry vroxwlrq/ vhh/
h1j1/ ^7` dqg irufh wklv vroxwlrq wr eh wkh xqltxh vwd0
wlrqdu| Pdunryldq rqh e| lpsrvlqj d Olh dojheud udqn

frqglwlrq ri wkh irup
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Wkh xqltxh vwdwlrqdu| vroxwlrq rq Q lv ghqrwhg e| ��w /
dqg zh frqvlghu wklxv surfhvv dv d edfnjurxqg qrlvh1
Lw lv pdsshg yld d vxumhfwlyh ixqfwlrq

i = Q $ X +6,

rqwr wkh shuwxuedwlrq vsdfh X � Up1 Wkhq �w @ i+��w ,
lv d vwdwlrqdu| vwrfkdvwlf surfhvv rq X 1 Wkxv zh duulyh
dw wkh Pdunry gl�xvlrq surfhvv rq wkh vwdwh vsdfh Q �
P 1 Wkh dvvrfldwhg frqwuro v|vwhp lv jlyhq e|
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Wkh wudmhfwrulhv ri +7, duh ghqrwhg e| *+w> {> x,> w 5 U1
Wkh ehkdylru ri wkh v|vwhp +4, fdq qrz eh vwxglhg xvlqj
lpehgglqj ri wkh vwdwlrqdu| surfhvv ��w lqwr wkh  rz iru
+7, dqg wkhq h{sorlwlqj frqqhfwlrqv zlwk frqwuro wkhru|
yld wkh vxssruw wkhruhp ri Vwurrfn dqg Ydudgkdq ^8`1
Lw wxuqv rxw wkdw lw lv vx!flhqw iru wkh joredo dqdo|vlv ri
wkh Pdunry gl�xvlrq prgho wr xqghuvwdqg wkh lqyduldqw
frqwuro vhwv ri +7, dqg wkh fruuhvsrqglqj pxowlvwdelolw|
uhjlrqv1 Suhflvh vwdwhphqwv duh jlyhq lq ^4`/ ^5`1 Wkh
edvlf uhodwlrq lv wkdw iru hyhu| frpsdfw lqyduldqw frqwuro
vhw F wkhuh lv d xqltxh Pdunry phdvxuh rq Q�P vxfk
wkdw wkh surmhfwlrq ri lwv vxssruw wr P frlqflghv zlwk
F1

Ri frxuvh/ vxssruwv ri lqyduldqw Pdunry phdvxuhv duh
qrw wkh rqo| lqyduldqw vhwv ri wkh v|vwhp +4,= Dgglqj/
h1j1/ wr dq lqyduldqw frqwuro vhw F lwv vwulfw grpdlq ri
dwwudfwlrq
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|lhogv wkh vwrfkdvwlfdoo| lqyduldqw vhw Dvwulfw+F, � F1
Exw lqyduldqw frqwuro vhwv duh dw wkh fruh ri dq| lqydul0
dqw vhw ri wkh vwrfkdvwlf v|vwhp +4,1

5 Doprvw Lqyduldqw Vhwv

Zh qrz frqvlghu doprvw lqyduldqw vhwv lq wkh vhqvh wkdw
wkh v|vwhp h{lwv wkhvh vhwv rqo| diwhu d yhu| orqj wlph1
+Frqfhswv iru vhwv wkdw wkh surfhvv h{lwv zlwk vpdoo
suredelolw| duh glvfxvvhg lq ^4`1, Lq rughu wr glvfxvv
wkhvh vxevhwv ri wkh vwdwh vsdfhP zh frqvlghu v|vwhpv
zlwk ydu|lqj udqjh ri wkh shuwxuedwlrq1 Pruh suhflvho|/
zh uhsodfh lq htxdwlrq +4, wkh shuwxuehg v|vwhp e|
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zkhuh � � 3/ l1h1/ i lv uhsodfhg e| �i/ dqg zh dvvxph
wkdw 3 5 X 1 Wkhq wkh dvvrfldwhg frqwuro v|vwhp lv jlyhq
e|
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Vxssrvh wkdw iru � @ �
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rqh kdv dq lqyduldqw frqwuro vhw

F+�3,1 Wkhuh h{lvwv d xqltxh lqyduldqw ghqvlw| k zlwk
vxssruw htxdo wr F+�3, ri wkh dvvrfldwhg Pdunry phd0
vxuh1 Qxphulfdo vlpxodwlrqv vkrz wkdw wkh ydoxhv ri k
duh h{wuhpho| vpdoo lq d zlgh uhjlrq qhdu wkh erxqg0
du| ri F1 Li zh lqfuhdvh � wkhq wkhuh duh vwloo frq0
wuro vhwv iru wkh dvvrfldwhg frqwuro v|vwhp1 Krzhyhu/ dw
vrph �0ydoxh/ vd| iru � A �4 A �3/ wkh lqyduldqw frq0
wuro vhw pd| orvh lwv lqyduldqfh1 Wkhq wkh dvvrfldwhg
vwrfkdvwlf v|vwhp kdv qr lqyduldqw phdvxuh zlwk vxs0
sruw rq F+�,1 Krzhyhu/ wkh wlph wr ohdyh F+�, zloo eh
h{wuhpho| odujh iru � A �4 zlwk �� �4 A 3 vpdoo1 Wkxv
wkh odujhvw �0ydoxh zkhuh F+�, lv lqyduldqw ghwhuplqhv
d vxevhw ri wkh vwdwh vsdfh zklfk lv *doprvw lqyduldqw*
iru � A �41 Khqfh lq rughu wr xqghuvwdqg wkh ehkdylru
ri wkh vwrfkdvwlf v|vwhp zh sursrvh wr vwxg| wkh orvv
ri lqyduldqfh iru frqwuro vhwv1 Wklv vkrxog eh grqh qrw
rqo| iru wkh vlpsoh sdudphwhu ghshqghqfh jlyhq e| wkh
idfwru � zklfk lqfuhdvhv wkh udqjh ri wkh shuwxuedwlrqv
exw iru duelwudu| sdudphwhuv � rffxuulqj lq wkh v|vwhp1
Rqh duulyhv dw wkh iroorzlqj sdudphwhu ghshqghqw v|v0
whp
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zkhuh � 5 D � Un1

Iluvw zh fkdudfwhul}h wkh vlwxdwlrq zkhuh wkh lqyduldqfh
lv suhvhuyhg xqghu vpdoo shuwxuedwlrqv1 Wkh dvvrfldwhg
frqwuro  rz lv jlyhq e|
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dqg lwv fkdlq uhfxuuhqw frpsrqhqwv duh uhohydqw +fs1
^6`,1 Wkh surmhfwlrqv ri wkh fkdlq uhfxuuhqw frpsrqhqwv
rqwr P duh fkdlq frqwuro vhwv/ zklfk duh rughuhg yld
wkhlu dssur{lpdwh frqwuroodelolw| surshuwlhv1

Wkhruhp 4 Ohw F�3 eh d frpsdfw lqyduldqw frqwuro
vhw ri +9,�3 zlwk �3 5 D/ dqg dvvxph wkdw wkh v|vwhp
+9,�3 vdwlv�hv d Olh dojheud udqn frqglwlrq +wkh dffhv0
vlelolw| udqn frqglwlrq, rq F�3 1 Dvvxph wkdw F�3 lv d
pd{lpdo fkdlq frqwuro vhw/ H�3 @ F�3 1 Wkhq iru doo
� lq d qhljkerukrrg ri �3 wkhuh duh xqltxh frqwuro vhwv
F� ghshqglqj frqwlqxrxvo| lq wkh Kdxvgru� phwulf rq
� dw � @ �3 zlwk F� _ lqwF�3 9@ > dqg

olp
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Ixuwkhupruh/ vxssrvh wkdw hyhu| fkdlq uhfxuuhqw frpsr0
qhqw ri b{ @ [3+�3> {, kdv yrlg lqwhuvhfwlrq zlwk CF�3 1
Wkhq wkh frqwuro vhwv F� ri +9,� duh lqyduldqw iru �
forvh wr �31

Wkhruhp 4 vd|v wkdw/ xqghu vwdqgdug dffhvvlelolw| dqg
frpsdfwqhvv dvvxpswlrqv/ lqyduldqw frqwuro vhwv zklfk
duh pd{lpdo fkdlq frqwuro vhwv pdlqwdlq wkhlu lqydul0
dqfh xqghu vpdoo shuwxuedwlrqv ri wkh v|vwhp yhfwru
�hogv1 Khqfh frqwuro vhwv fdq orvh wkhlu lqyduldqfh rqo|
zkhq wkh| ehfrph sduw ri d odujhu ru ri d qrq0pd{lpdo
fkdlq frqwuro vhw1 Zkloh d jhqhudo fkdudfwhul}dwlrq ri
wkhvh vfhqdulrv vhhpv rxw ri uhdfk dw wklv prphqw/ wkhuh
duh w|slfdo vfhqdulrv zklfk zh revhuyh lq d qxpehu ri
qxphulfdo h{dpsohv1 Lq wkh vlwxdwlrq zkhuh wkh sd0
udphwhu lv wkh udqjh � ri wkh shuwxuedwlrqv/ wkh iro0
orzlqj krogv= Gh�qh wkh lqyduldqw grpdlq ri dwwudfwlrq
D

lqy+F, ri dq lqyduldqw frqwuro vhw F dv wkh vhw ri srlqwv
{ iru zklfk F lv wkh rqo| lqyduldqw frqwuro vhw wkdw fdq
eh uhdfkhg iurp {1

Wkhruhp 5 Ohw dq lqqhu sdlu frqglwlrq eh vdwlv�hg
dqg frqvlghu dq lqyduldqw frqwuro vhw F+�3, iru �31
Vxssrvh wkdw iru dq lqfuhdvlqj frqwuro vhw idplo| F+�,
� A �3/ frqwdlqlqj F+�3, rqh kdv iru vrph �4 A �3 wkdw
iru doo � 5 ^�3> �4` wkh vhw F+�, lv dq lqyduldqw frqwuro
vhw dqg
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lqy+F+�4,, 9@ >=

Dvvxph wkdw wkh fkdlq frqwuro vhw H+�4, frqwdlqlqj
F+�

4
, grhv qrw frqwdlq dqrwkhu lqyduldqw frqwuro vhw1

Wkhq iru � A �4 zlwk ���4 vpdoo/ wkh frqwuro vhw F+�,
lv qrw lqyduldqw/ wkh pds � :$ F+�, lv glvfrqwlqxrxv +lq
wkh Kdxvgru� wrsrorj|, dw � @ �4 dqg F+�4, 9@ H+�4,1
Ixuwkhupruh/ wkhuh lv d frqwuro vhw G 9@ F+�4, iru wkh
frqwuro udqjh �
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Wkxv wkh orvv ri lqyduldqfh ri d frqwuro vhw F lv uhodwhg
wr wkh froolvlrq ri F zlwk dqrwkhu frqwuro vhw1 Wklv
kdv dv dq lpphgldwh fruroodu| d uhvxow rq dvvrfldwhg
Pdunry gl�xvlrq surfhvvhv= Dw �4 wkh lqyduldqw phd0
vxuh vxssruwhg e| F+�4, ydqlvkhv1 Lqvwhdg d vxevhw
vxuylyhv zklfk fdq eh ohiw rqo| diwhu orqj wlph +whqglqj
wr lq�qlw| dv � dssurdfkhv �4,1 Frpsxwdwlrq ri wkh uh0
vxowlqj frqwuro vhwv zlwk frqwlqxdwlrq2vxeglylvlrq whfk0
qltxhv dv suhvhqwhg lq wkh sdshu e| G1 V}roqrnl dw wkh
vdph wlph frpsxwhv vhwv wkdw duh doprvw lqyduldqw lq
wklv vhqvh1 Wklv vfhqdulr sod|v dq lpsruwdqw uroh lq g|0
qdplf uholdelolw| wkhru| zkhuh rqh lv lqwhuhvwhg lq wkh
vwdwlvwlfv ri idloxuh wlphv/ l1h1/ ri h{lw wlphv iurp vdihw|
uhjlrqv1
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^8` G1 Vwurrfn dqg V1 Ydudgkdq/ Rq wkh vxssruw
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