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Ghsduwphqw ri Hohfwulfdo dqg Hohfwurqlf Hqjlqhhulqj

Wkh Krqj Nrqj Xqlyhuvlw| ri Vflhqfh dqg Whfkqrorj|

Fohdu Zdwhu Ed|/ Nrzorrq/ Krqj Nrqj/ S1U1Fklqd

Id{= +;85,568;047;8

Devwudfw

Wklv sdshu dgguhvvhv wkh shuvlvwhqw h{flwdwlrq frqgl0
wlrqv ri dgdswlyh ix}}| v|vwhpv lq wkh lghqwl�fdwlrqv ri
qrqolqhdu ixqfwlrqv dqg qrqolqhdu g|qdplfdo v|vwhpv1
Wkh dgdswlyh ix}}| v|vwhp lv frqvwuxfwhg dv d vwdqgdug
ix}}| v|vwhp dqg wkh sdudphwhuv lq wkh ix}}| v|vwhp
duh wxqhg rq0olqh e| wkh ruwkrjrqdo surmhfwlrq dojr0
ulwkp1 Zh �uvw jlyh wkh frqglwlrqv xqghu zklfk wkh
sdudphwhuv lq wkh ix}}| v|vwhp fdq eh xqltxho| ghwhu0
plqhg/ dqg wkhq sursrvh phwkrgv wr ghvljq lqsxw vlj0
qdov zlwk wkh shuvlvwhqw h{flwdwlrq surshuw| iru dgdswlyh
ix}}| v|vwhpv lq wkh lghqwl�fdwlrqv ri qrqolqhdu prylqj
dyhudjh dqg dxwr0uhjuhvvlyh prylqj dyhudjh v|vwhpv1

4 LQWURGXFWLRQ

Gxulqj wkh sdvw wzr ghfdghv ix}}| v|vwhpv kdyh ehhq
zlgho| xvhg lq wkh prgholqj dqg frqwuro ri qrqolqhdu
g|qdplfdo v|vwhpv1 Lq prvw ri wklv vwxg|/ ix}}| v|v0
whpv duh frqvwuxfwhg wr uhsuhvhqw qrqolqhdu ixqfwlrqv
zklfk ghvfuleh wkh g|qdplf ehkdylruv ri wkh v|vwhpv
xqghu frqvlghudwlrq1 Wr fdswxuh wkh vwurqj qrqolqhdul0
wlhv fdxvhg e| wkh rshudwlrq srlqw yduldwlrq dqg wlph0
ydu|lqj idfwruv ri wkh v|vwhpv/ ix}}| v|vwhpv duh xvxdoo|
wxqhg rq0olqh vr wkdw wkh prgholqj ru frqwuro vfkhphv
zrun lq dq dgdswlyh pdqqhu ^9`/ ^<`/ ^45`1

Xvxdoo| pruh dwwhqwlrq lv sdlg wr wkh dssur{lpdwlrq
dffxudf| ri wkh ix}}| v|vwhpv> krzhyhu/ lq pdq| flu0
fxpvwdqfhv lw lv lpsruwdqw wr hqvxuh wkdw wkh sdudphwhu
hvwlpdwhv frqyhujh wr wkhlu wuxh ydoxhv1 Iru h{dpsoh/ lq
wkh vwdelolw| dqdo|vlv ri wkh forvhg0orrs frqwuro v|vwhp/
wkh lqsxw vljqdo lv dozd|v uhtxluhg wr eh shuvlvwhqwo|
h{flwlqj +SH, lq rughu wr jxdudqwhh wkh erxqghgqhvv ri
wkh sdudphwhu hvwlpdwlrq huuruv ri wkh ix}}| v|vwhpv1
Wr dyrlg wkh frpsolfdwhg SH sureohp lq qrqolqhdu lghq0
wl�fdwlrqv/ lw lv xvxdoo| dvvxphg wkdw wkh lqsxw lv hlwkhu
ulfk hqrxjk +udqgrp dqg vx!flhqw, ^45` ru/ vlpso|/ d

�Wklv uhvhdufk zdv vxssruwhg lq sduw e| wkh Krqj Nrqj UJF
xqghu judqwv KNXVW93362<:H dqg KNXVW938:2<;H1

vljqdo zlwk wkh SH surshuw| ^9`1 Lq ylhz ri lqgxvwuldo
dssolfdwlrq/ wkhvh dvvxpswlrqv duh uhvwulfwlyh dqg xq0
uhdolvwlf1

Uhfhqwo|/ wkh vwxg| rq wkh shuvlvwhqw h{flwdwlrq frq0
glwlrqv +SHF, iru lghqwl�fdwlrq ri qrqolqhdu v|vwhpv
kdv ehhq uhsruwhg lq wkh olwhudwxuh1 Lq ^44` lw lv vkrzq
wkdw/ iru wkh udgldo edvlv ixqfwlrq +UEI, qhwzrunv/ wkh
lqsxwv zlwk wkh SH surshuw| vkrxog frqvhfxwlyho| fr0
lqflgh zlwk wkh qrgh fhqwhu ri wkh UEI qhwzrun1 Wklv
uhvxow lv yhu| uhvwulfwlyh1 ^7` jlyhv d pruh uhod{hg uhvxow
zkhuh wkh shuvlvwhqw h{flwdwlrq lv dfklhyhg surylgh wkdw
wkh lqsxw yduldeohv ehorqj wr fhuwdlq qhljkerukrrgv ri
wkh UEI qhwzrun qrghv1 Krzhyhu/ wklv frqglwlrq/ lq
sudfwlfdo whupv/ lv vwloo gl!fxow wr fkhfn1

Wkh dlp ri wklv sdshu lv wr jlyh shuvlvwhqw h{flwdwlrq
frqglwlrqv iru dgdswlyh ix}}| v|vwhpv +DIV, zklfk duh
hdvlhu wr fkhfn iru sudfwlfdo dssolfdwlrqv/ dqg wkhq gh0
vljq wkh lqsxw vljqdo zlwk wkh SH surshuw|1 Lq Vhfwlrq
5 zh zloo frqvwuxfw wkh ix}}| v|vwhp wr eh xvhg lq wkh
lghqwl�fdwlrq dqg lqwurgxfh wkh ruwkrjrqdo surmhfwlrq
dojrulwkp wr wxqh wkh sdudphwhuv lq wkh ix}}| v|vwhp1
Lq Vhfwlrq 6 zh zloo �uvw vwxg| wkh shuvlvwhqw h{flwd0
wlrq frqglwlrqv ri wkh dgdswlyh ix}}| v|vwhpv xvhg lq
ixqfwlrq dssur{lpdwlrqv dqg qrqolqhdu v|vwhp lghqwl0
�fdwlrqv/ lqfoxglqj erwk qrqolqhdu ghwhuplqlvwlf pry0
lqj dyhudjh +Q0GPD, dqg qrqolqhdu ghwhuplqlvwlf dxwr0
uhjuhvvlyh prylqj dyhudjh +Q0GDUPD, prghov1 Wkhq
zh zloo ghvljq lqsxw vljqdov zlwk wkh shuvlvwhqw h{fl0
wdwlrq surshuw| iru Q0GPD dqg Q0GDUPD lghqwl�fd0
wlrqv1 Ilqdoo|/ Vhfwlrq 7 frqfoxghv wkh sdshu1
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514 DIV Frqvwuxfwlrq

Wkh ix}}| v|vwhp zklfk zloo eh xvhg lq wkh lghqwl�fd0
wlrq lv d vwdqgdug ix}}| v|vwhp i+�, +vhh ^46`, zklfk lv
d qrqolqhdu pdsslqj iurp [ 5 G � Uv wr i+[, 5 U1
Lw lv frqvwuxfwhg wkurxjk wkh iroorzlqj vwhsv=



Vwhs 4= Ohw G @ ^�4> �4` � � � � � ^�v> �v`1 Iru hyhu|
m +m @ 4> 5> = = = > v,/ gh�qh Qm ix}}| vhwv lq ^�m > �m `
zlwk wkh iroorzlqj htxdoo|0vsdfhg wuldqjxodu phpehu0
vkls ixqfwlrqv=
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+4,

Vwhs 5= Frqvwuxfw Q @
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m@4Qm ix}}| LI0WKHQ uxohv
lq wkh iroorzlqj irup=

Uxohl4���lv = LI {4 lv D
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4 dqg = = = dqg {v lv D
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WKHQ | lv El4���lv +5,

zkhuh l4 @ 4> 5> = = = > Q4> = = = > lv @ 4> 5> = = = > Qv1

Vwhs 6= Frqvwuxfw ix}}| v|vwhp i+[, iurp wkh uxohv
ri +5, xvlqj wkh surgxfw lqihuhqfh hqjlqh/ wkh vlqjohwrq
ix}}l�hu dqg wkh fhqwhu dyhudjh ghix}}l�hu ^46`=
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zkhuh �l4>��� >lv lv wkh fhqwhu ri El4���lv 1
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Froohfw �l4>��� >lv lqwr � 5 UQ lq d qdwxudo rughu iru l4 @
4> 5> = = = > Q4> = = = > lv @ 4> 5> = = = > Qv dv

� @ ^�4>4>=== >4> = = = > �4>4>=== >Qv >

= = = > �Q4>4>=== >4> = = = > �Q4>Q5>=== >Qv `W

dqg wkh uhjuhvvlrq yhfwru
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4
+[,> = = = > !Q +[,`W

zlwk wkh fruuhvsrqglqj ix}}| edvlv ixqfwlrqv gh�qhg dv
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zkhuh o uhsuhvhqwv wkh duud| lqgh{ l4> � � � > lv1 Wkhq
+6, fdq eh uhzulwwhq lqwr wkh vr0fdoohg olqhdu0lq0wkh0
sdudphwhu irup=

i+[, @ !W +[,�+w, +7,

zkhuh wkh wlph lqgh{ w lq �+w, lqglfdwhv wkdw � zloo
fkdqjh rq0olqh1 Lq wklv sdshu/ �+w, lv wxqhg e| wkh iro0
orzlqj ruwkrjrqdo surmhfwlrq +RS, dojrulwkp ^6`=

�+w. 4, @ �+w,

.
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!W +[+w,,S +w� 4,!+[+w,,
h+w, +8,
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S +w� 4,!+[+w,,!W +[+w,,S +w� 4,

!W +[+w,,S +w� 4,!+[+w,,
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zlwk wkh lqlwldo �+w, jlyhq dqg S +3, @ L1

516 Vrph Surshuwlhv ri wkh DIV

Wkh iroorzlqj ohppd/ zklfk jlyhv wkh dssur{lpdwlrq
dffxudf| ri wkh ix}}| v|vwhp +6,/ zdv suryhq lq ^47`
dqg ^46`1

Ohppd 4= Ohw j+�, eh dq duelwudu| ixqfwlrq rq G zlwk
erxqghg ghulydwlyhv1 Wkhq/ e| surshuo| fkrrvlqj wkh
�l4>��� >lv lq wkh ix}}| v|vwhp i+�, ri +6,/ zh kdyh
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pd{4�u�Qm�4 mg
u.4
m � gum m1

Ohppd 5 vkrzv wkh ghfrpsrvlwlrq surshuw| ri wkh
dgdswlyh ix}}| v|vwhp frqvwuxfwhg lq vxevhfwlrq 5141

Ohppd 5= Li wkh ix}}| v|vwhp i+[, lv frqvwuxfwhg
wkurxjk wkh vwhsv lq vxevhfwlrq 514/ wkhq iru dq| jlyhq
lqsxw [+w, 5 G � Uv/ lw fdq eh vlpsol�hg lqwr d orfdo
irup=
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zlwk wkh lqgh{ lwm 5 i4> 5> = = = > Qmj1



Surri= Qrwh wkdw iurp Vwhs 4 lq wkh ghvljq ri i+[,/ wkh
grpdlq G fdq eh ghfrpsrvhg dv

G @

Q4^

l4@4
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Qv^

lv@4

Gl4>=== >lv

zkhuh wkh orfdo grpdlq Gl4>=== >lv @ ^gl44 > g
l4.4
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^glvv > g
lv.4
v `= Ehfdxvh ri wkh orfdol}lqj delolw| ri wkh

htxdoo|0vsdfhg wuldqjxodu phpehuvkls ixqfwlrq/ iru dq|
[+w, 5 G/ ri doo �

D
lm

m

+{m+w,,/ m @ 4> 5> = = = > v/ dw prvw

wzr exw dw ohdvw rqh ydoxh lv qrq}hur zkloh doo rwkhuv
duh }hur1 Wkhuhiruh/ [+w, vkrxog ehorqj wr rqh ri wkhvh

sdwfkhv ri G/ vd| Glw
4
>=== >lwv 1 Pruhryhu/ zh nqrz wkdw

�
D

lm

m

+{m+w,, . �
D

lm.4

m

+{m+w,, @ 4>

iru dq| m 5 i4> 5> = = = > vj dqg lm 5 i4> 5> = = = > Qm � 4j1
Wklv phdqv wkdw wkh ghqrplqdwru lq +6, lv dozd|v frq0
vwdqw 41 Khqfh/ wkh ix}}| v|vwhp +6, fdq eh vlpsol�hg
dv +<,1

Uhpdun 4= +l, Iurp +<, lw fdq eh vhhq wkdw iru dq|
[+w,/ rqo| 5v sdudphwhuv lq ��+w, dsshdu lq i+[+w,, dqg
wkxv zloo eh wxqhg1 Wkh vhohfwlrq ri wkh sdudphwhuv
wr eh wxqhg lv dxwrpdwlfdoo| dffrpsolvkhg wkurxjk wkh
qrq}hur hohphqwv lq !+[+w,,1 +ll, Wkh ghfrpsrvlwlrq
surshuw| ri wkh ix}}| v|vwhp surylghv wkh dgydqwdjh
wkdw wkh sdudphwhu frqyhujhqfh sureohp fdq eh frq0
vlghuhg orfdoo|1

6 SHUVLVWHQW H[FLWDWLRQ

FRQGLWLRQV IRU DGDSWLYH IX]]\

V\VWHPV

Frqvlghu d jurxs ri 5v yhfwruv [+n,/ n @ 4> 5> = = = > 5v

zkhuh

[+n, @ ^{4+n,> = = = > {v+n,`=

Iru vkruw/ zh ghqrwh lw e| i[+n,j5
v

n@41 Ohw Y +n, eh wkh
yhfwru=

Y +n, @ ^
v\

m@4

{m+n,
v�4\

m@4

{m+n, = = =

v\

m@5

{m+n, = = =

{v+n,{v�4+n, = = = {4+n,{5+n, {v+n, = = = {4+n, = = = 4`

zkhuh hdfk hohphqw lq Y +n, lv wkh surgxfw ri wkh hoh0
phqwv vhohfwhg iurp [+n, li zh dvvxph wkh surgxfw ri
rqh hohphqw lv lwvhoi dqg wkh surgxfw ri wkh qxoo vhohfwlrq
lv 41 Reylrxvo|/ wkh glphqvlrq ri Y +n, lv

Sv

l@3F
l
v @ 5v1

Gh�qlwlrq 4= D jurxs ri lqsxw yhfwruv i[+n,j5
v

n@4 duh
fdoohg frpsohwh ri rughu v li vsdqiY +4,> = = = > Y +5v,j @
U5

v

=

Lw fdq eh vhhq odwhu wkdw iY +4,> = = = > Y +5v,j gh0
ulyhg iurp i[+n,j5

v

n@4 froohfw doo edvlv ri wkh vsdfh

vsdqqhg e| doo uhjuhvvlrq yhfwruv lq wkh vkruw olqhdu0
lq0wkh0sdudphwhu irup +<, ri wkh ix}}| v|vwhp zkhq
i[+n,j5

v

n@4 duh wkh lqsxwv wr wkh ix}}| v|vwhp1

614 SHF ri DIV lq Ixqfwlrq Dssur{lpdwlrq

Wr prgho wkh iroorzlqj xqnqrzq pdsslqj=

|+w. 4, @ j+{4+w,> = = = > {v+w,,> +43,

zh frqvwuxfw dq v0lqsxw0rqh0rxwsxw ix}}| v|vwhp i+�,
wkurxjk wkh vwhsv lq Vhfwlrq 51 Wkh sdudphwhuv lq wkh
ix}}| v|vwhp duh wxqhg xvlqj wkh ruwkrjrqdo surmhfwlrq
dojrulwkp +8,0+:,1
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Wklv phdqv

udqn+Dv, @ udqn+vsdqiY +w4,> = = = > Y +w5v,j,=

Iurp wkh olqhdu htxdwlrq wkhru| wkh v|vwhp ri
+45, kdv rqo| rqh vroxwlrq li dqg rqo| li lwv fr0
h!flhqw pdwul{ lv lqyhuwleoh1 Wkhuhiruh/ �l4>��� >lv >

�l4.4>l5>��� >lv > � � � > �l4.4>��� >lv�4.4>lv dqg �l4.4>��� >lv.4 duh
xqltxh li dqg rqo| li i[+wn,j

5
v

n@4 duh frpsohwh ri rughu
v1

615 SHF ri DIV lq Q0GPD Prgho Lghqwl�fd0

wlrq

Iru wkh lghqwl�fdwlrq ri qrqolqhdu v|vwhp zh �uvw frq0
vlghu wkh iroorzlqj qrqolqhdu ghwhuplqlvwlf prylqj dy0
hudjh +Q0GPD, prgho=

|+w. 4, @ j+x+w,> = = = > x+w� q. 4,,=

Wkh fruuhvsrqglqj ix}}| v|vwhp lv frqvwuxfwhg dv=

a|+w. 4, @ i+x+w,> = = = > x+w� q. 4,,

@

SQ4

l4@4
� � �
SQq

lq@4
�l4>=== >lq ^

Tq
m@4 �D

lm

m

+xm+w,,`

SQ4

l4@4
� � �
SQq

lq@4
^
Tq

m@4 �D
lm

m

+xm+w,,`

@ *W +w,�= +46,

Vlqfh wkh rxwsxw ri wkh v|vwhp lv h{solflwo| lqghshq0
ghqw rq wkh sdvw rxwsxwv/ wkh uhvxow lq vxevhfwlrq D lv
gluhfwo| dssolfdeoh wr wkh Q0GPD fdvh dv vkrzq lq wkh
iroorzlqj wkhruhp1

Wkhruhp 5= Wkh lqsxw vhtxhqfh ix+w,j lv shuvlvwhqwo|
h{flwlqj iru wkh lghqwl�fdwlrq prgho +46,/ li iru hyhu|
orfdo grpdlq/ lw frqwdlqv dw ohdvw rqh jurxs ri yhfwruv
iX+wn,j

5q
n@4 zlwk X+wn, @ ^x+wn,> = = = > x+wn�q.4,` zklfk

duh frpsohwh ri rughu q lq wklv orfdo grpdlq1

Surri= Wkh surri lv lpphgldwh iurp Wkhruhp 41

Uhpdun 5= Lq ^44` wkh lqsxw vljqdo zlwk wkh SH surshuw|
qhhgv wr frqvhfxwlyho| frlqflgh zlwk wkh qrgh fhqwhu1
Lq frqwudvw khuh/ zh gr qrw uhtxluh wkh lqsxwv lq wkh
frpsohwh jurxs wr eh frqvhfxwlyh1

Iru wkh vshfldo fdvh zkhuh q @ 4 zh kdyh wkh iroorzlqj
fruroodu|1

Fruroodu| 4= Iru wkh fdvh wkdw

|+w. 4, @ j+x+w,, +47,

+l, li wkhuh duh wzr glvwlqfw lqsxwv lq dq lqwhuydo Gl/
+l @ 4> = = = > Q,/ wkhq �l dqg �l.4 duh lghqwl�deoh> +ll, li
wkhuh h{lvwv d x+w4, @ gl> wkhq �l lv lghqwl�deoh> +lll, Li
wkh ix}}| v|vwhp kdv Q ix}}| uxohv dqg frqvhtxhqwo| Q

sdudphwhuv/ wkhq wkh plqlpxp qxpehu ri lqsxwv h{flw0
lqj doo sdudphwhuv lv Q 1

Ghvljq d SH Lqsxw Vljqdo iru Dgdswlyh Ix}}| V|vwhpv=

Q0GPD fdvh

Lq lghqwl�fdwlrq ri wkh Q0GPD v|vwhp/ zh ghvljq d
SH lqsxw vhtxhqfh vdwlvi|lqj Wkhruhp 5 iru wkh sxu0
srvh ri sdudphwhu frqyhujhqfh1 Vshfl�fdoo|/ iru wkh or0
fdo grpdlq Gl4

4 � � � � � Glq
q / vhohfw x+wn, 5 ^glqq > glq.4q `/

= = = / x+wn . q, 5 ^gl44 > g
l4.4
4 ` iru m @ 4> 5> = = = > v dqg

n @ 4> 5> = = = > 5q/ wkhq fkhfn zkhwkhu wkh frpsohwhqhvv
frqglwlrq lv vdwlv�hg1 Qrupdoo| wklv uhtxluhphqw fdq eh
phw li zh fkrrvh glvwlqfw ydoxhv iru x+wn, lq ^glqq > glq.4q `/
iru n @ 4> 5> = = = > 5q1

616 SHF ri DIV lq Q0GDUPD Prgho Lghqwl�0

fdwlrq

Frqvlghu wkh iroorzlqj qrqolqhdu ghwhuplqlvwlf dxwr0
uhjuhvvlyh prylqj dyhudjh prgho +Q0GDUPD,=

|+w. 4, @ j+|+w,> = = = > |+w�p. 4,>

x+w,> = = = > x+w� q. 4,,= +48,

Dv zh glg ehiruh/ wr lghqwli| j+�, zh frqvwuxfw d ix}}|
v|vwhp i+�, dv=

a|+w. 4, @ i+]+w,,

zkhuh

]+w, @ ^|+w,> = = = > |+w�p. 4,>x+w,> = = = > x+w� q. 4,`



lv wkh vwdwh ri wkh qrqolqhdu v|vwhp +48, zklfk lv ri
v @ p. q glphqvlrq1

Lq whupv ri wkh vwdwh ri wkh v|vwhp zh kdyh wkh iroorzlqj
wkhruhp=

Wkhruhp 6= Wkh sdudphwhuv �l4>=== >lv > �l4.4>l5>=== >lv >

= = = > �l4.4>=== >lv�4.4>lv dqg �l4.4>=== >lv.4 +l4 5
i4> = = = > Q4 � 4j> = = = > lv 5 i4> = = = > Qv � 4j, fdq
eh xqltxho| ghwhuplqhg/ li dw ohdvw rqh jurxs ri vwdwh
yhfwruv i]+wn,j

5
v

n@4 duh frpsohwh ri rughu v lq wkh orfdo
grpdlq Gl4

4 � � � � � Glv
v 1

Wkh surri ri Wkhruhp 6 lv vlplodu wr wkh surri ri Wkh0
ruhp 4/ vr lw lv rplwwhg khuh1

Uhpdun 6= Wr hqvxuh wkdw doo sdudphwhuv frqyhujh/ lw lv
qhfhvvdu| wr h{soruh hqrxjk uhsuhvhqwdwlyh vwdwhv ri wkh
v|vwhp1 Wkdw lv/ dq lqsxw vljqdo zlwk wkh SH surshuw|
vkrxog vx!flhqwo| h{flwh wkh v|vwhp wr eh lghqwl�hg1

Ghvljq d SH Lqsxw Vljqdo iru Dgdswlyh Ix}}| V|vwhpv=

Q0GDUPD fdvh

Wr vlpsoli| wkh qrwdwlrq zh frqvlghu wkh iroorzlqj vlp0
soh qrqolqhdu ghwhuplqlvwlf dxwr0uhjuhvvlyh prylqj dy0
hudjh prgho=

|+w. 4, @ j+|+w,> x+w,, +49,

zkhuh wkh v|vwhp vwdwh lv ]+w, @ ^|+w,> x+w,`1

D nh| gl!fxow| qrz lv wr uhodwh wkh frpsohwhqhvv frq0
glwlrq rq wkh vwdwhv ri wkh v|vwhp wr frqglwlrq rq wkh
lqsxw vljqdo ix+w,j dorqh1 Vlqfh wkh vwdwh ]+w, frqvlvwv
ri wkh rxwsxw dqg wkh lqsxw/ zh kdyh wr h{soruh wkh
uhodwlrq ehwzhhq | dqg x1 Wkh iroorzlqj joredo frq0
wuroodelolw| dvvxpswlrq rq wkh qrqolqhdu v|vwhp j+�, lv
d qhfhvvlw|1

Dvvxpswlrq 4= Wkh qrqolqhdu v|vwhp j+�, lv dvvxphg
wr eh joredoo| frqwuroodeoh/ l1h1/ dq dgplvvleoh frqwuro
lqsxw x h{lvwv vr wkdw dq| vwdwh } ri wkh v|vwhp fdq eh
uhdfkhg iurp dq| lqlwldo vwdwh zlwklq d �qlwh wlph ^8`/
^;`1

Wklv dvvxpswlrq surylghv wkh srvvlelolw| ri frqwuroolqj
wkh vwdwh wkurxjk wkh lqsxw1 Krzhyhu/ iru wkh ghvljq
sxusrvh/ zh qhhg wr �qg vxfk dq lqsxw zklfk fdq sxvk
wkh vwdwh lqwr d vshfl�hg orfdo grpdlq1 Qh{w/ zh dv0
vxph wkdw wkh ix}}| v|vwhp i+�, frqvwuxfwhg lv dffx0
udwh hqrxjk wr ghvfuleh wkh uhodwlrq ehwzhhq |+w . 4,
dqg x+w,1

Dvvxpswlrq 5= Wkh ix}}| v|vwhp i+�, lv ghvljqhg vxfk
wkdw wkh dssur{lpdwlrq huuru lv vpdoo hqrxjk lq frp0
sdulvrq zlwk �g

l|
| @ g

l|.4
| � g

l|
| 1

Dvvxpswlrq 5 lv sudfwlfdoo| srvvleoh/ lq idfw iurp
Ohppd 4 lw fdq eh vhhq wkdw li zh nqrz wkh xsshu

erxqgv ri wkh ghulydwlyhv ri wkh xqnqrzq ixqfwlrq j+�,/
wkhq zh fdq frqvwuxfw d ix}}| v|vwhp zklfk fdq ds0
sur{lpdwh j+�, zlwk dq| uhtxluhg dffxudf|1

Vlqfh ]+w, qrz lv wzr glphqvlrqdo/ wzr frqwuro dfwlrqv
x+w, dqg x+w . 4, duh qhhghg wr sxvk wkh v|vwhp vwdwh
]+w . 4, @ ^|+w . 4,> x+w . 4,` wr d orfdo vxe0grpdlq

G
l|
| �Glx

x 1 Wkh iroorzlqj vwhsv jlyh wkh x+w, dqg x+w.4,

vr wkdw ]+w. 4, 5 G
l|
| �Glx

x =

Vwhs 4= Ilqg x+w,> vxfk wkdw |+w.4, 5 G
l|
| @ ^g

l|
| > g

l|.4
| `=

Xvlqj Dvvxpswlrq 5 dqg h{suhvvlrq +<,/ wkh frqwuro x+w,
vkrxog eh vhohfwhg vxfk wkdw

g
l|
| �

Sow|.4

o|@ow|
^�o|>ox.4�

D
ow|
+|+w,,`

Sow|.4

o|@ow|
^+�o|>ox � �o|>ox.4,�

D
ow|
+|+w,,`

� x+w,

�
g
l|.4
| �

Sow|.4

o|@ow|
^�o|>ox.4�

D
ow|
+|+w,,`

Sow|.4

o|@ow|
^+�o|>ox � �o|>ox.4,�

D
ow|
+|+w,,`

=

Vwhs 5= Vhohfw d x+w . 4,> vxfk wkdw x+w . 4, 5 Glx
x @

^glxx > glx.4x `=

Wkh uhpdlqlqj ghvljq surfhgxuh lv vlplodu wr wkh Q0

GPD fdvh1 Wkh lqwhuhvwlqj wklqj khuh lv/ lq jhqhudo/

wkh frpsohwhqhvv krogv li wkh uhodwlrq ehwzhhq |+w .
4, dqg x+w, lv qrqolqhdu1 Wkdw lv wr vd|/ li wkh lqsxwv

iX+wn,j
7
n@4 zlwk X+wn, @ ^x+wn.4,> x+wn,` duh frpsohwh

ri rughu 5/ wkhq lq prvw fdvhv/ xqghu Dvvxpswlrq 4/ wkh

uhvxowlqj vwdwhv i]+wn,j
7
n@4 duh dovr frpsohwh ri rughu

51 Wkh surri lv urxjko| vwdwhg dv iroorzv=

Wkh frpsohwhqhvv ri iX+wn,j
7
n@4 phdqv wkh pdwul{

DX
5 @

5
997

4 x+w4 . 4, x+w4, x+w4 . 4,x+w4,
4 x+w5 . 4, x+w5, x+w5 . 4,x+w5,
� � � � � � � � � � � �
4 x+w7 . 4, x+w7, x+w7 . 4,x+w7,

6
::8

kdv ixoo udqn1 Frqvlghu wkh pdwul{ dvvrfldwhg zlwk

i]+wn,j
7
n@4=

D]
5 @

5
997

4 x+w4 . 4, |+w4 . 4, x+w4 . 4,|+w4 . 4,
4 x+w5 . 4, |+w5 . 4, x+w5 . 4,|+w5 . 4,
� � � � � � � � � � � �
4 x+w7 . 4, |+w7 . 4, x+w7 . 4,|+w7 . 4,

6
::8 =

Lq prvw fdvhv/ vlqfh wkhuh lv qr uhdvrq wkdw |+wn . 4,
vkrxog eh uhodwhg wr x+wn . 4,/ lw fdq eh vhhq wkdw wkh

froxpqv ri D]
5 duh olqhduo| lqghshqghqw dqg wkxv D]

5 lv

dovr ixoo udqn1 Wklv hqvxuhv/ iru wkh prvw sduw/ wkh SH

surshuw| ri wkh ghvljq phwkrg1



7 FRQFOXGLQJ UHPDUNV

Lq wklv sdshu zh vwxglhg wkh shuvlvwhqw h{flwdwlrq frqgl0
wlrqv ri dgdswlyh ix}}| v|vwhpv xvhg lq lghqwl�fdwlrq ri
qrqolqhdu ixqfwlrqv dqg qrqolqhdu g|qdplfdo v|vwhpv1
Zh jdyh wkh frqglwlrqv xqghu zklfk wkh sdudphwhuv fdq
eh xqltxho| ghwhuplqhg1 Xqghu fhuwdlq dvvxpswlrqv
wkh lqsxw vljqdov zlwk wkh shuvlvwhqw h{flwdwlrq surs0
huw| zhuh ghvljqhg/ iru wkh lghqwl�fdwlrqv ri erwk qrq0
olqhdu ghwhuplqlvwlf prylqj dyhudjh dqg dxwr0uhjuhvvlyh
prylqj dyhudjh v|vwhpv1
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