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Abstract

This paper addresses the persistent excitation condi-
tions of adaptive fuzzy systems in the identifications of
nonlinear functions and nonlinear dynamical systems.
The adaptive fuzzy system is constructed as a standard
fuzzy system and the parameters in the fuzzy system
are tuned on-line by the orthogonal projection algo-
rithm. We first give the conditions under which the
parameters in the fuzzy system can be uniquely deter-
mined, and then propose methods to design input sig-
nals with the persistent excitation property for adaptive
fuzzy systems in the identifications of nonlinear moving
average and auto-regressive moving average systems.

1 INTRODUCTION

During the past two decades fuzzy systems have been
widely used in the modeling and control of nonlinear
dynamical systems. In most of this study, fuzzy sys-
tems are constructed to represent nonlinear functions
which describe the dynamic behaviors of the systems
under consideration. To capture the strong nonlineari-
ties caused by the operation point variation and time-
varying factors of the systems, fuzzy systems are usually
tuned on-line so that the modeling or control schemes
work in an adaptive manner [6], [9], [12].

Usually more attention is paid to the approximation
accuracy of the fuzzy systems; however, in many cir-
cumstances it is important to ensure that the parameter
estimates converge to their true values. For example, in
the stability analysis of the closed-loop control system,
the input signal is always required to be persistently
exciting (PE) in order to guarantee the boundedness of
the parameter estimation errors of the fuzzy systems.
To avoid the complicated PE problem in nonlinear iden-
tifications, it is usually assumed that the input is either
rich enough (random and sufficient) [12] or, simply, a
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signal with the PE property [6]. In view of industrial
application, these assumptions are restrictive and un-
realistic.

Recently, the study on the persistent excitation con-
ditions (PEC) for identification of nonlinear systems
has been reported in the literature. In [11] it is shown
that, for the radial basis function (RBF) networks, the
inputs with the PE property should consecutively co-
incide with the node center of the RBF network. This
result is very restrictive. [4] gives a more relaxed result
where the persistent excitation is achieved provide that
the input variables belong to certain neighborhoods of
the RBF network nodes. However, this condition, in
practical terms, is still difficult to check.

The aim of this paper is to give persistent excitation
conditions for adaptive fuzzy systems (AFS) which are
easier to check for practical applications, and then de-
sign the input signal with the PE property. In Section
2 we will construct the fuzzy system to be used in the
identification and introduce the orthogonal projection
algorithm to tune the parameters in the fuzzy system.
In Section 3 we will first study the persistent excita-
tion conditions of the adaptive fuzzy systems used in
function approximations and nonlinear system identi-
fications, including both nonlinear deterministic mov-
ing average (N-DMA) and nonlinear deterministic auto-
regressive moving average (N-DARMA) models. Then
we will design input signals with the persistent exci-
tation property for N-DMA and N-DARMA identifica-
tions. Finally, Section 4 concludes the paper.

2 ADAPTIVE FUZZY SYSTEMS AND
TUNING ALGORITHM

2.1 AFS Construction

The fuzzy system which will be used in the identifica-
tion is a standard fuzzy system f(-) (see [13]) which is
a nonlinear mapping from X € D C R® to f(X) € R.
It is constructed through the following steps:



Step 1: Let D = [aq, 3] X X [as, B,]. For every
J (G = 1,2,...,5), define N; fuzzy sets in [a;, 3,]
with the following equally-spaced triangular member-
ship functions:

pa(ag) = plagsdlds, ),
J

3% %5
N;j—1 ,N; N,

:U’Aj{vj(xj) = ILL(.CE],dJ] 7djj7djj)7
F‘A;‘(xj) = (.CC],dT 1ad;7d;+1)
Wherer:2,3,...,Njfl,aj:d;<d?<---<djyj:

ﬁ] and
w(z;ab,c) =

(x—a)/(b—a), if a#bandz€la,b)],
), if b#candz€ b,

1 ., if a=bandz <a, (1)
1 , if b=candx>c,
0 , otherwise.

Step 2: Construct N = H;Zl N; fuzzy IF-THEN rules
in the following form:

Rule™* . TF xy is A and ...
THEN y is B" % 2)

Y
and xs is Ay,

where iy =1,2,... ,Ny; ...; i =1,2,..., Ng.

Step 3: Construct fuzzy system f(X) from the rules
of (2) using the product inference engine, the singleton
fuzzifier and the center average defuzzifier [13]:

Sy o 0 T g ()
f(X) = N Fp— :
Zh:l T Ziszl[H]‘:l F‘A;j (z5)]

(3)

where 6% is the center of B* "%,

2.2 Tuning Algorithm
Collect 67" ** into 6 € RN in a natural order for i; =
1,2,...,Ny; ...;1s=1,2,...,N; as

o = [01,1,...,1,”. 701,1,...,]\75,
Ni,1,...,1 N1,N2,... ,Ns 1T
9 N’ 8

and the regression vector

A(X) = [1(X), ..., o (X)]T

with the corresponding fuzzy basis functions defined as

) [T b4 (a5(0)
RN SHERE 5y R O))

where [ represents the array index i1,---,7s. Then
(3) can be rewritten into the so-called linear-in-the-
parameter form:

F(X) = 6" (X)6(1) (4)

where the time index ¢ in 6(t) indicates that 6 will
change on-line. In this paper, 6(¢) is tuned by the fol-
lowing orthogonal projection (OP) algorithm [3]:

ot+1) = 0(t)
_ Pt —1)p(X(t)) et) (5)
¢" (X(8)P(t —1)p(X (1))
e(t) = y(t+1)—¢"(X(1)0(t) (6)
where

with the initial 6(t) given and P(0) = I.

2.3 Some Properties of the AFS
The following lemma, which gives the approximation

accuracy of the fuzzy system (3), was proven in [14]
and [13].

Lemma 1: Let g(-) be an arbitrary function on D with
bounded derivatives. Then, by properly choosing the
0" " in the fuzzy system f(-) of (3), we have

f(x )I_H Hoo (8)

supxep l9(X) -
o) 1)
where [ 8]l = supxeplfE| and h; =

maxi <<, -1 |dj T — dj].

Lemma 2 shows the decomposition property of the
adaptive fuzzy system constructed in subsection 2.1.

Lemma 2: If the fuzzy system f(X) is constructed
through the steps in subsection 2.1, then for any given
input X(t) € D C R®, it can be simplified into a local
form:

it iL41 s
SO SRS DA | (0N
= 3 (X(£)(t) )

where the local parameter vector
9(t) _ [ei’l,... ,i;, o ,91{4-1,... ,i’s+1]T
and the local regression vector
AX(t) = (i, it (X)), a¢i§+1,...,ig+1(X)]T

with the index % € {1,2,..., N;}.



Proof: Note that from Step 1 in the design of f(X), the
domain D can be decomposed as

N1 N,
D= U U Pl st

i1=1 =1

where the local domain D¥»-% = [d d' T x - x
[dis, diF1]. Because of the localizing ability of the
equally-spaced triangular membership function, for any
X(t) € D, of all pui;(w;(t), j =1,2,... s, at most
two but at least oneJ value is nonzero while all others
are zero. Therefore, X () should belong to one of these
patches of D, say Dt i, Moreover, we know that

:LLAjj (Ij(t)) + /J/A;j+l (:E](t)) =1,

for any j € {1,2,...,s} and ¢; € {1,2,... ,N; — 1}.
This means that the denominator in (3) is always con-
stant 1. Hence, the fuzzy system (3) can be simplified
as (9). ]

Remark 1: (i) From (9) it can be seen that for any
X (t), only 2% parameters in 6(t) appear in f(X(t)) and
thus will be tuned. The selection of the parameters
to be tuned is automatically accomplished through the
nonzero elements in ¢(X(¢)). (ii) The decomposition
property of the fuzzy system provides the advantage
that the parameter convergence problem can be con-
sidered locally.

3 PERSISTENT EXCITATION
CONDITIONS FOR ADAPTIVE FUZZY
SYSTEMS

Consider a group of 2° vectors X (k), k = 1,2,...,2°
where
X(k) = [z1(k),... ,zs(k)].

For short, we denote it by { X (k)}7_,. Let V (k) be the
vector:

V() = [[]=ik) ﬂxj(k) S EZ O
Jj=1 j=1 j=2

xs(k)xs—1(k)...x1(k)xz(k) zs(k)...x1(k). ..

where each element in V' (k) is the product of the ele-
ments selected from X (k) if we assume the product of
one element is itself and the product of the null selection
is 1. Obviously, the dimension of V' (k) is Y ;_, Ct = 2°.

Definition 1: A group of input vectors {X (k)}%;l are
called complete of order s if span{V(1),... ,V(2%)} =
R%,

It can be seen later that {V(1),...,V(2°)} de-
rived from {X(k)}?_, collect all basis of the space

spanned by all regression vectors in the short linear-
in-the-parameter form (9) of the fuzzy system when
{X(Kk)}2_, are the inputs to the fuzzy system.

3.1 PEC of AFS in Function Approximation
To model the following unknown mapping:

y(t+1) = g(z1(t), ... ,2s(t)), (10)

we construct an s-input-one-output fuzzy system f(-)
through the steps in Section 2. The parameters in the
fuzzy system are tuned using the orthogonal projection
algorithm (5)-(7).

Theorem 1: The parameters @ @itz i

o 91’1+1,... ds—1+1,ds and 9i1+1,~~~ yist1 (ij c {1 2

., Nj —1}) can be uniquely determined, if and only if
in the local domain D}' x - - - x D¢ there are at least one
group of input points { X (¢)}?_, which are complete
of order s.

Proof: Suppose there are a group of inputs {X (tk)}%szl
inside the local domain D}' x --- x D¥, ie., x;(t)

c [di.f di?+1] for j =1,2,...,sand k = 1,2,...,2%.

VR
From Lemma 2, using the decomposing property of

the fuzzy system, we have the following 2° equations
(k=1,2,...,2°%):

9ty +1) = flzi(te), ..., 2s(te))
21+1 2s+1 5

i] is j:1 J
giovie 1t i elte) — dy
Ady Ady
' () ws(te) —di

+9i1+1,i27~~~ Vs

AdY Ad
+9il+1,i2+1,... Jis+1
.diﬁ_l — (tk) o dierl — .Q?S(tk)
AdY Ady

For notation simplicity, denote
1y () = (a5 (t6) — d7) /A,

then (11) can be rewritten as

Ry AR
L Lz (1 — g () g (tk) - - - g (tr)
+ ..
+0i1 +1i241,.. 041
(1= (8)) -+ (1= g (ta). 12

(11)



pa(ta) - pg(t)

o) - ualtae) (1= oy ) altar)
(1 b)) (1 (b))

(1= (tos)) - (1 = pag(t22))

The following elementary operations do not change the
rank of A,:

S

[T #(t1) frs—1(t1) s (t1)

A, — j:
jl;ll 1 (t2+) fs—q (tas ) by (t2r)
iy (t)po(t)  pg(ta) p(t) 1
ot iater) pelter) o malta) 1
jl;[lxj(tl) zs—1(t1)xs(t1)
f[lxj(tzs) T (te)2a(te)
net) at)  m) 1
(o )as(ter) waltsr) - m(ts) 1

= [V(t1),...,V(t2s)]".
This means
rank(As) = rank(span{V (t1),...,V(tas)}).
From the linear equation theory the system of

(12) has only ome solution if and only if its co-
efficient matrix is invertible. = Therefore, 6",

0@1“!‘17@27"'7@5,. .. ,9'51“1‘1’"""571"1‘1715 and 011“!‘17""@54"1 are
unique if and only if {X (t;)}?_, are complete of order
S. |

3.2 PEC of AFS in N-DMA Model Identifica-
tion
For the identification of nonlinear system we first con-

sider the following nonlinear deterministic moving av-
erage (N-DMA) model:

y(t+1) = glult),... ,u(t —n+1).
The corresponding fuzzy system is constructed as:

GE+1) = flu),... ult—n+1))

S S 0 T g (1)
Zi\flzl T Zé\,t”:l [H;‘I:1 /‘LA;J' (u;(t))]
= ()0 (13)

(1 — py (t1)) po(te) - - pug(t

fs (t2s)

Since the output of the system is explicitly indepen-
dent on the past outputs, the result in subsection A is
directly applicable to the N-DMA case as shown in the
following theorem.

Theorem 2: The input sequence {u(t)} is persistently
exciting for the identification model (13), if for every
local domain, it contains at least one group of vectors
{U(tg) }3m, with U (tg) = [u(ty), ... ,u(ty—n+1)] which
are complete of order n in this local domain.

Proof: The proof is immediate from Theorem 1. n

Remark 2: In [11] the input signal with the PE property
needs to consecutively coincide with the node center.
In contrast here, we do not require the inputs in the
complete group to be consecutive.

For the special case where n = 1 we have the following
corollary.

Corollary 1: For the case that

y(t+1) = g(u(t)) (14)
(i) if there are two distinct inputs in an interval D?,
(i=1,...,N), then ¢’ and 6" are identifiable; (i) if
there exists a u(t;) = d’, then 6" is identifiable; (iii) If
the fuzzy system has N fuzzy rules and consequently N
parameters, then the minimum number of inputs excit-
ing all parameters is N.

Design a PE Input Signal for Adaptive Fuzzy Systems:
N-DMA case

In identification of the N-DMA system, we design a
PE input sequence satisfying Theorem 2 for the pur-
pose of parameter convergence. Specifically, for the lo-
cal domain Dj' x --- x Di, select u(ty) € [dy, dipt1],

o u(ty +n) € [di,d Y for j = 1,2,...,s and
k=1,2,...,2", then check whether the completeness
condition is satisfied. Normally this requirement can be
met if we choose distinct values for u(ty) in [dir, dint1],
for k=1,2,...,2™

3.3 PEC of AFS in N-DARMA Model Identifi-
cation
Consider the following nonlinear deterministic auto-
regressive moving average model (N-DARMA):

yt+1) = g(y),... .yt —m+1);

u(t),... ,u(t —n+1)). (15)
As we did before, to identify g(-) we construct a fuzzy
system f(-) as:
gt +1) = f(Z(1))

where

Z(t)=[y(t),...,y(t —m+1);u(t),... ,ult —n+1)]



is the state of the nonlinear system (15) which is of
s = m + n dimension.

In terms of the state of the system we have the following
theorem:

Theorem 3: The parameters @', @thizets

T i g gLl () c
{1,...,Ny — 1}; ...;is € {1,...,Ns — 1}) can
be uniquely determined, if at least one group of state
vectors {Z(tx)}7_, are complete of order s in the local
domain Dt x --- x Dis,

The proof of Theorem 3 is similar to the proof of The-
orem 1, so it is omitted here.

Remark 3: To ensure that all parameters converge, it is
necessary to explore enough representative states of the
system. That is, an input signal with the PE property
should sufficiently excite the system to be identified.

Design a PE Input Signal for Adaptive Fuzzy Systems:
N-DARMA case

To simplify the notation we consider the following sim-
ple nonlinear deterministic auto-regressive moving av-
erage model:

y(t+1) = g(y(t), u(t)) (16)
where the system state is Z(t) = [y(t), u(t)].

A key difficulty now is to relate the completeness con-
dition on the states of the system to condition on the
input signal {u(t)} alone. Since the state Z(t) consists
of the output and the input, we have to explore the
relation between y and u. The following global con-
trollability assumption on the nonlinear system g(-) is
a necessity.

Assumption 1: The nonlinear system g(-) is assumed
to be globally controllable, i.e., an admissible control
input u exists so that any state z of the system can be
reached from any initial state within a finite time [5],

[8].

This assumption provides the possibility of controlling
the state through the input. However, for the design
purpose, we need to find such an input which can push
the state into a specified local domain. Next, we as-
sume that the fuzzy system f(-) constructed is accu-
rate enough to describe the relation between y(t + 1)
and u(t).

Assumption 2: The fuzzy system f(-) is designed such
that the approximation error is small enough in com-
parison with Ad,’ = d;jﬂ_1 —dy.

Assumption 2 is practically possible, in fact from
Lemma 1 it can be seen that if we know the upper

bounds of the derivatives of the unknown function g(-),
then we can construct a fuzzy system which can ap-
proximate g(-) with any required accuracy.

Since Z(t) now is two dimensional, two control actions
u(t) and u(t 4+ 1) are needed to push the system state
Z(t+1) = [yt + 1),u(t + 1)] to a local sub-domain
DZ}’ x Dte. The following steps give the u(t) and u(t+1)
so that Z(t+ 1) € Dy x Dix:

Step 1: Find u(t), such that y(t+1) € ’D;” = [d;‘” , dé}’“].

Using Assumption 2 and expression (9), the control u(t)
should be selected such that
Iy+1

1=t [ely’l“HMAI; (y(2))]
lf +1 Yysrtu Yrrtu
S D (07 = 6T (y(2))]

1=l
< u(t)
U+l 1,
d;./+1 _ Z y [ely,lu,-i-luAlg (y(t))]

L=l

<
R AR wilu '
S [0 =0 ) (y(8)]

Iy=lt

i
dy —

Step 2: Select a u(t + 1), such that u(t + 1) € Dl =
@7 diH)

The remaining design procedure is similar to the N-
DMA case. The interesting thing here is, in general,
the completeness holds if the relation between y(t +
1) and wu(t) is nonlinear. That is to say, if the inputs
{U(tg) }1—, with U(tg) = [u(tr +1),u(ts)] are complete
of order 2, then in most cases, under Assumption 1, the
resulting states {Z(t;)}1_, are also complete of order
2. The proof is roughly stated as follows:

The completeness of {U(t;)}4+_, means the matrix

1ou(ti+1) u(th) u(ta+1u(t)
Ag _ 1 u(tg —+ 1) u(tg) u(tg + 1)u(t2)

1 ulti+1) ults) ulte+ Dults

has full rank. Consider the matrix associated with
{Z(tr)} i:f

A7 — 1 u(ta+1) ylta+1) u(te+1)y(t2+1)

1wt l) ylte 1) ultst Dyltat1)

In most cases, since there is no reason that y(tz + 1)
should be related to u(t + 1), it can be seen that the
columns of A% are linearly independent and thus A% is
also full rank. This ensures, for the most part, the PE
property of the design method.



4 CONCLUDING REMARKS

In this paper we studied the persistent excitation condi-
tions of adaptive fuzzy systems used in identification of
nonlinear functions and nonlinear dynamical systems.
We gave the conditions under which the parameters can
be uniquely determined. Under certain assumptions
the input signals with the persistent excitation prop-
erty were designed, for the identifications of both non-
linear deterministic moving average and auto-regressive
moving average systems.
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