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Abstract

Hammerstein systems are a class of systems represented
by a static nonlinearity at the input followed by a linear
dynamic block. In this paper the static input nonlin-
earity is transformed into a polytopic description. The
remaining uncertain linear model is used in a MPC
algorithm of which the optimization problem involves
minimization of a linear objective function subject to
Linear Matrix Inequalities (LMIs), which is a convex
problem. A procedure is presented to remove a num-
ber of LMIs from the optimization problem, prior to
solving it. By means of an iterative procedure the con-
servatism of the polytopic description can be reduced.
Nominal closed loop stability of this Hammerstein MPC
algorithm is guaranteed. A comparison is presented be-
tween the proposed algorithm and an algorithm which
removes the nonlinearity from the control problem via
an inversion.

Keywords: Predictive control, Hammerstein systems,
Linear matrix inequalities, Stability, Actuator nonlin-
earities

1 Introduction

In Model-based Predictive Control (MPC) the input
is calculated by an on-line minimization of a perfor-
mance index based on predictions by the model, sub-
ject to constraints. When the model is nonlinear, the
optimization problem is non convex in general, due to
the nonlinear model which acts as an equality con-
straint. Optimizing a non convex optimization prob-
lem is not attractive because it is computationally ex-
pensive and the algorithm may get stuck in a local
minimum. A Hammerstein model consists of a series
connection of a static input nonlinearity and a linear
dynamic block, and therefore represents a subclass of
nonlinear systems. Using a Hammerstein model within
a MPC algorithm, in a straightforward way, will result
in above problems. However, the structure of Ham-
merstein models can be exploited such that a convex
optimization problem is retained. Although Hammer-
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stein models only represent a small subclass of general
nonlinear models, they have been used successfully in
the identification of nonlinear systems [5]. Moreover,
the availability of black box identification algorithms,
e.g. [5, 10], makes the class of Hammerstein models a
suitable candidate for modeling, in cases where linear
models are poor.

A popular way of handling Hammerstein models in a
MPC algorithm is to remove the nonlinearity from the
control problem via an inversion [6, 9]. The perfor-
mance index for the remaining linear dynamic part of
the Hammerstein model is convex. However, in the
original design goal the nonlinearity is present since it
usually involves both the output and the physical in-
put. Removing the nonlinearity from the control prob-
lem therefore may lead to a decreased performance.

In this paper a MPC algorithm is presented which does
take the effect of the static nonlinearity into account,
while the optimization problem remains convex. This is
achieved by transforming the nonlinearity into a poly-
topic description. The remaining linear model with
polytopic uncertainty is then used in a robust linear
MPC strategy based on the one presented in [2]. The
optimization problem involves a minimization of a lin-
ear objective function subject to Linear Matrix Inequal-
ities (LMIs) and is presented in section 2. In section 3
the basic concept of the algorithms presented in [6, 9]
is outlined. A simulation example is given in section 4,
which demonstrates the benefits of the algorithm pre-
sented in this paper, compared to an algorithm which
removes the nonlinearity from the control problem. Fi-
nally the conclusions are given in section 5.

2 The Hammerstein MPC algorithm

In state space a Hammerstein model is represented by:

w(k) = h(u(k)) (1)

LTI

{
x(k + 1) = Ax(k) + Bw(k)

y(k) = Cx(k) +Dw(k) (2)

where u ∈ IRm is the physical input to the plant, which
is passed through the nonlinearity h to give the input
w ∈ IRm to the linear time invariant (LTI) dynamic



block, x ∈ IRn is the state of the linear block, y ∈ IRp

is the output of the model. The static nonlinearity h
is assumed to be invertible. A,B,C,D are the sys-
tem matrices (of conformal dimensions) of the linear
dynamic block. Assume that the desired steady state
(uss, wss, xss, yss) = (0, 0, 0, 0). When this is not the
case the system can be shifted such that the origin of the
shifted system corresponds to the desired steady state.
Then the goal is to minimize the following quadratic
performance index (notation: ||b||2Ψ = bTΨb):

J∞(k) =
∞∑
i=0

||y(k + i)||2Q + ||u(k + i)||2Ru
(3)

subject to the model equations (1), (2) and possible
input, state and output constraints, where u(k + i) are
the degrees of freedom. Q and Ru are positive definite
weighting matrices. Because of the input nonlinearity
h this optimization problem is non-convex in general.
The infinite horizons provide the property of nominal
closed loop stability, however this is computationally
intractable since this results in an infinite dimensional
optimization problem. To avoid an infinite dimensional
optimization problem while retaining the property of
nominal closed loop stability the performance index is
restated:

J(k) = J1(k) + J2(k) (4)

J1(k) =
Hs−1∑
i=0

||y(k + i)||2Q + ||u(k + i)||2Ru

J2(k) = ||x(k +Hs)||2P

and an end-point inequality constraint is added requir-
ing the state x(k + Hs) to lie in a region in which a
stabilizing controller exists. The weighting matrix P
in J2(k) is designed such that J2(k) is an upperbound
for the tail of the infinite horizon performance index,
for which the inputs are provided by the stabilizing
controller. Therefore J(k) ≥ J∞(k). Since at time
k + Hs the parameterization of the input changes, Hs

will be referred to as the switching horizon. The design
of the stabilizing controller, the end-point inequality
constraint and P can be done off-line, e.g. [4], but this
can also be incorporated into the on-line optimization
problem as presented in [2]. Although the on-line com-
putational load will increase when doing all the compu-
tations on-line, the performance of the controller will
be better, especially for short switching horizons [2]. In
the following subsections the MPC algorithm for Ham-
merstein models is stated as an optimization problem
subject to linear matrix inequalities (LMIs), where the
number of LMIs increases rapidly with increasing Hs

in general. This motivates the use of a small Hs and
as a result, the on-line design of the stabilizing con-
troller, the end-point inequality constraint and P , i.e.
an extension of the algorithm presented in [2] towards
Hammerstein models.

To avoid a non-convex optimization problem, the non-
linearity of the Hammerstein model is transformed into
a polytopic description. For reasons discussed in sub-
section 2.3 the original nonlinearity, equation (1), is
inverted:

u(k) = h−1(w(k)) = g(w(k)) (5)

where the nonlinear function g is the inverse of h. Equa-
tion (5) can be represented as:

u(k) = g(w(k)) = G(w(k)) · w(k) (6)

because the desired steady state corresponds to the ori-
gin. The elements of the matrix G(w(k)) are nonlinear
functions of w(k). The operating region for w is re-
stricted due to the facts that: a) physical constraints
on u will result in constraints on w, b) the model is only
valid in the operating region in which it is identified. As
the operating region for w is restricted, the elements of
G(w(k)) are bounded for all w within this operating
region. In this way the nonlinearity can be captured by
a polytopic uncertainty description (Co refers to the
convex hull):

{
u(k) = G(w(k)) ·w(k)

G(w(k)) ∈ Ω = Co{G1 . . .GN} (7)

which means that the nonlinear matrix G(w(k)) can be
expressed as some convex combination of all constant
vertices G1 . . .GN for all values of w(k) within the valid
operating region. The accuracy of the polytope (i.e.
how well the polytope fits around the nonlinearity) can
usually be increased by increasing the number of ver-
tices. A common approach is to use a hyper rectan-
gle for the polytope, however, better choices may exist.
How to make this choice is beyond the scope of this
paper, more information on this topic can be found in
[1] for example. Some practical aspects regarding the
type of nonlinearity and elimination of vertices can be
found in subsection 2.3.

Using above procedure the Hammerstein model is
transformed into a linear model, equations (2), with
a polytopic uncertainty description for the physical in-
put u, equations (7). This enables to use a robust lin-
ear MPC algorithm to control the Hammerstein system.
The MPC algorithm used in this paper is based on the
one presented in [2], which is extended to handle mod-
els represented by equations (2) and (7). Deriving the
LMIs connected to the minimization of the performance
index, equation (4), consists of a part corresponding to
J1(k) and of a part corresponding to J2(k).

2.1 Minimizing J1(k)
The prediction of y up to time k +Hs − 1 can be rep-
resented as, (see [7] for example):

ỹ = C̃Ãx(k) + (C̃B̃ + D̃)w̃



with w̃ and ỹ vectors of stacked w(k + i) and y(k + i)
for i = 0 . . .Hs − 1 respectively, and Ã, B̃, C̃, and
D̃ prediction matrices of conformal dimensions. Then
J1(k) is given by:

J1(k) = ||C̃Ãx(k) + (C̃B̃ + D̃)w̃||2
Q̃

+||w̃||2
G̃(w̃)T R̃uG̃(w̃)

(8)

with Q̃, R̃u and G̃(w̃) representing the block diag-
onal matrices diag(Q, . . . , Q), diag(Ru, . . . , Ru) and
diag(G(w), . . . , G(w)) respectively. Minimizing J1(k)
is equivalent to minimizing η1 under the constraint
J1(k) ≤ η1. Using Schur complements, see [8], this
constraint can be tranformed into a nonlinear matrix
inequality which is affine in the nonlinearity G̃(w̃) and
in the degrees of freedom w̃ and η1. Similar to the
polytopic description for one time step, equations (7),
a polytopic description for G̃(w̃) is given by:

{
ũ = G̃(w̃) · w̃

G̃(w̃) ∈ Ω̃ = Co{G̃1 . . . G̃Ñ} (9)

Based on the structure of G̃(w̃), a straightforward
choice for generating the vertices G̃i is to build block
diagonal matrices based on all possible combinations
of vertices of Ω on the main diagonal. This leads to
Ñ = NHs vertices for Ω̃, i.e. an exponential increase as
function of Hs, which motivates the use of a small Hs,
and as a consequence, the choice of the MPC strategy,
see the first part of section 2.

Now any valid G̃(w̃) can be represented by some con-
vex combination of the elements of Ω̃. This implies
that if the obtained nonlinear matrix inequality holds
for every vertex of Ω̃, every convex combination of these
inequalities will hold, and thus that the original non-
linear inequality is also satisfied. This transforms the
nonlinear optimization problem into a convex optimiza-
tion problem given a LMI for every vertex of the poly-
topic description Ω̃. Although this optimization prob-
lem is convex, it may require too many LMIs, especially
in case of large Hs, for the on-line optimization to be
computationally tractable. In subsection 2.3 a proce-
dure is given to eliminate a number of LMIs from the
optimization problem, prior to solving it.

Besides the LMIs for all the vertices of Ω̃ additional
LMIs are needed to specify the constraints for w̃, which
were used to calculate the polytopic description for
G̃(w̃). When these constraints are linear they are easily
converted into LMIs. The same holds for linear con-
straints on x̃ and ỹ. Constraints on ũ can be imple-
mented using the uncertainty description Ω̃, but they
are preferably approximated by (or converted into) lin-
ear constraints on w̃, which will be assumed in the
sequel. The motivation for this is the fact that the
polytopic description will give a conservative constraint
handling of input constraints on ũ, which will decrease

the region of attraction of the controller. The conser-
vatism of the polytopic description will not affect the
feasibility for inequality J1(k) ≤ η1 as the nonlinear-
ity can basically be interpreted as a nonlinear weight-
ing, see equation (8). Therefore conservatism will only
change the minimum of J1(k) given by η1.

2.2 Minimizing J2(k)
In this part of the optimization problem J2(k) is min-
imized under the constraint that J2(k) is an upper
bound for the tail of J∞, i.e. equation (3) ∀ i ≥ Hs.
This is accomplished by imposing the following con-
straint, [2, 8]:

||x(k + i)||2P − ||x(k + i+ 1)||2P ≥
||y(k + i)||2Q + ||u(k + i)||2Ru

, ∀ i ≥ Hs (10)

which is easily demonstrated by summing inequality
(10) for i = Hs . . .∞. To avoid an infinite number
of degrees of freedom the input is parameterized as:

w(k + i) = Fx(k + i), ∀ i ≥ Hs (11)

Minimizing J2(k), equation (4), is equivalent to min-
imizing η2 under the constraint J2(k) ≤ η2. After a
variable transformation P = η2S

−1 and division by η2,
this constraint yields:

x(k +Hs)TS−1x(k +Hs) ≤ 1 (12)

which, by using Schur complements [8], can be trans-
formed into an LMI in w̃ and S (note that x(k+Hs) is
an affine function of w̃). Using the feedback, equation
(11), and the model, equations (2) and (7), inequality
(10) yields:

x(k + i)T {P − ||A +BF ||2P − ||C +DF ||2Q
−||F ||2G(w)TRuG(w)}x(k + i) ≥ 0, ∀ i ≥ Hs (13)

which holds ∀ i ≥ Hs if the matrix expression between
the curly brackets is positive semi-definite. Substitut-
ing P = η2S

−1 and F = Y S−1, followed by pre and
post multiplication by S, division by η2, and using
Schur complements, this matrix inequality can be writ-
ten as a nonlinear matrix inequality which is affine in
the variables (Y , S and η2) and is affine in the non-
linearity G(w), see [8] for more details concerning this
procedure. Using a similar reasoning as in subsection
2.1 this nonlinear matrix inequality will hold if all LMIs
resulting from every vertex of the polytopic description
Ω, equation (7), will hold. In this way the nonlinear
matrix inequality is replaced by N corresponding LMIs.

Input, state and output constraints should still be in-
corporated into the optimization problem, ∀ i ≥ Hs.
Suppose the constraints on w, which are always present
since they are used to calculate the polytope Ω, are
given by:

Πww(k + i) ≤ θw ∀ i ≥ Hs (14)



Using the state feedback, the j-th constraint on w, the
j-th row of equation (14), is satisfied if:

max
i≥Hs

|Πw,jY S
−1x(k + i)|2 ≤ θ2

w,j (15)

Because ε = {z|zTS−1z ≤ 1}, equivalent to inequal-
ity (12), is an invariant ellipsoid for the predicted
states due to inequality (10), x(k + Hs) ∈ ε im-
plies x(k + i) ∈ ε ∀ i ≥ Hs. This means inequality
(15) is satisfied if (because maxi≥Hs |Πw,jw(k + i)|2 ≤
maxz∈ε |Πw,jY S

−1z|2):

max
z∈ε

|Πw,jY S
−1z|2 ≤ θ2

w,j

which is satisfied if (using the invariant ellipsoid ε):

max
z∈ε

zTS−1Y TΠT
w,j

1
θ2
w,j

Πw,jY S
−1z ≤ zTS−1z

Taking z outside brackets, the matrix expression within
the brackets yields an LMI after pre and post multipli-
cation by S and using Schur complements. Constraints
on the state and output can be expressed as LMIs sim-
ilarly.

2.3 Removing LMIs from the optimization
problem
An unfavorable property of the polytopic description to
account for the nonlinearity of the Hammerstein model
is the rapid increase in the number of LMIs for increas-
ing number of inputs and increasing Hs. A partial rem-
edy for this is based on the observation that the nonlin-
earity basically enters as a nonlinear weighting in the
performance index, see equations (8) and (13). This
implies that the active LMIs for minimizing J1(k) and
J2(k) will correspond to those vertices of Ω and Ω̃ that
yield the largest performance index. Thus the vertices
Gj of Ω which will never lead to active LMIs (connected
to the performance index) are characterized by:

GT
j RuGj ≤ GT

i RuGi, for any i �= j (16)

and the corresponding LMIs can be eliminated from the
optimization problem prior to solving it, thus decreas-
ing the computational complexity. A similar reasoning
holds for the vertices of Ω̃. In the special case when the
nonlinearity consists of m parallel SISO nonlinearities,
G(w) will be diagonal. If then Ru is chosen diagonal as
well, there will only be one active vertex Glim charac-
terized by:

|Glim| ≥ |Gi|, ∀ Gi ∈ Ω

This reduces the number of LMIs connected to J1(k) to
one, i.e. G̃(w̃) substituted by G̃lim, and the number of
LMIs connected to J2(k) to two, i.e. G(w) substituted
by Glim plus the LMI resulting from equation (12).

This procedure to remove LMIs from the optimization
problem is the main motivation for firstly inverting the

nonlinearity, equation (5), leading to the polytopic de-
scription (7), instead of directly generating a polytopic
description for equation (1):

{
w(k) = H(u(k)) · u(k)

H(u(k)) ∈ Ωh = Co{H1 . . .HN} (17)

In the latter case, for J1(k) for example this yields:

J1(k) = ||C̃Ãx(k) + (C̃B̃ + D̃)H̃(ũ)ũ||2
Q̃

+ ||ũ||2
R̃u

where the nonlinearity can no longer be interpreted as
a nonlinear weighting matrix, and consequently LMIs
can not be removed from the optimization problem ac-
cording to a condition similar to inequality (16).

Total optimization problem: After using the pro-
cedure to remove LMIs from the optimization problem,
the optimization problem of the MPC is a combination
of the optimization problems stated in subsections 2.1
and 2.2:

min
w̃,Y,S,η1,η2

η1 + η2 (18)

subject to the remaining LMIs.

2.4 Iteratively solving the optimization problem
Given the valid operating region for the model (ex-
pressed as linear constraints for w) the polytopic de-
scription of the nonlinearity may be very conservative.
The performance index minimized by the controller is
an upperbound for performance index (4) because it
over-estimates the original weighting on w, see equa-
tions (8) and (13), G(w(k + i))TRuG(w(k + i)), by
Glim(k+i)TRuGlim(k+i). When the difference between
these two is large the control action is likely to be very
conservative. To improve the control action of the pro-
posed MPC algorithm the optimization problem stated
in equation (18) is solved iteratively such that this dif-
ference decreases. Firstly the optimization problem is
solved using a polytopic description based on the entire
valid operating region of the model. This yields w̃∗,
Y ∗ and S∗ (the star denotes the optimal value). Then
“artificial” constraints around w̃∗ and w(k + Hs)∗ can
be specified. Given these constraints a new polytopic
description for the nonlinearity is calculated for every
time instant k till k+Hs. Because the operating region
is reduced, the uncertainty and thus conservatism will
be reduced, compared to the previous iteration. This
means the upperbound of the performance index that is
minimized by the controller is closer to the original per-
formance index, thus yielding a better control action.
Note that because the new uncertainty description is
based on a narrow operating region around the solu-
tion from the previous optimization, it varies for every
time instant k till k + Hs. This can be interpreted as
some kind of automatic gain scheduling. Every new op-
timization problem will always be feasible because w̃∗,
Y ∗ and S∗ resulting from the previous optimization is



always a feasible solution. This procedure can be re-
peated several times.

The tightening of the operating region for w should
be performed gradually, to avoid the “artificial” con-
straints from becoming active in an early stage. The
constraints for w(k + i) ∀i ≥ Hs, θw in inequality (14),
are symmetrical around the origin due to the way they
are handled in inequality (15), so θw,new should be the
largest absolute value of the new artifical constraints at
time k+Hs. Moreover, because the constraint handling
for this part of the optimization problem is conserva-
tive, θw,new should be tightened conservatively.

Theorem (Nominal closed loop stability)
Under the assumption that Ru and Q are positive defi-
nite, nominal closed loop stability of the MPC algorithm
presented in this section is guaranteed for a controllable
and observable plant once a feasible solution of the MPC
problem is found.
proof: Due to space limitations a detailed proof is
omitted. Stability can be proven by showing that the
performance index is a Lyapunov function, which can
be done along the same lines as in [3].

3 Removing the nonlinearity via an inversion

Via an inversion, equation (5), the nonlinearity can be
removed from the control problem, by minimizing an
alternative performance index [6, 9]:

JLTI(k) =
∞∑
i=0

||y(k + i)||2Q + ||w(k + i)||2Rw
(19)

subject to the LTI part of the model equations (2)
and possible input, state and output constraints. Rw

is a positive definite weighting matrix. JLTI(k) can be
split into two parts similarly as J(k), equation (4). If
the transformed input constraints are convex, or can be
approximated by convex ones, the minimization of (19)
is a convex optimization problem. This optimization
problem provides a solution w(k), and via equation (5)
the physical input to the plant u(k) is obtained. Al-
though the calculated w(k) is optimal with respect to
JLTI(k), the resulting u(k) may be far from optimal
with respect to the original performance index J∞(k),
especially when there is a strong nonlinearity. This is
caused by the fact that the influence of the nonlinear-
ity on the input-output behavior of the plant is not
taken into account in JLTI(k). Note the difference be-
tween J(k) and JLTI(k). In J(k) the effect of the non-
linearity is still taken into account by the controller
via an upperbound of the nonlinear weighting matrix
G̃(w̃)T R̃uG̃(w̃), which can be fine tuned as presented in
subsection 2.4, whereas in JLTI(k) a constant weighting
matrix Rw is used.

4 Simulation results and discussion

In this section the performance of the algorithms pre-
sented in section 2 and 3 are compared using the fol-
lowing model.

w =
eu − 1
eu + 1

A =


 2.6 −1.1 0.7

2 0 0
0 0.5 0


 , B =


 0.5

0
0




C =
[
−0.4 0 −0.1

]
, D =

[
−0.2

]

The input nonlinearity represents a smooth saturation.
Since black box identification algorithms like presented
in [10] may provide a non-zero D (for example to ap-
proximate a delay which is small with respect to the
sample time) this justifies the use of a non-zero D in
the MPC algorithm. The weighting matrices of J∞ are
Q = 1 and Ru = 0.5. Hs is set to 5. The initial condi-
tion used is x = [0, 0, 0]T . The setpoint for y was 0.5, 0,
1, 0, 2, 0 for blocks of 25 time steps respectively. The
operating region for u was limited to |u| ≤ 5. These
constraints can be transformed into linear constraints
on w. Two extra iterations, as sketched in subsection
2.4, were performed for the algorithm of section 2. The
operating region for w is reduced by adding the con-
straints:

wj,old(k + i) − wb ≤ wj(k + i) ≤ wj,old(k + i) + wb

where wj,old is the solution from the previous iteration
and wb specifies the reduced operating region around
the solution given by wj,old. Every extra iteration wb

is reduced by wb,new = 0.05 + 0.5 · wb,old. The first
extra optimization wb was set to 0.5, the value of wb

converges to 0.1. Every time the setpoint changes all
“artificial” constraints are deleted and the constraints
are reset to the original operating region.

The MPC algorithm of section 3 is focused on minimiz-
ing JLTI(k), which involves the weighting Rw. Since
the input nonlinearity is linear close to the origin, the
MPC algorithms of sections 2 and 3 will give a similar
performance in this region when:

Rw =
(
∂u

∂w

∣∣∣∣
w=0

)T

Ru
∂u

∂w

∣∣∣∣
w=0

= 2 ·Ru · 2

In figure 1 the simulation results are plotted for both
algorithms. Until t = 75 the input remains within the
linear part of the nonlinearity and both algorithms show
a similar behavior. This is also visible in figure 2 be-
cause the simulation cost:

Js(k) =
i=k∑
i=0

||y(i) − yref (i))||2Q + ||(u(i) − uref (i))||2Ru
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Figure 1: Simulation using the MPC algorithm of section
2 (upper plots) and section 3 (lower plots)
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Figure 2: Simulation cost for the MPC algorithm of sec-
tion 2 (solid line) and section 3 (dashed line)

is equivalent for both algorithms during this part of the
simulation. Note that Js corresponds to J∞. When the
setpoint for the output returns to zero at t = 76 and
t = 126, the MPC algorithm of section 3 returns the
maximal value for w. It does not take into account the
influence of the nonlinearity, which in this case causes
a more than proportional increase in u, i.e. u is steered
into the saturated region. Therefore it is beneficial to
use a smaller input w if possible, resulting in a much
smaller u, at the cost of only a slightly slower response
of the output. This is exactly what the MPC algorithm
of section 2 is doing, which thus generates a smaller
simulation cost, see figure 2. When the setpoint for
the output goes from zero to two, at t = 101, a simi-
lar effect is observed. The smaller input w calculated
by the MPC algorithm of section 2, leads to a slightly
larger overshoot in the output, but because the asso-
ciated control effort in u decreases more than propor-
tional, this again will lead to a better simulation cost,
see figure 2. The output responses for both algorithms
are nearly the same, but since the algorithm of section
2 generates a much better control input, it outperforms
the algorithm of section 3, demonstrating that taking
the effect of the nonlinearity into account via a poly-
topic description offers an advantage over removing the
nonlinearity from the control problem.

5 Conclusions

In this paper a new MPC algorithm for Hammerstein
systems is presented. This algorithm transforms the
static input nonlinearity into a polytopic description,
which enables to use a robust linear MPC algorithm,
consisting of a convex optimization problem. In a sim-
ulation example it is demonstrated that taking the non-
linearity into account via a polytopic description offers
better control performance compared to an algorithm
in which the nonlinearity is removed from the control
problem. Nominal closed loop stability of the proposed
MPC algorithm is guaranteed.
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