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Abstract - In this paper a method is presented to build an Euler-Lagranges shown in [9, 11], the non-minimum phase character of the
model for electrical networks, including switches and integrated (non-ideglynverters above induces several difficulties for the applica-
coupled-magnetics, in a structured general way. One of the advantagef; of ; ivity-b d trol techni For thi th
emphasizing the physical structure of these systems is its funtitjotaring lon o PaSS'V' Y- a;e _Con roltechniques. rFor _'S reasonj e
the controller design stage. In case a switching network contains coupld@itput is controlled indirectly through the regulation of the in-
inductor structures, an atiédnal path for the energy transfer is introducedput current. We can show that there exists a range of cou-
For this reason, a basic building block is proposed that describes the dynz@fhg ‘mismatch’ adjustments for which all currents and volt-
cal behaviour of a pair of magnetically coupled-inductors. This building blo . L. .

is applicable to all types of switching converters, and easily predicts the aoes show unstable Zero'dynam'cs- This is ma'nly _Caused by
istence of reduced or zero-ripple current. The switches make the dynatfi€ additional magnetic coupling between the loops in the net-
models nonlinear. For using the Lagrangian structure for controller desiggork. In this case it is not possible to design a globally stable

the zero-dynamics for such switching network had to be studied. It is showantrouer In addition we show that for exact matching con-
that under certain coupling coitidns it will not be possible to design a glob- )

ally stable controller. The approach is illustrated by means of thupled- ditions (zero-current ripple) the order of the zero-dynamics is
inductorCuk converter with zero-output ripple, in closed loop with an adageduced.
tive passivity-based controller.

In Section 2 we present the general procedure to develop an EL

1 Introduction model for switching and non-switching electrical networks.

Then, in Section 3 we show how to include coupled-magnetics

During the last thirty years major research has been devo the EL model. Section 4 treats a study of the stability
to optimizatiqn of modeling, design and control techniques 8% the zero-dynamics, corresponding to the (non-) minimum
DC-to-DC switched-mode power gonverters. In receqt dev lh se behaviour of the output in relation to the coupling ad-
opment; these'system.s are con§|dered from a physical ag?ments. In Section 5 an adaptive passivity-based controller
eling point of view. It is shown in [9, 11] that the convens .
tlona! average PWM (pulse width modulation) models of th'§imu|ati0ns are presented. Finally, in Section 6 we end with
classical Buck, Boost, Buck-Boost and the more comg@lek the conclusions and recommendations.

converter correspond to systems derived from classical Euler-

Lagrange (or Hamiltonian, [2]) dynamic considerations. The 2 Eyler-L agrange Modeling of Electrical (Switching)
approach consists of establishing a suitable set of average Networks

Euler-Lagrange (EL) parameters modulated by the duty ratio
function. Here, we develop a procedure that results in the
parameters of a general switching electrical network structu

e Cuk converter with zero-output ripple is developed.

II:rDe constraint EL dynamics of an electrical circlit can in
géaneral be characterized as follows [11]:

where we assume switches to be ON and OFF, and where the d (oL\ oL _ 0D AN+ F,
EL parameters are extended with constraint equations stem-x, : dt \ 9¢ dq s} a Q)
ming from Kirchhoff’s current laws. The major advantage of AlQT4g=0

emphasizing the physical structure of the systems is its funcr-] s th ¢ flowi t and ts th
tionality during the controller design stage. This will ﬁnall))"’ ereq Is the vector of flowingurrent andq represents the

lead to feedback (passivity-based) controlled systems thatgjgctnccharge. The vectoig constitutes theeneralized coor-

not involve cancellation of non-linearities and are globally d Inates describing the circuit and is "?‘SS“mEd to haveom-
fined, see e.g. [6, 10]. ponents, represented by, . . ., gn. It is well-known that the

scalar functionC is theLagrangian of the system, defined as
The Lagrangian approach for switching networks as initiat¢ide difference between thmagnetic co-energy of the circuit,
in [9, 11] was up to now, build on the assumption that the codenoted by7 (g, ¢), and theglectric field energy of the circuit,
verters, and electrical circuits in general, do not contain adgnoted by (q), i.e., £L(q,¢) = T(q,¢) — V(q). The func-
magnetic couplings between its different loops. Here, this a®@nD(q) is theRayleigh dissipation cofunction of the system.
sumption is no longerecessary, since we include essentidlhe vectorF, = [F,,, ..., Fq4,] represents the ordered com-
terms that correspond to the magnetic energy of the couplipgnents of the set ofeneralized forcing functions, or volt-
into the Lagrangian description. age sources, associated with each generalized coordinate. The



constraints that follow from Kirchhoff’s current laws are capThe above procedure, as well as the developments in e.g. [9],
tured inA(q). Following ([6]), we refer to the set of functionswas initially build upon the assumption that the electric cir-
(T,V, D, F,) as theEL parametersof the circuits, and simply cuits do not contain any magnetic couplings between its dif-
express a circuit,, by means of the ordered five-tuple: ferent loops. In the following section, we will show that this
assumption is no longerecessary.
e =(T,V,D, %y, Alq)). 2)
3 Coupled-Magnetics

The EL equations actually form a balance of generalizgd this section we treat the inclusion of coupled-magnetics
forces, or efforts, which in the electrical domain is given by th@ the EL framework. First, a pair of magnetically coupled-
voltages. Itinvolves both generalized position and generalizggctors is considered. Next, we generalize our developments
velocity coordinates for each separpteysical element. Inthe i cjrcuits containing several magnetic couplings between its
electrical domain that means that we attach to each sepafifarent loops. As an example, we illustrate the potential of

element (inductor and capacitdwo state-variables, namely athe method using the well-knowBuk converter in which both
charge and a current. Clearly this does not correspond to {hg inductors are coupled, e.g. [1].

physical intuition, but it can be viewed as if for the inductor

the charge is amtermediate help variable, and for the capac-A pair of coupled-inductors may be considered as the non-

itor the current is. These help variables are finally remové@eal equivalent of an AC transformer, withiate of coupling,

using the constraint equation. k € [0,1) and aneffective turnsration = /L1 L,. As are-
sult of the coupling, both the magnetizing currents share the

This framework can be used to model electrical networks Wi me flux paths with an order or magnitude depending.on
linear inductive and capacitive elements and with or withogis involves an additional path for the energy using a mag-
ideal switches. The switches can be naturally involved in th@tic field. In terms of the common fluxes, j = 1,2, a pair
constraints that follow from Kirchhoff's current laws. If wegf coupled-inductors can be characterized as follows

denote by the scalar the switch position, which is assumed

to take values on a discrete set of the fof1}. The com- 61| | L1 Lig ir, 3
plete procedure is as follows: ¢2 | | La1 Lo iy |’ 3)
Procedure: for which L1» > 0 and L, > 0 satisfy the condition ofeci-

1. Give allN dynamic elements in the network two coordiprocity, i.e., L1 = Loy = L,, = k+/L1 L, denoted as the
nates, namely a charge and a current coordingiegnd mutual inductance.
¢,j=1...N.

2. Determine the corresponding energy for all ideal ele-
ments, i.e., the magnetic co-energy for the inductive el-
ements, denoted B¥(q, ¢), and the electric field energy
for the capacitive elements, denotedy;). In case of a
switching network, this step doest involve the position _
of the switch. 1}

3. Determine the Rayleigh dissipation energy, denoted by , .
D(q), for the resistive elements, which may involve the + i, i, +
switch positioru, and the use of a Kirchhoff current law v, ZT VL,
for determining the current through the resistive element _ _
in terms of the dynamic elements as given in step 1. — —

4. Determine the generalized forcing functigfggiven by Figure 1: Equivalent topology of a pair of coupled-inductors

the voltage sources, possibly depending on the switch po- . -
sition. g P yaep g p(;Fromthese relationsitis clear tgtand L, would form two

separate inductors ¥ = 0, and thusl,,, = 0. For non-zero
5. Give the constraint equations that are determined Pxlues ofk, L,, is representative for the interaction between
Kirchhoff’s currents laws, that do not include the lawshe inductors. Now, in order to obtain expressions for the cur-
of step 3, and thus only involve the currents through thents and voltages, equation (3) is rewritten as
dynamic elements. If there are no constraint equations
for this step, then puti(¢) = 0. d [ L, ] _ [ B = ] [ UL, ] (4)

6. Plug the information of the previous steps in the con- dt | L, @ YLz

straint form of the EL equations (1) and determine a sta do; .
: . erevy,. = =22, j = 1,2 and«, § andy may be expressed
space model by choosing the currents corresponding w| UL ai »J ’ o 7 may P
the inductive elements, and either the charge or the volt-
age corresponding with the capacitive elements, as state n? 1 nk

variables. Caoen T AL T oL

(5)



The terml — k2 can be considered as the magnétig disper- be steered into the output inductor, or vice-versa, to result in
sal, which denotes the amount of flux not shared by both tipeactically zero ripple current on either the input or the out-
inductors. Notice that other parameterizations of (5) are algat of the converter. Following the general procedure as given
possible but, as will be illustrated later in the example, theBesection 2, we start with defining the following (intermedi-
notations provide a straight forward insight in the magnetizirage) state variableg;, §;, j = Li,C1, L2, C. We proceed
energy interconnections. A visual representation of (3) and (ijth equating the magnetic co-enerd¥(q, ¢), and potential
may be given as in Fig. 1, in which,, = L; — L,, are the energy,V(q), of the circuit

leakage inductances of the primary and the secondary wind- . L o L o

ing, respectively. In view of the Lagrangian modeling proce- T(qr1sqrs) = gladi, + 5L2gr, + Lingridr.;

dure, we consider a pair of magnetically coupled inductors as V(go,, qc,) = sq2. + L2, (8)
a single systent; for which the total amount of stored energy PRI 20 R0 T 2030,
7T in terms of the currents is, using (3), given by The remaining EL properties are readily found to be
o T 17T Lo Lo 1T s D(4rs» 4e;) = 5 R(—dr, — dcs)’;
Tz iz.) = 2 [ iz, ] [L, Ly ] [ iL, ] ©)
' " ' ]:(1L1 = E; ‘7:6101 = J:QLQ = ‘7:6102 =0; 9)

For general descriptions of the magnetic energy of an electrical

network containingV inductors withV-magnetically coupled

loops, it follows in a similar way that Plugging (8) and (9) into the constraint equation (1) yields for
the coupled-inductaEuk converter:

A(Q)Tq = QCl + qug - (1 - u)qu =0.

Ly Lz --- Lin
Loy Lo -+ Lon leLl + Lm,dL2 = _(1 - u))‘ +E
T(g,4)= 34" : — -l @ &q0, = A
L].Vl L].VQ . LN Logr, + L{n,(jL1 - R(_qu - (,?Cz) +uA (10)
o 4c. = R(_qL2 - ch)
wherei is subsequently replaced by its generalized coordinates 0 = qo, tudr, — (1 —u)gr,,

G =[d1,---,4n]". Notice that7 (q, §) satisfiesT (g, §) > 0.
The separate inductors are denotedly. . ., Ly, while the
mutual inductanced 2, Loy, ..., Ln—1,~n, Ln,nv—1, denote
the various coupling paths between these inductors. If, for ex-
ample, there exists no coupling between Me- 1** and the

which results in the state equations foe= [z, vo, 73, 74] ' =
[qr,, Cy ey, dr,, Cy tqc,) T, interms ofa, 8 andy as

1 = —uyre — (1 — u)Bre — yre + BE
o= (1— u)c%xl — uc%xg

M inductor the corresponding coefficients are set to zero. i = uaws + (1 — u)yrs + azs — 1B (11)

As before, notice that in case of a symmetrical network the s 1 2 1 o2 477

condition of reciprocity is satisfied. T4 = 75,13 T Rey V4

Example: Coupled-inducto€uk converter This is the model with discrete values for the switch, where

This example illustrates the potential of the proposed pré:- 23 representthe inductor currents, andz, represent the
cedure for switching networks, including coupled-magneticsaPacitor voltages. We have thus shown that the assumptions
We use the coupled-inductGuk converter, which serves as 4" €-9- [11] and [9] are no longereessary. With help from
case study throughout the paper. We explicitly assume that tig definitionsin (5) itis now easy to see that for theiching

converter operates at continues conduction mode. condition, n = k, o = ~, the stater; does not depend on the
switch position function anymore, which results in zero ripple
dr, 4L, output current. The same holds fer in case of thaénverse
T N matching condition, n = k=, 8 = ~, which results in zero
Yo qacs ripple input current. A third practically relevant condition can
Cs be found forn = 1,0 < k < 1, a = 3, which is denoted as
+ Ch thebalanced ripple reduction. Both the current ripples can be
E <> Cy = I D R reduced betweet and approximatel$0%.
dcy Remark: These conditions, unfortunately, are often not easy
uw=1 G u=0 to acquire in practice, i.e., there will always be a certain ‘mis-
match’ betweerk andn. We come back to this in the next

section. Coupled-inductor extensions can also be applied to
Figure 2: Coupled-inductd®uk converter the classical Buck, Boost and Buck-Boost converters, but in

The circuit tonol fth led-induct6uk tor i these cases an extra capacitor is needed to serve as a driven
€ circuittopology ol the couped-inductotik converter 1S voltage source for the secondary inductor, see e.g. [14].
depicted in Fig. 2. The capacitive energy transfer imposes

identical rectangular voltage waveforms on both the indués shown in [6, 9, 11], the switched EL equations are also
tors which has justified the magnetic extension, [1]. Providirgosely related to thaverage PWM models. For th€uk con-
the right adjustments df andn, the input current ripple can verter given by the dynamic equations (11) this means that the



state variable: is replaced by the average staterepresent- the unstable zero-dynamics (i.e., for linear systems this corre-
ing the average inductor currents and capacitor voltages, apdnds to zeros in the right half plane, or in other words, un-

the discrete signal is replaced by the duty ratio functiol desirable non-minimum phase behaviour), and therefore, had
that takes values in the open interval ]0,1[. The descriptiombe indirectly controlled via the average input-current, which

of the dynamics as described in words above is given by teeposed stable zero-dynamics.

following more compact matrix representation . . . . _
g P P Example (continued) As in [11], given a desired equilibrium

A+ DTz 4 Toz + Rz =& (12) Vvaluel, for the output voltage, which correspond to a con-
stant value of the duty ratio functiab. = V,,/(V2, — E),
whereA is invertible, and wheref; = —jjT and its elements the unique corresponding equilibrium values for the average
are given by{—1,0, 1}, for j = 1, 2. For the coupled-inductor voltages and currents are

Cuk converter we havé = [E,0,0, 0]T and 2
‘/2(1 ‘/2(1
Ild:RE; IQd:_ R ; ‘/id:E_‘/Qd' (14)

Ll 0 Ln}, 0 0O -1 0 O
0 C; 0 0 1 0 1 0 This means that if we want to regulate toward an equilib-

A= L., 0 Ly, 0 1= 0 —1 0 o |’ riumvaluel,, which isknown to correspond to a steady state
0 0 0 Oy 0 0 0 0 value D, of the duty ratio functionD, then such a regulation

can beindirectly accomplished by stdlizing one of the other

000 O 0 1 0 0 average variables toward the corresponding equilibrium values
0 00 0 -1 0 0 O computed in (14).

- 0000 e 000 - Henceforth, for the uncoupled-case £ 0) we know for the
000 R 0 01 0 ’ P

Cuk [11], Boost and Buck-Boost converters [9], that a feasi-
U ble regulation of the output voltage is only achievable through
The presented Euler-Lagrange modeling technique firect regulation of the input current. Butif # 0, does
(switching) networks results in the same dynamical models#@g input current still exhibit stable zero-dynamics under all
when the Hamiltonian framework is used, e.g. [2, 5], providegupling conditions? From the previous section, we know we

that the same level of ideal physics is assumed. Howevghve two special cases of intergst= n andk = n~*, both
the Hamiltonian framework does not introduce the ‘semiyith its related ‘mismatches) < k < n,n < k < 1 and

physical intermediate help-variables. In case of two mutually< r < n=!, n=! < k < 1, respectively. 0
coupled-inductors for example, the magnetic energy is now
given by For the converter structures we consider here, we can bring
the system in normal form (see e.g., [3]) for the output
oo, T J — oL, given by the state;, which has relative degreg, then we
H(9) =3 [ oL, ] [ o« ] [ oL, ] g (13) obtain the new coordinateg, = [€1,...,&,]T, andp =

[777“7‘,+1a .- '777N]T' with [ga U]T = 99(2:)1 and(}ol =Y. -Pry =
where«, 3 and~ are given in (5). Nevertheless, the Lay("). For then coordinates, that are related to the state of the
grangian approach gives us the opportunity to apply the wetkero-dynamics we obtain

known passivity-based control techniques, as presented in .
[6, 9] for the buck, boost and buck-boost converter, but this pi(2)
time for more general electrical network structures. 0z

A Tiz=0, i=r+1,...,N.

This implies that at least the total energy, given by
4 Zero-Dynamics o1 (z) = %zTAz (15)
In the sequel, we continue with the dynamic PWM model of i i
the converter structures, as can be obtained from the previbuBart of the zero-dynamics. If we drop the assumption that
section, where we now denote the averaged state space \;Qﬁ_generallzmg forces are independent of the switch, we can
ables byz, and the duty cycle by). The design of passivity still do the above analysis, but then we have to add to the total

based control for the conventional buck, boost, buck-boost 2FET9Y Of (15) an additional term which depends on the voltage
Cuk converter can be found in [9, 11], whereas further an&QUrce-

ysis of the closed loop system is explored in some follow-yBample (continued) If we consider the average input current
work, e.g. [12, 13]. Since we have given a general procedureas the output, for the matching conditien= &, a =
to build an Euler-Lagrange model for switching networks, Wgnd thus that

can also generally apply the passivity based control design €& = 1(2) = 21,
technique. However, one issue that remains is the choice of . ,
the average state variable to be stabilized to a certain vali’ﬂgf]I that the state of the zero-dynamics is going to be deter-
in order to, possibly indirectly, regulate our average output tH‘-'”ed by

ward a desired equilibrium value. For the conventional boost, 5, := py(2) = %le 4 %(g —a) Mz + 23)?
buck-boost an€uk converters, it was shown in [9, 11] that the N = @3(2) =
average output voltage could not be directly controlled, dueto 73 := ¢4(2) =



It is seen that the relative degree equals= 1. We then X1t @0skar07 ot Onckedne07

proceed by calculating = ¢~1[¢,5]T, and form the zero- T
dynamics by giving; its desired valué, ,,i.e., ther¢; = I, 1 T 1

and we consider the dynamics#fsee [3]. In order to deter- . to .

mine whether or not the zero-dynamics are stable, we linearize B

the dynamics at the equilibrium point, that corresponds to 4 4

(14). In order to numerically compute the eigenvalues, we — PEa=

need to complete the design of our converter first. Inthe se-  Zw w0 200 -0 o Zow a0 200 w00 0
quel we use the following realistic values [11E = 100V, e L

R =409, C; = C = 10uF, and the coupling parameters are 1572 925" 707 L L L i
setto:n = 0.7,0 < k < 1, where for the matching condition 1 1

we takek = n, L1 = 600uH, L, « k and for the inverse 0s \ 0s

matching we takd., = 600uH, L; « k. In case for the £ o g E ofo—o
zero-dynamics of; for the matching condition this yields for 05 / 05

the linearization the eigenvalues 1655, —2248 + 1538.91). 4 4

We conclude that for this conditios, shows stable zero- 1 15

dynamics. Tt R T Rt

Next, consider the case that= n—". In this case the normal

. Fi L Ei | f th -dynami f the input current for: (a,b
form is found as igure 3: Eigenvalues of the zero-dynamics o input cu (a,b)

matching-condition mismatches, (c,d) inverse matchiogedion

£ = o1 (z) =2z mismatches
§2 := pa(2) = —fB22 + BE — Bz4 = 41,

. . 5 AdaptivePassivity-Based Stabilization of the

and determined the state of the zero-dynamics by

Zero-Output RippIeCuk Converter

m = p3(z) = 3C123 + 2(B — @) "} (21 + 23)? We now provide the only feasible regulation based onran
N = pa(2) = 24. direct output capacitor voltage control, achievable through the
regulation of the input current. In order &zcount for para-

We now notice that the relative degree equals= 2, which - metric uncertainty and changes in load we define the following
tells us that that the order of the zero-dynamics is reduced frg@}sjon of the control reference as

3 to 2. Following the same procedure as above, we calculate )

the eigenvalues after the linearization asl (55, —100850). =1, = 0Y2d
Again, we conclude that the regulation throughiemains fea- ¢ E’
sible.

(16)

where the quantity denotes the estimate dt—!. Corre-
Finally, we consider the (practical) ‘mismatch’ cases. Thgponding to this objective for the input current the required

general description of the normal form is now given by input voltage, output voltage and output current may be repre-
sented by the functions(t), z34(t) andz4(t), to be deter-
§1:=p1(2) = 21, mined. Now we follow the procedures as given in [6, 9, 11],

and obtain the followingmplicit definition of our controller

and that the state of the zero-dynamics is going to be detﬁ{ét preserves passivity of the closed loop:

mined by
_ _ Azq+ D + +0z —RZ=E¢ 17
mi=p2(2) = HB -0 F 4§01 + ba— )1 Fak DIzt Tzt Oz =R 4
2= e3(2) = —grm - g wherez = z—z4, denotes the stageror dynamics. The neces-
13 7= pa(z) = Za. sary damping injection that is required for asymptotic stability

Js accomplished tloughR' = diag| R, Ry, R3,R;']. The
estimation matrix is denote® = diag0, 0, 0, 8], where#d is
given by

Again we perform similar calculations as before, but now f
all values ofk in the closed intervad < k < 1, except for
k = nandk = n~!. The calculations are performed us "
ing MATLAB, and we find the eigenvalues as a functiork pf g =09 — / 29,24dT. (18)
as depicted in Fig. 3, where'is denoting the corresponding 0

starting points fok. ¢ From Fig. 3.(d) we conclude thatin casélence, we find an explicit definition of our controller by
of inverse matching condition ‘mismatch’ > n~! all states choosing the control rule

in the converter show non-minimum phase behaviour. For that, ,
it is not possible to apply the passivity-based controller tech- Bzaq + vz4qa — BE — BR1Z, + YR333 — 9‘%{1
niques. Fortunately, this range of adjustments will not be of D = (B —7)z2a (19)
prime concern in a practical situation where we rather choose

for zero output current ripple, corresponding to the matchiragnd let the functional relations, 234, 244 as in (17). For fur-
condition instead of the inverse matching condition. ther analysis, we refer to related considerations and remarks




as given in [6, 9]. The above developments lead to a full-statature research is recommended towards the involvement of
feedback scheme, which is based on philosophies that camime non-ideal physical effects, a more general statement

foundin [4, 8].
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Figure 4: Simulation of the closed-loop passivity-baémik converter with

zero-outputripple

In Fig. 4, some simulation results are depicted forGl con-

verter (11) in closed-loop with the controller (17). The sal

about the non-minimum phase structure, and the influence of
more complex topologies that are given in the power electron-
ics literature. Furthermore, in general it remains a problem to
tune the controller in an optimal way, since the correspond-
ing equations are quite complex. It is therefore recommended
to search for smart algorithms to tackle this problem. Some
preliminary results on this topic can be found in [12, 13].
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