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Abstract

A new sliding mode observer based on Wallcot and
Zak's observer for linear uncertain systems was pro-
posed in Part I of this article. The proposed observer
works under much less conservative conditions than the
ones previously proposed. In this article, the observer
design methodology that was proposed for linear sys-
tems in the �rst part of this paper is extended to a
general class of nonlinear uncertain systems. Numeri-
cal examples are used to illustrate the validity of the
proposed observer design strategy.
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1 Introduction

A common approach to the problem of observer design
for nonlinear systems has been to extend the linear Lu-
enberger observer or Kalman Filter design approach to
nonlinear systems. In this respect, one design approach
deals with nonlinear systems for which observers with
linearizable error dynamics can be designed (see e.g.
[2], [14], [15], [17]). In several works (see eg. [4], [7],[9],
[16]) systems which are composed of a linear unforced
part and a nonlinear state dependent controlled part
are considered. In such cases, the nonlinearity is usu-
ally accounted for via its Lipschitz constant in the ob-
server design strategy.

In [13], under some uniform detectability conditions,
the authors have proposed a constant gain observer for
a class of nonlinear systems without inputs. This con-
dition is usually not easy to verify and as a result, the
gain of the observer can not be explicitly calculated. In
[10], an observer is given for a class of nonlinear systems
which are not necessarily control aÆne. However, the
gain of the proposed observer is not easily computable.
In recent works [6, 11], observers based on some ideas
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from the high gain approach, whose gain could easily
be designed, were proposed for multivariable nonlinear
systems.

Nonlinear unknown input observers (NUIO) were sub-
jects of few studies with a main motivation of applying
such an observer to model based fault detection and
isolation (FDI) problems. In this realm, [19] extended
the method of linear unknown input observer to a class
of nonlinear systems, where if existence conditions are
satis�ed, a nonlinear transformation is used to produce
a reduced-order model which is una�ected by unknown
inputs. Then a nonlinear observer is constructed for
this transformed model. Similarly, [21] considered the
nonlinear systems which can be transformed into out-
put injection form.

A di�erent class of observer design methodology for
nonlinear systems is that based on variable structure
systems (VSS) theory, such as sliding mode observers
(SMO). [8] extended Utkin SMO for linear systems to
nonlinear systems of the form in

_x = f(x) +B(x)u
y = h(x)

(1)

This extension was also applied to nonlinear systems in
triangular input form in [1], output and output deriva-
tive injection form in [5], and general nonlinear ob-
serverable systems with measurements that are linearly
related to the state vector (i.e. y = Cx) in [18, 20]. In
[22] adaptive sliding mode observers were used for FDI
in a class of nonlinear uncertain systems. In this arti-
cle, unknown input decoupled nonlinear observers from
the viewpoint of sliding mode are developed.

2 Sliding Mode Observer For Nonlinear

Uncertain systems

The multivariable nonlinear systems we consider are
described in state space form by equations of the fol-



lowing form

_x = f(x) +B(x; u) +
P

m

i=1
gi(x)di(x; u; t)

y1 = h1(x)
::: :::

yp = hp(x)

(2)

in which x 2 M , a C
1 connected manifold of di-

mension n, f(x); B(x; u); G(x) = [g1(x); :::; gm(x)] are
smooth vector �elds on M , and hi(x); i = 1; :::; p are
smooth functions from M in R. the term d(x; u; t) rep-
resents the uncertainty due to modeling error or com-
ponent/actuator faults, which is unknown. In what fol-
lows, local coordinates are generally used. When global
properties are considered, notions are simpli�ed by as-
suming that M accepts a global coordinate system.

Assumption 1 We assume that p � m, and the �rst

m outputs have relative degree fq1; :::; qmg correspond-

ing to G(x) at each point x0 2M . This means

Lgj
L
k

f
hi(x) = 0

for all j = 1; :::;m, for all k < qi�1, for all i = 1; :::;m,

and for all x in M . Further, the m�m matrix

A(x) =

0
BBB@

Lg1
L
q1�1

f
h1(x) ::: Lgm

L
q1�1

f
h1(x)

Lg1
L
q2�1

f
h2(x) ::: Lgm

L
q2�1

f
h2(x)

::: ::: :::

Lg1
L
qm�1

f
hm(x) ::: Lgm

L
qm�1

f
hm(x)

1
CCCA

is nonsingular at each point x0 2M .

Assumption 2 The distribution spanned by the vector

�elds g1(x); :::; gm(x) is involutive.

Lemma 1 Given the system (2), if assumptions 1-2

are valid, then

q1 + :::+ qm � n

Set, for i = 1; :::;m,

�
i

1
= hi(x)

�
i

2
= Lfhi(x)

::: :::

�
i

qi
= L

qi�1

f
hi(x)

if q = q1 + ::: + qm is strictly less than n, it is always

possible to �nd n� q more functions �q+1(x); :::; �n(x)
such that the mapping

�(x) = col(�1
1
(x); :::; �1

q1
(x); :::; �m

qm
(x); �q+1(x); :::; �n(x))

has a Jacobian matrix which is nonlinear at each x0 2

M and therefore quali�es as a local coordinate transfor-

mation in M . Moreover, it is always possible to choose

�q+1(x); :::; �n(x) in such a way that

Lgj�i(x) = 0

for all i = q+1; :::; n; j = 1; :::;m, and all x in M . Set
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1
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for i = 1; :::;m; and xd = (x1
d
; :::; x

m

d
),
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0
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x
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o

:::

x
n�q
o

1
CCA =

0
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�q+1(x)
�q+2(x)
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the equations under new coordinates can be written as

_
x
i

1
= x

i

2
+ b

i

1
(xd; xo; u)

::: :::

_
x
i

qi�1
= x

i

qi
+ b

i

qi�1
(xd; xo; u)

_xi
qi

= ai(xd; xo) + b
i

qi
(xd; xo; u) +

P
m

j=1
cij(xd; xo)dj

yi = x
i

1

(3)
for i = 1; :::;m, and

_xo = q(xd; xo) + p(xd; xo; u)
ym+1 = hm+1(xd; xo)
::: :::

yp = hp(xd; xo)

(4)

where

ai(xd; xo) = L
qi

f
hi(�

�1(xd; xo));

cij = Lgj
L
qi�1

f
hi(�

�1(xd; xo))

and

b
i

k
(xd; xo; u) =

@(Lk�2

f
hi)

@x
B(��1(xd; xo); u)

The above lemma is a trivial extension of Proposition
5.1.2 in [12]. Similar to the role of SCB transformation
for linear systems, a nonlinear transformation �(x) de-
composes the system (2) into two subsystems. Of the
two subsystems, only xd subsystem is e�ected by un-
known inputs. Of course, this is not a complete de-
composition because it is relies on Assumption 1 and
2. The development of a complete transformation for
general nonlinear system will be studied in the future.

Next, we shall discuss the observer design for system
(3)-(4).

2.1 Observability of Subsystems

If a linear system is observable, for any control input
the initial state can be reconstructed. This property is
in general not true for nonlinear systems, and the ob-
servability of nonlinear systems is associated with in-
puts. The observability of nonlinear subsystem (3)-(4)
is great interest to us. Generally, unknown inputs can



make a nonlinear system to become unobservable, just
the same as known inputs. For known input signals,
one can avoid applying those \bad inputs". However,
the unknown inputs which may be the result of a fail-
ure or certain other disturbances are beyond our con-
trol. Therefore, observability for all unknown inputs
is in general necessary in order to design a nonlinear
unknown input observer, unless it can be guaranteed
a priori that the unknown inputs do not belong to the
class of bad inputs. Based on the work in [10], we have
following lemma that shows the conditions such that
the observability of xd subsystem is independent of un-
known inputs.

Lemma 2 Let xi
d
= fx1

d
; :::; x

i�1

d
; x

i+1

d
; :::; x

m

d
g. As-

sume each x
i

d
subsystem in (3) has its input term in

the following form

b
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i

1
(xi

1
; x

i

2
; x

i

d
; xo; u)

b
i
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(xi

1
; x

i

2
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d
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qi
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(5)

and the functions

1 +
@b

i

j

@x
i

j+1

6= 0; j = 1; :::; qi � 1

and state xo; x
i

d
is considered as inputs for xi

d
subsys-

tem. Then x
i

d
subsystem is uniformly observable for all

inputs u; d; xi
d
and xo.

An open problem which does not e�ect the develop-
ment here is whether xo subsystem is observable if and
only if the original system (2) is observable.

2.2 Sliding observer for subsystem with un-

known inputs

We shall �rst build an unknown input independent ob-
server for xd subsystem.

Theorem 1 If each x
i

d
subsystem in (3) has its input

term in the following form

b
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b
i

2
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2
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(6)

there exists a choice of �i
j
; i = 1; :::;m; j = 1; :::; qi such

that following sliding mode observer can be built to es-

timate states �,
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x
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1
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2
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2
)
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x
i
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qi
+ b

i

qi�1
(x̂i

2
; :::;

^
x
i

qi�1
; y; u)+

�
i

qi�1
sign(ei

qi�1
)

_̂
xi
qi

= ai(x̂d; x̂o) + b
i

qi
(x̂d; x̂o; u) + �

i

qi
sign(ei

qi
)

(7)

where ei
j
; j = 1; :::; qi are given by

e
i

j
= (�i

j�1
sign(ei

j�1
))eq (8)

as in equation (26) in Part I of this article.

Observer (7) is a simple extension of work in [1], where
sliding mode observer for single output triangular in-
put form nonlinear systems is studied. The proof is
similar to Theorem 2 in Part I of this paper and is
omitted here. The above form is more general than the
output injection or triangular input form, but more
conservative than the form (6), which assures uniform
observability.

Remark 1 In observer (7), x̂o is the estimate of xo,
which will be further discussed later. However, as long
as both x̂o and xo are bounded, observer (7) will always
converge, no matter how large kx̂o�xok may be. In the
other words, letting x̂o = 0 does not e�ect its conver-
gence property. The reason for this desirable property
is that xo is only con�ned to the last equation.

Remark 2 Similar to linear systems case in part I, it
is not always necessary to design the proposed sliding
mode observer based on the transformed system model,
noting that it is much more diÆcult to �nd the suit-
able nonlinear transformation than linear transform.
For nonlinear systems with linear output equation, we
suggest to check the possibility of designing based on
original system equation. The basic rule is to make sure
unknown inputs will not appear in the equivalent con-
trol signal. Our example illustrate this intuitive design
procedure.

Remark 3 It should be noted that if qi = 1; i =
1; :::;m, above theorem does not put any special con-
straint on the input term. This condition corresponds
to condition rank(CG) = rank(G) for linear systems.
qi = 1; i = 1; :::;m means all states of subsystem xd

are measurable. An observer for such a system may be
unnecessary for controller synthesis, but will be useful
in fault detection and isolation (FDI) applications.

Remark 4 The nonlinear unknown input observer de-
sign method reported in [19], transforms the system (2)



by z = T (x), where @T (x)

@x
G(x) = 0. Then an observer

for the reduced order z subsystem is built. The origi-
nal state is obtained through x = �(z; y�), where y� is
obtained from a nonlinear transformation y

� = S(y).
It stated that the inverse function x = �(z; y�) exists,
if and only if

rank

 
@T (x)

@x
@S(y)

@x

!
= n; (9)

limkxk!1k(T (x) S(y))T k =1 (10)

However, the question as to under what conditions
there exists S(y) that satisfy conditions (9-10) is still
unresolved. In [19] it is stated that p > m is a neces-
sary condition which at least in theory is not true. Our
above analysis clearly implies that pi = 1; i = 1; :::;m
and xo subsystem being detectable, are suÆcient for
existence of nonlinear unknown inputs observer.

Remark 5 The m observers for xi
d
(i = 1; :::;m) sub-

systems can run in parallel, although in each observer,
e
i

j
converges to zero if all the ei

k
with k < j have already

converged to zero. If we allow states xi
d
to be estimated

after xk
d
with k < i have been estimated correctly, then

the input term can be following a more general form,

b
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1
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d
; :::; x
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d
; u)

b
i

2
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2
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2
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; u)
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b
i

qi�1
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(�i
2
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qi�1
; y; �

1
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i�1
; u)

b
i

qi
(xd; xo; u) = b

i

qi
(xd; xo; u)

Further, if xo subsystem is independent of xd and can
be estimated correctly by certain observer, then it is
not a problem for xo to appear in all input terms of xd
subsystem.

Remark 6 Although sliding mode concept provides a
nice framework for general class of linear and nonlinear
uncertain systems, due to the inherent property of slid-
ing mode there exists two basic drawbacks for practical
applications. First, although the bound of unknown in-
put is known, the estimation error bound is not known
a priori . This makes the selection of the gain diÆcult.
If the gain is too large, observer will exhibit excessive
chattering before reaching sliding mode. If the gain is
too small, observer may never be able to reach sliding
mode and converge to real state value. Secondly, it is
diÆcult to choose a suitable time to use the equivalent
control signal. The equivalent control signal should be
used only if its corresponding estimation error is near
zero, or in sliding mode. However, except for those
states which are measured, we do not know if a state
estimation is in sliding mode or not. If the equivalent
control is used too early, peaking phenomena is un-
avoidable. If the equivalent control is used too late, a

correct estimation in time can not be achieved which
is unacceptable for high quality control.

2.3 Observer for subsystem without unknown

inputs

The xo subsystem in (4) is free of unknown inputs.
Therefore, an observer can be designed using any of ex-
isting techniques, including the standard sliding mode
observer. Although, no uniform design methodology
for general nonlinear systems exists.

3 Illustrative Example

Example 1 A three-phase current motor model [3] is
described by following nonlinear equations,

_x =

2
4 f1(x)

f2(x)
f3(x)

3
5+B(x)u+ g(x)d

=

2
4 x2

�A1x2 �A2x3sinx1 �A3sin2x1
�D1x3 +D2cosx1

3
5x+

2
4 0 0

1 0
0 1

3
5� u1

u2

�
+

2
4 0 0

1 0
0 1

3
5� d1

d2

�

where x = [x1; x2; x3]
T , and x1; x2 and x3 denote the

motor's rotor angle, speed deviation and �eld 
ux link-
age, respectively. The known inputs are u1( nominal
mechanical power input) and u2(�eld voltage) and un-
known inputs are

d1 = �A1x2 +�A2x3sinx1 +�A3sin2x1

which represents uncertainties of parameters A1; A2

and A3, and

d2 = �D1x3 +�D2cosx1

which represents uncertainties of parameters D1, and
D2. All changes are induced by the operating tem-
perature, or component incipient faults. The unknown
inputs d1 or d2 may be small enough to be neglected in
di�erent operation conditions. To illustrate the robust
SMO design, we consider several cases.

Case 1: Both d1 and d2 are nonzero

In this case, it is noted that x1; x2 is a sub-system in
the triangular form of (3) if x1 is measured, namely
y1 = x1, which will make x2 to be observed. If we have
y2 = x3, then all states will be estimated by following
observer,

_̂x1 = x̂2 + �1sign(y1 � x̂1)
_̂x2 = �A1x̂2 �A2y2siny1 �A3sin2y1+

�2sign((�1sign(y1 � x̂1)eq)
_̂x3 = �D1x̂3 +D2cosy1 + �1sign(y2 � x̂3)



Case 2: d1 is nonzero, d2 is zero

In this case, x3 is a unknown input free subsystem.
Fortunately, it is also detectable because D1 > 0. We
can build the following observer,

_̂x1 = x̂2 + �1sign(y1 � x̂1)
_̂x2 = �A1x̂2 �A2x̂3siny1 �A3sin2y1+

�2sign((�1sign(y1 � x̂1)eq)
_̂x3 = �D1x̂3 +D2cosy1

Case 3: d1 is zero, d2 is nonzero

In this case, with only one measurement for x1, the
system can be transformed into triangular form and all
states can be estimated. Note g(x) = [0 0 1]T , the
relative degree of output y = h(x) = x1 corresponding
to g(x) can be calculated as

@h1

@x
= (0 0 1); Lgh1(x) = 0; Lfh1(x) = f1(x) = x2

@(Lfh1)

@x
=

@f1

@x
= (0 1 0);

LgLfh1(x) = 0;L2

f
h1(x) = f2(x)

@(L2

f
h1)

@x
= (�A2x3cosx1�A3cos2x1 �A1 �A2sinx1);

Lg1
L
2

f
h1(x) = �A2sinx1

Note that LgL
2

f
h1(x) 6= 0 if x1 6= k�, thus relative

degree is r1 = 3 at point x1 6= k�. This means that we
shall be able to �nd a transformation only locally, away
from any point such that x1 = k�. The transformation
is

�1 = �1(x) = h1(x) = x1

�2 = �2(x) = Lfh1(x) = x2

�3 = �3(x) = L
2

f
h1(x) = f2(x)

The Jacobian matrix of the transformation thus de�ned

@�

@x
=

2
4 1 0 0

0 1 0
�A2x3cosx1 �A3cos2x1 �A1 �A2sinx1

3
5

is nonsingular for all x1 6= k�, and the inverse trans-
formation is given by

x1 = �1

x2 = �2

x3 = z(�) = �3+A1�2+A3sin2�1

�A2sin�1

In these new coordinates the system is described by

_�1 = �2

_�2 = �3

_�3 = �A1�3 � �2(A2z(�)cos�1 + 2A3cos2�1)�
A2sin�1(�D1z(�) +D2cos�1)

y1 = �1

Actually, the SMO can be done without above compli-
cated transformation calculation. The observer is

_̂x1 = x̂2 + �1sign(y1 � x̂1)
_̂x2 = �A1x̂2 �A2x̂3siny1 � A3sin2y1+

�2sign((�1sign(y1 � x̂1)eq)
_̂x3 = �D1x̂3 +D2cosy1 + �3sign(e3)

note the equivalent control signal based on the second
equation is

(�2sign(e2))eq = �A2e3siny1

thus

e3 =
(�2sign(e2))eq

�A2siny1

= e3

Obviously, it is true only if sin y1 6= 0. The parame-
ters in the model have the value, A1 = 0:2703; A2 =
12:01; A3 = �48:04; D1 = 0:3222; D2 = 1:9, and
�D2 = 0:6. The control input u1 = 36:19; u2 = 1:9333.
The gain �1 = �2 = �3 = 200. The initial state is as-
sumed to be x0 = f0:88; 0:0; 6:5g, and initial value of
observer is �0 = f0:0; 20g and �0 = 0:8. The simulation
result for case 3 is shown in Figure 1-3.
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Figure 1: Estimation of state x1
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Figure 2: Estimation of state x2

4 Conclusion

In this second part of a two parts article on the design
of sliding mode observers, we extended our proposed
observer to certain class of nonlinear uncertain systems.
It is of future research interest to focus on sliding mode
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Figure 3: Estimation of state x3

observer for more general classes of nonlinear systems,
as well as application of this class of observers to the
problem of fault detection and isolation. It is also a
subject of future research interest to apply the observer
design methodology proposed here to the problem of
observer based fault detection and isolation (FDI).
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