
��������� �	 
������ ��
���� �������

������� �� ���� ��
��� ��
��� �����������
�

Z1 Vwhyhq Jud| Rvfdu U1 Jrq}�doh} Vxgduvkdq Sdwlonxonduql

Ghsduwphqw ri Hohfwulfdo dqg Frpsxwhu Hqjlqhhulqj
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Qruiron/ Ylujlqld 5685<03579 X1V1D1
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Devwudfw

Lq d qxpehu ri dssolfdwlrqv lqyroylqj idxow wrohudqw glj0
lwdo frqwuro v|vwhpv/ wkhuh qdwxudoo| dulvhv d fodvv ri
mxps olqhdu glvfuhwh0wlph v|vwhpv fkdudfwhul}hg e| kdy0
lqj udqgrp shuwxuedwlrqv lq wkhlu guliw whupv1 Lq wklv
sdshu/ d qhfhvvdu| dqg vx�flhqw frqglwlrq iru phdq
vtxduh vwdelolw| ri vxfk v|vwhpv lv ghyhorshg dqg wkhq
dssolhg wr wkh vwdelolw| dqdo|vlv ri gljlwdo �ljkw frq0
wuro v|vwhpv rshudwlqj lq hohfwurpdjqhwlf +HP, hqyl0
urqphqwv1 Lq sduwlfxodu/ wkh vwdelolw| ghjudgdwlrq gxh
wr HP lqgxfhg gljlwdo phpru| huuruv lv h{dplqhg1

41 Lqwurgxfwlrq

Frqvlghu d �qlwh vhw ri q � q pdwulfhv D =@
iD3> D4> = = = > DQ�4j dqg d Pdunry fkdlq �+l, zlwk
vwdwhv i3> 4> = = = > Q � 4j dqg wudqvlwlrq suredelolwlhv �1
Wkh fodvvlf krprjhqhrxv mxps olqhdu v|vwhp lv

{+l. 4, @ D�+l,{+l,> {+3, @ {r> +4,

zkhuh {r lv d yhfwru ri udqgrp yduldeohv gh�qhg rq
dq xqghuo|lqj suredelolw| vsdfh +
>E> S ,1 +Erogidfh
w|sh zloo lqglfdwh d udqgrp yduldeoh ru surfhvv1, Vxfk
v|vwhpv fdq eh ylhzhg dv d vshfldo fdvh ri wkh vwrfkdvwlf
glvfuhwh0wlph v|vwhp

{+l. 4, @ D+l,{+l,> {+3, @ {r> +5,

zkhuh D+l, ghqrwhv dq q � q pdwul{0ydoxhg udqgrp
surfhvv1 Vwdelolw| dqdo|vlv ri v|vwhp +5, lv d fodvvlf
wrslf zkhq wkh pdwulfhv iD+l, = l � 3j duh l1l1g1 ^7/ 8`1
Lq wkh fdvh ri v|vwhp +4,/ d yhu| frpsohwh vwdelolw|
dqdo|vlv dovr h{lvwv ^5/ 44`1 Sulpdulo| prwlydwhg e|
dssolfdwlrqv/ krzhyhu/ wkh iroorzlqj w|sh ri vwrfkdvwlf
mxps olqhdu v|vwhp lv wkh irfxv ri wklv sdshu=

{+l. 4, @ D�+l,{+l,> {+3, @ {r> +6,

zkhuh D =@ iD3>D4> = = = >DQ�4j lv d vhw ri q� q udq0
grppdwulfhv lqghshqghqw ri wkh Pdunry fkdlq �+l, dqg
wkh lqlwldo frqglwlrq {r1 Wkh h{lvwlqj vwdelolw| wkhru|
iru v|vwhpv +4, dqg +5, lv qrw gluhfwo| dssolfdeoh khuh1
Khqfh/ lq wkh �uvw kdoi ri wkh sdshu/ d qhfhvvdu| dqg

vx�flhqw frqglwlrq iru phdq vtxduh vwdelolw| ri vxfk
v|vwhpv lv ghyhorshg1

Lq wkh vhfrqg kdoi ri wkh sdshu/ wkh qhz vwdelolw| wkh0
ru| lv dssolhg lq wkh frqwh{w ri gljlwdo �ljkw frqwuro1
Zlwk wkh lqwurgxfwlrq ri �|0e|0zluh v|vwhpv lq flylo0
ldq dyldwlrq/ wkh sureohp ri ghvljqlqj/ lpsohphqwlqj/
whvwlqj dqg fhuwli|lqj kljko| uholdeoh frpsxwhu frqwuro
v|vwhpv kdv ehfrph d pdmru fkdoohqjh wr wkh lqgxvwu|
dqg wkh IDD ^6/ 47`1 Dvlgh iurp wkh xvxdo sureohpv ri
sodqw xqfhuwdlqw|/ vhqvru dqg dfwxdwru idloxuhv/ dqg hq0
ylurqphqwdo xqfhuwdlqwlhv/ dylrqlf v|vwhpv duh dovr vxe0
mhfw wr hohfwurpdjqhwlf +HP, glvwxuedqfhv iurp erwk
qdwxudo dqg pdq0pdgh vrxufhv ^46`1 Vxfk HP glvwxu0
edqfhv fdq lqwurgxfh wudqvlhqw vljqdov rq dqdorj vhqvru
dqg dfwxdwru olqhv/ fkdqjh gdwd rq gljlwdo exvhv dqg
lq phpru|/ ru hyhq surgxfh orjlf fkdqjhv lq wkh FSX1
Wkh uhvxow ri wkhvh vr fdoohg frpsxwhu xsvhwv lv wkh lq0
wurgxfwlrq ri vrph ghjudgdwlrq lq wkh txdolw| ri wkh
frqwuro vljqdo udqjlqj iurp d shuwxuedwlrq huuru ryhu
d ihz vdpsoh shulrgv wr d shupdqhqw huuru prgh ru
frpsxwhu idloxuh1 Lq ^:`0^<`/ wkh dxwkruv lqwurgxfhg dq
HP glvwxuedqfh prgho zklfk fdq eh xvhg iru vwdelolw|
dqdo|vlv dqg dxjphqwdwlrq ri d gljlwdoo| lpsohphqwhg
olqhdu vwdwh ihhgedfn frqwuro odz1 Wkh prgho frqvlvwhg
ri d Pdunryldq h{rv|vwhp vxsso|lqj udgldwlrq hyhqwv
wr d glvfuhwh0wlph mxps olqhdu v|vwhp/ zklfk prghohg
krz wkh udgldwlrq lqwhuihuhg zlwk wkh qrplqdo rshud0
wlrq ri wkh forvhg0orrs v|vwhp1 Wkh vwdwlvwlfv ri wkh
h{rv|vwhp zhuh sursrvhg wr eh htxlydohqw wr wkrvh ri
d +P mP m4, txhxh1 Wkh lqwhuihuhqfh prgho pdsshg
hdfk txhxh vwdwh ri wkh h{rv|vwhp wr d fruuhvsrqglqj
ghwhuplqlvwlf shuwxuedwlrq ri wkh frqwuro odz/ zklfk zdv
lqwurgxfhg zlwk d fhuwdlq suredelolw| ghshqghqw rq wkh
txhxh vwdwh1 Lw zdv dvvxphg wkdw wkh frqwuro odz shu0
wxuedwlrqv |lhoghg d zruvw0fdvh h�hfw rq wkh forvhg0orrs
v|vwhp1 Lq wklv sdshu wkh whfkqltxh lv qrz jhqhudol}hg
wr doorz iru vwrfkdvwlf shuwxuedwlrqv/ d pruh uhdolvwlf
prgho1 Rqh dssolfdwlrq ri wklv h{whqvlrq lv lq prgholqj
HP lqgxfhg udqgrp elw �lsv lq frpsxwhu phpru| +vhh
lq sduwlfxodu ^;/ <`,1 Lw lv dvvxphg wkurxjkrxw wkdw wkh
xsvhw frqglwlrq lv plog hqrxjk wr suhyhqw wkh v|vwhp
iurp jrlqj lqwr d shupdqhqw huuru prgh1 Khqfh/ wkh
huuru lq wkh frqwuro vljqdo dv d uhvxow ri HP lqwhuihu0
hqfh zloo eh prghohg dv d vwuxfwxudo shuwxuedwlrq wr
wkh lghdo frqwuro odz1



Wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh qh{w vhfwlrq/
wkh qhz vwdelolw| wkhru| dvvrfldwhg zlwk v|vwhp +6, lv
suhvhqwhg1 Wkhq lq Vhfwlrq 6/ wklv wkhru| lv dssolhg
wr HP glvwxuedqfh prgholqj dqg dqdo|vlv1 Lq wkh �qdo
vhfwlrq/ vrph vlpxodwlrq uhvxowv duh suhvhqwhg1

51 Vwrfkdvwlf Vwdelolw| Dqdo|vlv

Frqvlghu d krprjhqhrxv vwrfkdvwlf gl�huhqfh htxdwlrq
ri wkh irup +5,1 Lw dvvxphg wkurxjkrxw wkdw wkh glv0
wulexwlrqv iru hdfk D+l,/ l � 3/ dqg {r duh vxfk wkdw
wkh v|vwhp kdv dw ohdvw �qlwh vhfrqg rughu prphqwv/
wkdw lv/ T+l, =@ Hi{+l,{W +l,j kdv �qlwh frpsrqhqwv
iru hdfk l � 31 Wkh pdlq qrwlrq ri vwrfkdvwlf vwdelolw|
frqvlghuhg khuh lv jlyhq ehorz1

Gh�qlwlrq 514 Wkh v|vwhp +5, lv phdq vtxduh vwd0
eoh li iru dq| lqlwldo frqglwlrq {r wkhuh h{lvwv d pdwul{
T 5 LUq�q qrw ghshqglqj rq {r vxfk wkdw

nT+l,�Tn $ 3 dv l$4>

zkhuh n � n lv dq| lqgxfhg pdwul{ qrup1

Wkh pdlq vwdelolw| uhvxow lv d qhfhvvdu| dqg vx�flhqw
frqglwlrq iru phdq0vtxduh vwdelolw| ri d krprjhqhrxv
mxps0olqhdu v|vwhp zlwk udqgrp D pdwulfhv1 Wkh
phwkrg ri surri dfwxdoo| exlogv rq wkh ghwhuplqlvwlf
D pdwul{ fdvh lq ^5`1

Wkhruhp 514 Ohw �+l, eh d �qlwh vwdwh Pdunry fkdlq
zlwk vwdwhv i3> 4> = = = >Q �4j dqg wudqvlwlrq suredelolwlhv
�1 Dvvxph wkh udqgrp yduldeohv frpsulvlqj {r kdyh
�qlwh mrlqw vhfrqg0rughu prphqwv dqg duh lqghshqghqw
ri i�+l, = l 5 ].j1 Ohw D =@ iD3>D4> = = = >DQ�4j eh
d vhw ri q�q pdwulfhv/ zkhuh hdfk pdwul{ kdv udqgrp
frpsrqhqwv zlwk �qlwh mrlqw prphqwv dqg lqghshqghqw
ri i�+l, = l 5 ].j dqg {r1 Wkhq wkh g|qdplfdo v|vwhp

{+l. 4, @ D�+l,{+l,> {+3, @ {r

lv phdq0vtxduh vwdeoh li dqg rqo| li

�+D4+D,, ? 4 d=h=>

zkhuh �+�, ghqrwhv wkh vshfwudo udglxv dqg

D4+D, @ +�W
Lq5, gldj+D3
D3> = = = >DQ�4
DQ�4,=

Surri = Iluvw revhuyh wkh edvlf ghfrpsrvlwlrq
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zkhuh 4i�j ghqrwhv wkh Gludf phdvxuh1 Iru �{hg D @ D
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Xvlqj wkh idfw wkdw doo vwdwlvwlfv lqyroylqj �+l . 4, duh
frpsohwho| nqrzq li rqo| �+l, lv jlyhq/ wkh iroorzlqj
vlpsol�fdwlrqv dsso|=
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Qrz dsso| wkh froxpq vwdfnlqj rshudwru yhf+�, wr erwk
vlghv ri wkh htxdwlrq deryh1
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Qh{w/ vwdfnlqj wkh yhfwruv �tn+l . 4mD, lqwr d froxpq
yhfwru dqg doorzlqj D wr eh udqgrp/ wkh iroorzlqj wlph0
lqyduldqw vwrfkdvwlf gl�huhqfh htxdwlrq uhvxowv=

�t+l. 4mD, =@
�
�tW3 +l. 4mD,> = = = > �tWQ�4+l. 4mD,

�W
@ D4+D, �t+lmD,=

Xqghu wkh vwdwhg frqglwlrqv/ lw lv hohphqwdu| wr vkrz
wkdw vxfk d v|vwhp lv vwdeoh lq wkh phdq li dqg rqo| li



�+D4+D,, � 4 d1h1 +d surri lv rxwolqhg lq dq dsshqgl{
iru frpsohwhqhvv,1 Lq zklfk fdvh/ wkh odwwhu frqglwlrq
lv htxlydohqw wr kdylqj

olp
l$4

Hi�t+lmD,j @ olp
l$4

�t+l, @ 3>

zklfk lq wxuq lv htxlydohqw wr wkh frqglwlrq

olp
l$4

T+l, @ olp
l$4

yhf�4+�t+l,,

@ yhf�4
�
olp
l$4

�t+l,
�
@ 3=

Khqfh/ wkh v|vwhp lv phdq vtxduh vwdeoh li dqg rqo| li
�+D4+D,, � 4 d1h1

Lq rughu wr ehwwhu xqghuvwdqg wkh frqvhtxhqfhv ri d v|v0
whp qrw ehlqj phdq vtxduh vwdeoh/ frqvlghu wkh iroorz0
lqj wkhruhp dgdswhg iurp ^44`1 +Lwv frqyhuvh lv nqrzq
wr eh idovh1,

Wkhruhp 515 Li wkh v|vwhp +4, lv phdq vtxduh vwdeoh
wkhq iru dq| jlyhq {r dqg lqlwldo glvwulexwlrq �/ lw lv
doprvw vxuho| frqyhujhqw wr 3/ l1h1/ {+l, $ 3 z1s1 4 dv
l$41

Zkhq wklv uhvxow lv frpelqhg zlwk Wkhruhp 514/ wkh
iroorzlqj ohppd uhvxowv1

Ohppd 514 Lq wkh frqwh{w ri Wkhruhp 514/

Si{+l,�$� 3j � Si�+D4+D,, � 4j=

Wkxv/ li d v|vwhp lv qrw phdq vtxduh vwdeoh/ wkhq wkh
suredelolw| pdvv ri �+D4+D,, h{fhhglqj xqlw| surylghv
dq xsshu erxqg rq wkh suredelolw| wkdw dq| jlyhq vwdwh
wudmhfwru| zloo qrw frqyhujh wr }hur1 Wkh xwlolw| ri wklv
uhvxow lv h{sorlwhg lq wkh qh{w vhfwlrq1

61 HP Glvwxuedqfh Prgholqj

Lq jhqhudo/ wkhuh duh wzr edvlf sduwv lq dq| glvwxuedqfh
prgho iru d frqwuro sureohp= d prgho iru wkh h{rv|vwhp
+dq| sduw ri wkh v|vwhp zklfk lv qrw wkh sodqw/ vhqvruv/
frqwuroohu ru dfwxdwruv, dqg dq lqwhuihuhqfh prgho zklfk
ghvfulehv h{dfwo| krz wkh h{rv|vwhp lqwhuihuhv zlwk wkh
qrupdo rshudwlrq ri wkh forvhg0orrs v|vwhp1 Wkh HP
glvwxuedqfh prgho lq Iljxuh 4 frqvlvwv ri d vljqdo lqmhf0
wlrq v|vwhp dqg2ru d frqwuro odz shuwxuedwlrq iru wkh
lqwhuihuhqfh prgho gulyhq e| d Pdunryldq h{rv|vwhp1
D frpsohwh fkdudfwhul}dwlrq ri wklv prgho dsshduv lq
^:`0^<`1 Ehorz d eulhi ryhuylhz wkh uhohydqw ihdwxuhv duh
suhvhqwhg1

Wkh H{rv|vwhp= Wkh w|slfdo �ljkw frqwuro frpsxwhu
rshudwhv lq d frpsoh{ hohfwurpdjqhwlf hqylurqphqw
frqvlvwlqj ri udgldwlrq dw pdq| gl�huhqw iuhtxhqflhv/
srzhuv/ dqg dqjohv ri lqflghqfh1 D gudvwlfdoo| vlpsol0
�hg prgho iru wklv hqylurqphqw lv wr txdqwl}h wkh qd0
wxuh ri wkh HP glvwxuedqfhv lq d vxlwdeoh zd|1 Dw dq|

Iljxuh 4= � U*Lti_�*LLT ��}�| UL?|hL* t)t|i4 ��|� |�i ,�
_�t|�hM@?Ui 4L_i*

vshfl�f wlph lqvwdqw w 5 LU/ ohw Q+w, ghqrwh wkh qxpehu
ri dfwlyh HP glvwxuedqfhv1 Lq wklv vlpsol�hg prgho/
wkh l0wk glvwxuedqfh lv fkdudfwhul}hg e| lwv duulydo wlph/
wl/ dqg lwv wrwdo gxudwlrq/ gl1 Zh dvvxph wkh udqgrp
yduldeohv wl frqvwlwxwh d Srlvvrq surfhvv zlwk frqvwdqw
sdudphwhu �> wkh gl kdyh dq h{srqhqwldo glvwulexwlrq
zlwk sdudphwhu �/ dqgQ+w, lv d phpru|ohvv Pdunryldq
frqwlqxrxv0wlph udqgrp surfhvv zlwk wudqvlwlrq sure0
delolw| udwhv

SiQ+w.�w, @ n . 4mQ+w, @ nj � �n�w

SiQ+w.�w, @ n � 4mQ+w, @ nj � �n�w=

Wkhvh vr fdoohg eluwk dqg ghdwk udwhv ghwhuplqh wkh
suredelolw| ri dgglqj ru uhprylqj d glvwxuedqfh lq wkh
qhdu ixwxuh jlyhq wkh fxuuhqw qxpehu ri glvwxuedqfhv1
Wkh uhpdlqlqj wudqvlwlrq suredelolw| udwhv duh wdnhq wr
eh }hur vr wkdw wkh vhw ri doo wudqvlwlrq udwhv fdq eh
uhsuhvhqwhg e| d wulgldjrqdo pdwul{ �1 Lw iroorzv gl0
uhfwo| wkdw �n @ � iru doo n � 31 Exw wkh ghdwk udwh/
iru h{dpsoh/ frxog hlwkhu eh �{hg dqg lqghshqghqw ri
n +�n @ �,/ lq zklfk fdvh wkh qxpehu ri fxuuhqw glvwxu0
edqfhv grhv qrw d�hfw wkh suredelolw| wkdw dqrwkhu zloo
eh uhpryhg lq wkh qhdu ixwxuh/ ru wkh ghdwk udwh pljkw
eh sursruwlrqdo wr n +�n @ n �,/ wkhq d glvwxuedqfh
lv pruh olnho| wr eh uhpryhg lq wkh qhdu ixwxuh zkhq
n lv odujh1 Wkh �uvw vfhqdulr pd| vhhp pruh khxulv0
wlfdoo| dsshdolqj iru rxu dssolfdwlrq/ exw lq ^:/ <` lw lv
dvvhuwhg wkdw wkh odwwhu fdvh lv d ehwwhu prgho1 Dv d
frqvhtxhqfh/ wkh vwdwlvwlfv ri Q+w, duh dvvxphg htxly0
dohqw wr wkrvh ri d +P mP m4, txhxh1 Wkh +P mP m4,
htxloleulxp vwdwh suredelolwlhv/ sn/ dqg wkh wudqvlwlrq
suredelolw| udwhv/ �l>m / duh vxppdul}hg lq Wdeoh 41

Dqrwkhu xvhixo h{rv|vwhp fkdudfwhul}dwlrq iroorzv iurp
gh�qlqj wkh +vwdwh, hyhqwv glvwxuedqfh devhqw dqg glv0
wxuedqfh h{lvwv/ uhvshfwlyho|/ dv

D =@ iQ+w, @ 3j> H =@ iQ+w, A 3j



zlwk wkh fruuhvsrqglqj wudqvlwlrq hyhqwv

D :$ H =@ iQ+w.�w, A 3mQ+w, @ 3j

H :$ D =@ iQ+w.�w, @ 3mQ+w, A 3j=

Wkh htxloleulxp vwdwh suredelolwlhv dqg wkh wudqvlwlrq
suredelolw| udwhv duh dovr jlyhq lq Wdeoh 41 Qrz lq wkh
hyhqw wkdw glvwxuedqfhv duh uduh/ wkh dyhudjh gxudwlrq
ri d glvwxuedqfh/ 4@�/ lv pxfk ohvv wkdq wkh dyhudjh lq0
whuduulydo vsdflqj ri glvwxuedqfh/ 4@�1 Wkxv/ lw iroorzv
wkdw � � �/ dqg wkh wud�f sdudphwhu � =@ �@� � 4
dqg sn � 3 iru n A 41 Zh ghqrwh wkh fruuhvsrqglqj
vwdwh dqg wudqvlwlrq suredelolw| udwhv zlwk hlwkhu d vx0
shuvfulsw ru vxevfulsw u1

Htxloleulxp Wudqvlwlrq
Vwdwh Suredelolwlhv Suredelolw| Udwhv

� �
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Jhqhudo Lqwhuihuhqfh Prgho= Lw lv dvvxphg wkdw wkh
sodqw lv prghohg e| wkh vdpsohg0gdwd v|vwhp

{+l. 4, @ D{+l, .Ex+l,

|+l, @ F{+l,>

zkhuh D 5 LUq�q/ E 5 LUq�p dqg F 5 LUs�q1 Zkhq
qr udgldwlrq lv suhvhqw/ wkh qrplqdo forvhg0orrs v|vwhp
zlwk x+l, @ u+l,�I{+l, zloo eh ghqrwhg e| +D3> E>F,1
Wkh lqwhuihuhqfh pdsslqj lv gh�qhg dv

L = ]. :$ LUp�q � LUp�p � ^3> 4`

= n :$ +�In> Jn> s
x
n,>

zkhuh ]. =@ i3> 4> 5> = = =j dqg �In ghqrwhv wkh shuwxu0
edwlrq wr wkh qrplqdo vwdwh vsdfh jdlq pdwul{ dssolhg
zlwk xsvhw suredelolw| sxn zkhq Q+w, @ n1 Wkh pdwul{
Jn lv d zhljkwlqj iru d qrlvh vhtxhqfh iz+l, = l 5 ].j
wkdw lv dgglwlyho| lqmhfwhg lqwr wkh forvhg0orrs dovr zlwk
suredelolw| sxn 1 Ohw �+l, ghqrwh wkh vwdwh ri wkh vdp0
sohg h{rv|vwhp Q+w,/ l1h1/ �+l, @ Q+lW ,/ zkhuh W lv
wkh vdpsolqj shulrg1 Iru vx�flhqwo| vpdoo W / �+l, lv
d glvfuhwh0wlph Pdunry surfhvv fkdudfwhul}hg e| wkh
wudqvlwlrq suredelolw| pdwul{ � @ h�W 1 Jlyhq wkdw
Q+w, @ n/ wkh suredelolw| ri dq xsvhw frqglwlrq uhvxow0
lqj lv sxn 1 Wkxv/ gh�qh d vhfrqg glvfuhwh0wlph Pdunry

surfhvv i��+l, = l 5 ].j frqvlvwlqj ri wzr vwdwhv iru hdfk
vwdwh ri i�+l, = l 5 ].j/ rqh iru wkh xsvhw frqglwlrq
dqg rqh iru wkh qr xsvhw frqglwlrq1 Wkh fruuhvsrqg0
lqj suredelolw| wudqvlwlrq pdwul{ lv ghqrwhg e| �� +vhh
^:/ <`,1 Zlwk wklv vhwxs/ wkh forvhg0orrs lqsxw dvvxphv
wkh irup

x+l, @ u+l,�
�
I .�I��+l,

�
{+l, .J��+l,z+l,

@ u+l,� +I{+l,� ~} �
f+l,

.�I��+l,{+l,�J��+l,z+l,� ~} �
ug+l,

,

|lhoglqj d idplo| ri forvhg0orrs v|vwhpv

{+l. 4, @ D��+l,{+l, .E��+l,z+l, . Eu+l,

|+l, @ F{+l,>

zkhuh iru c 5 ].=

Dc @

�
D�EI = c hyhq

D�E+I .�Ic, = c rgg

Ec @

�
3 = c hyhq

EJc = c rgg1

Wkh shuwxuedwlrqv i�Icj qhhg wr eh fkdudfwhul}hg h{0
shulphqwdoo|1 Lq wkh vwdelolw| dqdo|vlv suhvhqwhg lq ^:`0
^<`/ wkh shuwxuedwlrqv duh dvvxphg wr eh �{hg/ l1h1/ gh0
whuplqlvwlf1 Wkxv/ wkh vwdelolw| erxqgdulhv iru udgldwlrq
sdudphwhuv xvxdoo| uhsuhvhqw d zruvw0fdvh dqdo|vlv1 Iru
h{dpsoh/ rqh pljkw dvvxph wkdw doo HP glvwxuedqfhv
dozd|v lqwurgxfh wkh zruvw0fdvh elw �ls huuru lq php0
ru|1 D pruh uhdvrqdeoh dssurdfk/ ri frxuvh/ lv wr doorz
elw �lsv huuruv dw udqgrp phpru| dgguhvvhv1 Exw wklv
lpsolhv wkdw wkh fruuhvsrqglqj shuwxuedwlrq/ vd|�I n/
zloo kdyh vrph udqgrp frpsrqhqwv/ dqg olnhzlvh iru
Dn1

Vwdelolw| Dqdo|vlv ri Gljlwdo Phpru| Xsvhwv=
Frqvlghu wkh vlwxdwlrq zkhuh elw �lsv duh udqgrpo|
lqwurgxfhg lqwr wkh phpru| prgxoh frqwdlqlqj wkh
ihhgedfn jdlq/ I 1 Wkh vshfl�f h�hfw ri vxfk elw �lsv
ghshqgv rq wkh elqdu| uhsuhvhqwdwlrq ri lwv frpsr0
qhqwv1 Li vlqjoh suhflvlrq +650elw, LHHH �rdwlqj0srlqw
uhsuhvhqwdwlrq lv xvhg/ wkhq d qxpehu q lv uhsuhvhqwhg
e| q @ v � p � 5h/ zkhuh v lv wkh vljq elw/ p lv wkh
pdqwlvvd zlwk elqdu| uhsuhvhqwdwlrq 4= eee = = = e� ~} �

56

/ dqg h lv

wkh ;0elw eldvhg h{srqhqw ^43`1 Lq sudfwlfh/ vlqjoh sdu0
lw|/ eorfn sdulw| dqg sdulw| fkhfn frghv +olqhdu frghv,
duh zlgho| xvhg wr ghwhfw dqg fruuhfw phpru| huuruv lq
idxow wrohudqw v|vwhpv1 Ohw qI @ ^I `�>$ eh wkh LHHH
�rdwlqj0srlqw uhsuhvhqwdwlrq ri wkh +�> $, frpsrqhqw lq
wkh qrplqdo vwdwh ihhgedfn jdlq pdwul{1 Dvvxph wkdw d
vlqjoh sdulw| elw lv xvhg iru huuru ghwhfwlrq/ dqg lw lv qrw
vxemhfw wr elw fruuxswlrq1 Wkxv/ zh kdyh d 660elw zrug
@ 4 vljq elw . 56 pdqwlvvd elwv . ; h{srqhqw elwv . 4
sdulw| elw1 Dovr dvvxph wkdw rqo| wkh 56 pdqwlvvd elwv
dqg wkh vljq elw duh vxemhfw wr fruuxswlrq/ rwkhuzlvh
wkh uhvxowlqj forvhg0orrs frqwuro vljqdo lv olnho| wr
vdwxudwh1 Vxfk qrqolqhdu h�hfwv duh qrw kdqgohg e|
wkh suhvhqw wkhru|1 Iru d jlyhq udgldwlrq ohyho n � 4/
wkh fruuhvsrqglqj �In lv d udqgrp pdwul{ zkhuh hdfk
frpsrqhqw/ � @ ^�In`�$/ lv d udqgrp yduldeoh zlwk d
suredelolw| ghqvlw| ixqfwlrq

i�$+�, @

7:[
m@3

!m�+�� �m,> +7,

zkhuh

�m @

;AAAAA?
AAAAA=

3 = m @ 3 +qr elw �lsv,
	5h�o = m @ 4 wr 56 +o @ m,

+vlqjoh elw �ls/ qr vljq fkdqjh,
�5qI = m @ 57 +vljq elw �ls,

�+5qI 	 5h�o, = m @ 58 wr 7: +o @ m � 57,
+vlqjoh elw �ls/ vljq elw �ls,/



zlwk h wkh h{srqhqw ri qI / o @ 4> ===> 56 ghqrwhv wkh elw
�ls srvlwlrq lq wkh pdqwlvvd/ dqg !m lv wkh suredelolw|
dvvrfldwhg zlwk wkh mwk elw �ls hyhqw1 Iru htxdoo| olnho|/
lqghshqghqw elw huuruv zlwk suredelolw| sh/ lw lv hdvlo|
vkrzq wkdw wkh suredelolwlhv dvvrfldwhg zlwk wkh mwk elw
�ls hyhqw duh �!3 @ +4 � sh,

57/ �!m @ sh+4 � sh,
56 iru

4 � m � 56/ �!57 @ sh+4�sh,
56/ dqg �!m @ +sh,

5+4�sh,
55

iru 58 � m � 7:1 Wkh ghvluhg suredelolwlhv qhhg wr
eh qrupdol}hg +frqglwlrqhg, vr wkdw rqo| wklv vshfl�f
vhw ri elw fruuxswlrqv fdq rffxu1 Wkxv/ wkh| duh jlyhq

e| !m @ �!m@!wrw/ zkhuh !wrw @
S

7:

m@3
�!m 1 Wr dsso|

wkh vwdelolw| fulwhulrq lq Wkhruhp 514/ lw lv rqo| qhf0
hvvdu| wr qxphulfdoo| jhqhudwh wkh ghqvlw| ixqfwlrq iru
wkh udqgrp yduldeoh �+D4+D,,1 Vlqfh wkh ghqvlw| ixqf0
wlrq iru hdfk frpsrqhqw ri �I n lv glvfuhwh/ vr lv wkh
fruuhvsrqglqj ghqvlw| ixqfwlrq iru hdfk frpsrqhqw ri
Dn @ D � E+I . �I n,1 Wkh uhvxowlqj qhfhvvdu|
dqg vx�flhqw frqglwlrq iru phdq vtxduh vwdelolw| lv wkh
ghqvlw| ixqfwlrq iru �+D4+D,, kdylqj qr suredelolw|
pdvv h{fhhglqj rqh1 Wklv |lhogv d ihdvleoh frpsxwdwlrq
phwkrg iru ghwhuplqlqj wkh vwdelolw| wkuhvkrogv iru doo
wkh uhohydqw udgldwlrq sdudphwhuv1 Wklv lghd lv looxv0
wudwhg lq wkh qh{w vhfwlrq e| h{dpsoh1

71 Vlpxodwlrq Vwxglhv

Lq wklv vhfwlrq d vlpsoh h{dpsoh lv frqvlghuhg xqghu wkh
uduh hyhqw vfhqdulr1 Wkh v|vwhp dqg vlpxodwlrq sdud0
phwhuv duh jlyhq lq Wdeoh 51 Wkh udgldwlrq sdudphwhuv
duh G� =@ 4@+�W , dqg G� =@ 4@+�W ,/ zklfk fruuh0
vsrqg uhvshfwlyho| wr wkh dyhudjh lqwhuduulydo vsdflqj
ri dq HP glvwxuedqfh lq vdpsoh shulrgv dqg wkh dyhu0
djh gxudwlrq ri d HP glvwxuedqfh lq vdpsoh shulrgv1 Lq
wkh uduh hyhqw fdvh wkhq G� � G�1

Sdudphwhu Ydoxh

G� ;3
G� ^6> 7`

isx
3
> sx

4
j i3> 4j

sh 3=38
W 3=334 vhf

iD3> D4> D5j i3=<<<> 3=<<<> 3=<<<j
D6 udqgrp yduldeoh zlwk ghqvlw|

ixqfwlrq lq htxdwlrq +7,
{r xqlirup rq ^�43> 43`

Prqwh Fduor uxqv 4333
wrwdo wlph 433 vhf

Wdeoh 5= A�i t)t|i4 @?_ t�4�*@|�L? T@h@4i|iht uLh @ t�4�
T*i |it| i @4T*i�

Wkh vlpxodwlrq surjudp xvhv wkh Prqwh Fduor phwkrg
wr jhqhudwh hvwlpdwhv ri wkh vhfrqg rughu vwdwlvwlfv T+l,
dv d ixqfwlrq ri wlph1 Nhhslqj doo sdudphwhuv �{hg dqg
vzhhslqj rqo| G�/ lw dsshduv iurp Iljxuh 5 wkdw wkh
udgldwlrq vwdelolw| wkuhvkrog lv ehwzhhq G� @ 6 dqg
G� @ 71 Wklv fodlp lv ydolgdwhg e| vlpxodwlrq lq Ilj0
xuh 6 zkhuh wkh vhfrqg rughu prphqwv duh sorwwhg ryhu
wlph1 Ilqdoo| lq Iljxuh 7/ wkh vwhdg|0vwdwh ydoxhv ri
vdpsoh sdwkv ri {+w, duh sorwwhg iru hdfk Prqwh Fduor
uxq1 Lq oljkw ri Fruroodu| 514/ lw lv h{shfwhg wkdq qr

pruh wkdq 719 shufhqw ri wkh uxqv zloo glyhujh zkhq
G� @ 7/ dqg wklv dsshduv wr eh wkh fdvh khuh1 Lq wkh
pruh uhdolvwlf h{dpsoh ri d vwdelol}lqj frqwuroohu iru wkh
orqjlwxglqdo g|qdplfv ri wkh DIWL2I049 dlufudiw ds0
shdulqj lq ^9`/ wklv w|sh ri vwdwlvwlf khosv txdqwli| wkh
suredelolw| ri d v|vwhp lqvwdelolw| jlyhq d vshfl�f sure0
delolw| wkdw frqwuroohu phpru| huuruv fdq rffxu1
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Wklv uhvhdufk zdv vxssruwhg e| wkh QDVD Odqjoh|
Uhvhdufk Fhqwhu xqghu frqwudfw qxpehuv QDV404<;8;0
43;/ QDV40<<3<6 dqg QFF0406<51

Uhihuhqfhv

d�o +� �� �t�c +i@* �?@*)t�t @?_ �hLM@M�*�|)c wL?_L?G
�U@_i4�U �hittc �b.2�



0 100 200 300 400 500 600 700 800 900 1000
10

−300

10
−250

10
−200

10
−150

10
−100

10
−50

10
0

10
50

x ss

Sorted Monte Carlo Runs

Iljxuh 7= A�i UL?�ih}i?Ui t|@|�t|�U %rr uLh |�i �fff �L?|i
�@h*L h�?t ��i? (> ' e�

d2o �� w� V� �Lt|@ @?_ �� #� 6h@}LtLc �5|@M�*�|) +it�*|t uLh
#�tUhi|i�A�4i w�?i@h 5)t|i4t ��|� �@h!L��@? a�4T�
�?} �@h@4i|ihtc< a� �@|�i4@|�U@* �?@*)t�t @?_ �TT*��
U@|�L?tc �L*� �.bc �bb�c TT� �De��.H�

d�o 6i_ih@* ���@|�L? �_4�?�t|h@|�L?c ��ih|��U@|�L? Lu ��h�
Uh@u| ,*iU|h�U@*%,*iU|hL?�U 5)t|i4t uLh �Tih@|�L? �?
|�i O�}� W?|i?t�|) +@_�@|i_ 6�i*_t EOW+6� ,?��hL?�
4i?|c< �hLTLti_ 6�� �_��tLh) ��hU�*@h �+# Dffefc
#h@u| �Sc ��}�t|c �bb��

deo O� 6�ht|i?M�h}c ��L?UL44�|�?} +@?_L4 �hL_�U|tc<
Ah@?t� �4ih�U@? �@|�� 5LU�i|)c �L*� �fHc �bS�c TT�
��D��HS�

dDo O� 6�ht|i?Mih} @?_ O� kit|i?c ��hL_�U|t Lu +@?_L4
�@|h�Uitc< �??@*t �@|�� 5|@|�t|� �L*� ��c �bSfc TT� �..�
e2H�

dSo �� +� BL?3�@*i3c `� 5� Bh@) @?_ 5� �@|�*!�*!@h?�c
��?@*)t�t Lu �i4Lh) ��| ,hhLht W?_�Ui_ M) ,*iU|hL�
4@}?i|�U W?|ihuihi?Ui �? �*Lti_�wLLT #�}�|@* 6*�}�|
�L?|hL* 5)t|i4tc< �hLU� �b|� #�}�|@* ���L?�Ut 5)t|i4t
�L?uihi?Uic ���*@_i*T��@c ��c |L @TTi@h�

d.o `� 5� Bh@) @?_ �� +� BL?3�@*i3c ��L_i*�?} ,*iU|hL�
4@}?i|�U #�t|�hM@?Uit �? �*Lti_�wLLT �L4T�|ih �L?�
|hL**i_ 6*�}�| 5)t|i4tc< �hLU� �bbH �4ih�U@? �L?|hL*
�L?uihi?Uic ���*@_i*T��@c ��c �bbHc TT� �Db��Se�

dHo `� 5� Bh@)c �� +� BL?3�@*i3 @?_ �� #LY}@?c �#�}��
|@* w�?i@h 5|@|i 6ii_M@U! �L?|hL* 5�M�iU| |L ,*iU|hL�
4@}?i|�U #�t|�hM@?Uitc< �hLU� �bbb �4ih�U@? �L?|hL*
�L?uihi?Uic 5@? #�i}Lc ��c �bbbc TT� �Dff��Dfe�

dbo `� 5� Bh@)c �� +� BL?3�@*i3c �� #LY}@?c �5|@M�*�|)
�?@*)t�t Lu #�}�|@* w�?i@h 6*�}�| �L?|hL**iht 5�M�iU|
|L ,*iU|hL4@}?i|�U #�t|�hM@?Uitc< W,,, Ah@?t� L?
�ihLtT@Ui @?_ ,*iU|hL?�U 5)t|i4tc �L*� �Sc ?L� ec 2fffc
|L @TTi@h�

d�fo W,,,c W,,, 5|@?_@h_ uLh ��?@h) 6*L@|�?}��L�?| �h�|��
4i|�Uc ��5W%W,,, 5|_ .De��bHDc �bHD�

d��o v� a�c a� ���3iU!c j� 6i?}c @?_ k� �� wLT@hLc �5|@M�*�|)
@?_ �L?|hL* Lu #�tUhi|i�A�4i a�4T w�?i@h 5)t|i4tc<
�L?|hL*�A�iLh) @?_ �_�@?Ui_ AiU�?L*L})c �L*� .c ?L�
2c �bb�c TT� 2e.�2.f�

d�2o �� �@TL�*�tc �hLM@M�*�|)c +@?_L4 V@h�@M*itc @?_ 5|L�
U�@t|�U �hLUittitc �h_ ,_�|�L?c �i� vLh!G �UBh@��
O�**c �bb��

d��o �� w� 5�LL4@?c �� 5|�_) Lu �UU�hhi?Ui +@|it Lu
,*iU|hL4@}?i|�U W?|ihuihi?Ui E,�W� |L ��hUh@u| ��|�
@ 6LU�t L? OW+6 Ei |ih?@*� O�}� W?|i?t�|) +@_�@|i_
6�i*_tc< ��5� +iTLh| �+��beHbDc �Th�* �bbe�

d�eo v� �� vi�c �Ah�T*i�Ah�T*i +i_�?_@?| ... �h�4@h)
6*�}�| �L4T�|ihc< �hLU� �bbS W,,, �ihLtT@Ui �TT*��
U@|�L?t �L?uihi?Uic �tTi?c ��c �bbSc TT� 2b���f.�

Dsshqgl{

Ohppd D14 Ohw D eh d udqgrp q � q pdwul{ zlwk
�qlwh mrlqw prphqwv1 Wkhq wkh g|qdplfdo v|vwhp

{+l. 4, @ D{+l,> {+3, @ {r> +8,

iru duelwudu| {r zlwk �qlwh phdq dqg zlwk D dqg {r lq0
ghshqghqw lv vwdeoh lq wkh phdq li dqg rqo| li Si�+D, ?
4j @ 41

Surri =

Vx�flhqf|= Vxssrvh �+D, ? 4 d1h1 Wkhq olpl$4 {+l,
@ 3 d1h1 +frpsrqhqwzlvh,1 Dovr/ iru dq| m @ 4> 5> = = = > q

m{m+l,m � n{+l,n � n{+3,n ;l � 3 d=h=

vlqfh D dfwv dv d frqwudfwlrq d1h1 Qrz dsso|lqj wkh
Grplqdwhg Frqyhujhqfh Wkhruhp frpsrqhqwzlvh ^4`/
lw iroorzv wkdw olpl$4Hi{+l,j @ 3/ djdlq lq d frpsr0
qhqwzlvh vhqvh1 Vr wkh v|vwhp lv vwdeoh lq wkh phdq

Qhfhvvlw|= Iluvw frqvlghu wkh vfdodu fdvh/ l1h1/ q @ 41
Vxssrvh wkdw olpl$4 Hi{+l,j @ 31 Fohduo| wkh vroxwlrq
wr +8, zlwk D @ d lv

{+l, @ dl{r=

Xvlqj wkh lqghshqghqfh dvvxpswlrq dqg wkh idfw wkdw
doo prphqwv ri d duh �qlwh jlyhv

Hi{+l,j @ Hidlj Hi{rj=

Vlqfh Hi{rj lv duelwudu| wkhq lq jhqhudo

olp
l$4

Hi{+l,j @ 3/ olp
l$4

Hidlj @ 3=

Exw doo vxevhtxhqfhv ri d frqyhujhqw vhtxhqfh frqyhujh/
khqfh

olp
l$4

Hi+d5,lj @ 3=

Qh{w dsso| Elhqd|p�h*v lqhtxdolw| ^45` wr wkh udqgrp
yduldeoh | @ d5 vxfk wkdw

Sid5 � 4j � Hid5lj> ;l � 3

Wkxv/ Simdm ? 4j @ 4/ ru htxlydohqwo|/ �+d, ? 4 d1h1
Wklv suryhv wkh vfdodu fdvh1 Wr h{whqg wklv uhvxow wr
wkh jhqhudo fdvh/ �uvw wudqvirup wkh v|vwhp wr Mrugdq
qrupdo irup dqg wkhq dsso| wkh vfdodu uhvxowv wr hdfk
Mrugdq eorfn1


