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Abstract

This paper is concerned with identi�cation of stochastic
linear systems from noisy input and output measure-
ments. A modi�ed scheme that employs extra delayed
noisy measurements is derived to estimate the variances
of white input and output noises. These estimated
noise variances are then applied for removal of the bias
from a least-squares parameter estimate via an iterative
procedure to achieve estimation consistency. The new
identi�cation algorithm incorporated with this modi-
�ed estimation scheme for the noise variances demon-
strates greatly improved performances. Compared with
the previously developed method, the new identi�cation
algorithm can converge at a much faster rate and pro-
duce much more accurate parameter estimates at only
a slightly increased numerical cost. The theoretical pre-
dictions are con�rmed through Monte-Carlo stochastic
simulation studies.

1 Introduction

Consider the following linear time-invariant system:

x(t) = G(q�1)r(t) (1)

u(t) = r(t) + v(t) (2)

y(t) = x(t) + w(t) (3)

where
r(t) true input signal
x(t) true output signal
v(t) additive white noise with variance �2v
w(t) additive white noise with variance �2w
u(t) measured noisy input
y(t) measured noisy output

G(q�1) system transfer function de�ned by

G(q�1) =
B(q�1)

A(q�1)
=

b1q
�1 + :::+ bmq

�m

1� a1q�1 � :::� anq�n
: (4)

The model given by (1){(4) takes into account the out-
put noise w(t) as well as the input noise v(t) to de-
scribe the underlying dynamic system, and is known as
the dynamic errors-in-variables (DEV) model. It can
be recast in linear regression form:

y(t) =  >t � + �(t) (5)

where

�> = [a>; b>] = [a1 ::: an; b1 ::: bm]: (6)

 >t =[y>t ;u
>

t ]=[y(t�1):::y(t�n);u(t�1):::u(t�m)]: (7)

The equation error �(t) in (5) is given by

�(t) = w(t) � �>t � (8)

where

�>t =[w>t ;v
>

t ]=[w(t�1):::w(t�n); v(t�1):::v(t�m)]: (9)

This DEV model has a wide range of important appli-
cations in control systems, signal processing, communi-
cations, and econometrics [5], [9], [7].

DEV model identi�cation represents a special type of
system identi�cation problem. Anderson, Deistler and
the others have made a thorough investigation of iden-
ti�ability and structure theory of linear DEV models
[1], [3], [8]. In estimating the system parameter vector
� from noisy input-output measurements fu(t); y(t)g,
the well-known least-squares (LS) method (see e.g. [2])
is de�ned by minimizing the mean squared error

J(�) = E[�(t)2] (10)

which gives rise to

�LS = R�1  R y (11)

where

R  = E[ t 
>

t ]; R y = E[ ty(t)]: (12)

However, the equation error �(t) is no longer white noise
even if both v(t) and w(t) are now white noises. This
implies that there is no possibility for �LS to be a con-
sistent estimator of �. In fact, as shown in [12], the
following asymptotic expression holds for �LS:

�LS = � +�� (13)

where �� is the noise-induced bias given by

�� = �R�1  D� (14)

with
D = diagf�2wIn; �

2
vImg (15)

and In being an n� n identity matrix.



Considerable e�orts have been made to implement un-
biased parameter estimation of linear DEV models,
leading to a number of parametric algorithms. These
include the Koopmans-Levin (KL) method [4], the
joint-output (JO) method [10], the logarithmic least-
squares frequency-domain (LLS-FD) method [6], the
combined instrumental variable and weighted subspace
�tting (IV-WSF) method [11], and the bias-eliminated
least-squares (BELS) methods [12], [13]. In particular,
the BELS methods are developed by the way of directly
estimating the two noise variances �2v and �

2
w, which, as

shown in (14), decide the noise-induced bias ��. De-
noting estimates of the noise variances by �̂2v(k) and
�̂2w(k) and forming the diagonal matrix

D̂(k) = diagf�̂2w(k)In; �̂
2
v(k)Img (16)

an unbiased estimate of the system parameter vector
� is then obtained iteratively via the bias correction
procedure:

�̂BELS(k) = �LS +R
�1
  D̂(k)�̂BELS(k � 1) (17)

where k stands for the iteration step. As a linear regres-
sion based algorithm, the BELS methods involve low
computational complexity and are well suited for real-
time operation. However, their limitation is perhaps
that they treat linear DEV models with white input
and white output noises.

This paper is aimed at making further performance im-
provements on the BELS based methods for identi�ca-
tion of the linear DEV model given by (1){(4). The key
ingredient in the BELS based methods is an estimation
scheme for the two noise variances �2v and �2w. This
estimation scheme is utilized alternately with the bias
correction procedure (17) to arrive at the BELS param-
eter estimate in an iterative manner. It goes without
saying that performances of the BELS based methods
depend critically upon how these noise variances are es-
timated. The estimation scheme of the BELS1 method
presented in [13] consists of two linear equations with
respect to �2v and �2w. One equation is derived from
asymptotic analysis of the mean LS error, whereas the
other is obtained by the way of increasing the denomi-
nator of the transfer function G(q�1) by one dimension,
which is equivalent to using one extra delayed noisy out-
put measurement. However, it has been observed that
in a number of occasions the estimation scheme of the
BELS1 method takes longer time to attain good esti-
mates of the noise variances. Consequently, the BELS1
method requires more steps of iteration before a con-
vergence criterion is reached. It is known that one of
the primary performance measures of an iterative algo-
rithm like the BELS1 method is its convergence speed,
and a fast rate of convergence is always desired in real-
world applications. Another observation is that the es-
timation scheme of the BELS1 method sometimes ex-
periences diÆculty to provide desirable estimates of the

noise variances when the measurement noise level is rel-
atively high. Estimation accuracy is then a�ected in
the sense that it results in the BELS parameter esti-
mate with relatively high variance though the estimate
is still unbiased.

In this paper, a modi�ed estimation scheme for the two
noise variances is developed, and a new BELS based
algorithm is thus proposed. The elementary idea is to
utilize more than one additional delayed noisy output
measurements so as to set up more than two linear
equations with respect to �2v and �2w. This can also
be considered as that use of more autocovariances and
crosscovariances of noisy input and output signals is
made in estimation of the noise variances. Solving the
resultant over-determined system of linear equations in
a least-squares sense will provide better estimates for
the two noise variances at the very early stage of the
iterative process. This will then enable a better BELS
parameter estimate to be obtained in a quicker way.
Owing to such a bene�cial interplay between the noise
variance estimation and the parameter estimation, the
proposed BELS based algorithmwill attain convergence
at a much fast speed, usually within a few number of
iterations. Moreover, good estimates of the noise vari-
ances given by the modi�ed estimation scheme will si-
multaneously enhance accuracy of the BELS parameter
estimate in the form of comparatively low variance. As
such, the new identi�cation algorithm will work much
reliably in the presence of high measurement noise.

2 Modi�ed Estimation Scheme for Noise

Variances

To begin with, several assumptions on the noisy input-
output system (5) are made in order to satisfy the con-
ditions of parametric identi�ability [1].

A1. The transfer function G(q�1) is exponentially sta-
ble and contains no identical zeros and poles.

A2. The true input signal r(t) is stationary with a
rational spectral density.

A3. r(t), v(t) and w(t) are independent of each other.

A4. The model orders (n;m) are given.

A5. The linear DEV model is with zero initial condi-
tions, namely, u(t) = 0, y(t) = 0 for t � 0.

As illustrated before, central to the BELS based meth-
ods is estimation of the measurement noise variances
�2v and �2w. For this purpose, the mean LS error

J(�LS) = E[(y(t)� >t �LS)
2] (18)

is examined. It can be shown that the following asymp-
totic expression holds [12]:

J(�LS) = �2w + �>LSD�: (19)

If �LS is partitioned in the same way as �, namely

�>LS = [a>LS; b
>

LS ]; aLS 2 Rn; bLS 2 Rm (20)



then J(�LS) may be expressed explicitly in relation to
�2v and �2w as

J(�LS) = �2w(1 + a
>

LSa) + �2vb
>

LSb: (21)

To arrive at more equations regarding the noise vari-
ances, an auxiliary transfer function

G(q�1)=
B(q�1)

A(q�1)
=

b1q
�1+:::+bmq

�m

1�a1q�1�:::�an+dq�(n+d)
(22)

is introduced, and the corresponding auxiliary param-
eter vector � is de�ned as

�>=[�>; �>]; �>=[an+1 ::: an+d]=0
> 2 Rd (23)

where d > 1. It is seen from (23) that the introduced
d parameters, an+1; � � � ; an+d, in G(q

�1) all take the
true value of zero. So the dynamic system described by
G(q�1) should exhibit the same input-output behavior
as that described by G(q�1). However, one major dif-
ference between them is that G(q�1) is now with the
increased model orders (n;m+ d).

Similarly to (11), the LS estimate of the auxiliary pa-
rameter vector � may be obtained as

�LS = R�1		R	y (24)

where

R		 = E[	t	
>

t ]; R	y = E[	ty(t)] (25)

	>t =[ >t ; �
>

t ]; �>t =[y(t�n�1) ::: y(t�n�d)]: (26)

The de�nition of �t shows that d actually represents the
number of extra delayed noisy output measurements
used. By a similar procedure to (13), �LS may be
shown to have the asymptotic expression

�LS = �+�� (27)

where �� is the noise-induced bias given by

�� = �R�1		D� (28)

with
D = diagfD; �2wIdg: (29)

With the auxiliary transfer function, another d equa-
tions regarding the noise variances may be derived.
This is stated in the following theorem whose proof is
omitted here.

Theorem 1 The noise variances �2v and �2w satisfy

�2wR
>

 �Raa+ �2vR
>

 �Rbb = R�y �R
>

 ��LS (30)

where

R � = E[ t�
>

t ]; R�y = E[�ty(t)] (31)

Ra = R
�1
  (:; 1:n); Rb = R

�1
  (:; 1:m) (32)

Putting (21) and (30) together, we now obtain the fol-
lowing set of d + 1 linear equations with respect to �2v
and �2w:"
R> �Raa R> �Rbb

1+a>LSa b>LSb

#�
�2w

�2v

�
=

"
R�y�R

>

 ��LS

J(�LS)

#
(33)

which may be used to estimate the noise variances in
conjunction with estimating the parameters of the lin-
ear DEV model. To sum up, the iterative procedure of
the proposed fast BELS (FBELS) algorithm is given as
follows.

The Fast BELS Algorithm

Step 0. Algorithm initialization:

(i) Choose the value of d.

(ii) Compute the covariance estimates R̂  ,

R̂ y, R̂ � and R̂�y by use of noisy
input-output measurements fu(t); y(t); t =
1; :::; Ng, where N denotes the number of
data points.

(iii) Evaluate the LS parameter estimate

�̂LS = R̂
�1

  R̂ y: (34)

(iv) Calculate the average LS error

Ĵ(�̂LS) =
1

N

NX
t=1

[y(t)� >t �̂LS ]
2: (35)

(v) Set the initial BELS parameter estimate

�̂BELS(0) = �̂LS : (36)

Step 1. Compute the noise variance estimates�
�̂2w(k)

�̂2v(k)

�
=[Ĥ

>

(k)Ĥ(k)]�1Ĥ
>

(k)ĥ(k) (37)

where

Ĥ(k)=

2
4R̂> �R̂aâBELS(k�1) R̂

>

 �R̂bb̂BELS(k�1)

1+â>LSâBELS(k�1) b̂
>

LS b̂BELS(k�1)

3
5

(38)

ĥ(k) =

"
R̂�y � R̂

>

 ��̂LS

Ĵ(�̂LS)

#
: (39)

Step 2. Evaluate the BELS parameter estimate

�̂BELS(k) = �̂LS + R̂
�1

  D̂(k)�̂BELS(k � 1)
(40)

where D̂(k) is as de�ned in (16).

Step 3. Check whether �̂BELS(k) satis�es the conver-
gence criterion

k�̂BELS(k)� �̂BELS(k � 1)k

k�̂BELS(k)k
< Æ (41)

where Æ is a small positive number. If not, set
k = k+1 and go to step 1; otherwise, terminate
the iterative process.



3 Discussion and Remarks

We notice that the di�erence between the BELS1
method presented in [13] and the FBELS algorithm
proposed here only lies in their estimation scheme for
the noise variances. Although the FBELS algorithm
may be viewed as an extension of the BELS1 method
in the sense that (33) will reduce to the one in the
BELS1 method if d is selected as d = 1, this di�erence
is still very signi�cant. As illustrated before, success-
ful application of the BELS based methods critically
depends upon whether the two noise variances �2v and
�2w can be estimated in an e�ective way. When extra
delayed noisy output measurements are used (i.e. d > 1
is chosen), the two noise variances are estimated with
more information of the identi�ed linear DEV model.
This will result in better estimates of �2v and �

2
w at the

very early stage of the iterative process, which, in turn,
will accelerate the convergence speed of the proposed
FBELS algorithm in terms of the number of iterations
required to satisfy the convergence criterion (41). In
addition to a fast rate at which the FBELS algorithm
will converge, accuracy of the parameter estimates can
also be much improved owing to the use of the good
estimates of the noise variances, which is conceivable.

The computational aspect of the FBELS algorithm is
examined. Except for R  and R y that are needed
for the LS estimate �LS , one major increased computa-
tional cost in implementation of the FBELS algorithm
is evaluation of estimates of the covariance matrix R �

and the covariance vector R�y. To this end, it is inter-
esting to take a close look at these covariance matrix
and vector. For illustration convenience, assume that
m = n and de�ne

ryy(j)=E[y(t)y(t�j)]; ruy(j)=E[u(t)y(t�j)]: (42)

It follows that in calculating R � and R�y, it suÆces
to compute the following 2d covariance functions

fryy(n+ 1); :::; ryy(n+ d)g

fruy(n); :::; ruy(n+ d� 1)g
(43)

because all the other components of R � and R�y may
simply make use of appropriate components from the
available covariance matrix R  and the covariance
vector R y. It can be envisaged that the computa-
tional load thus increased is quite limited. Our simu-
lation studies have shown that usually a small value of
d (e.g. d = 2) can lead to signi�cantly improved per-
formances in such aspects as rate of convergence and
accuracy of estimation. The other computational issue
is that because d > 1, (33) actually represents an over-
determined set of d + 1 linear equations with respect
to the two noise variances �2v and �2w. As shown in
(37), it must be solved in a least-squares sense to ob-
tain the estimates �̂2v(k) and �̂2w(k). Fortunately, since
d only needs to take a small value as just mentioned,

evaluating the pseudo-inverse of the (d+1)� 2 matrix

Ĥ
+
(k) will not cause much added computations. By

and large, at the price of a small increase in the com-
putational burden, the modi�ed estimation scheme (37)
for the noise variances may be used in return for im-
portant performance improvements of the FBELS algo-
rithm. This will be further evidenced by the simulation
results given in the next section.

We now compare the proposed FBELS algorithm with
the other methods. Like the BELS1 method presented
in [13], the FBELS algorithm is superior to the the KL
method and the JO method in that it has good robust-
ness against lack of a priori noise information because
of its capacity of direct estimation of the variances of
the input and output noises. Furthermore, the FBELS
algorithm has a computational advantage over the KL
method, the JO method and the IV-WSF method since
only linear calculations are involved. Unlike the LLS-
FD method, the FBELS algorithm is readily applicable
to real-time identi�cation. On the other hand, the JO
method, the LLS-FD method and the IV-WSF method
may be used to identify linear DEV models with colored
input and output noises, thereby having wider domain
of application than the FBELS algorithm.

4 Simulation Studies

Monte-Carlo stochastic simulation studies are car-
ried out to illustrate the performances of the pro-
posed FBELS algorithm in comparison with the BELS1
method in [13] in terms of estimation accuracy, compu-
tational complexity and convergence speed. The esti-
mation accuracy is described by bias and variance of
parameter estimates. Moreover, to get an overall de-
scription, the relative error (RE) and the normalized

root mean squared error (RMSE) of an estimator �̂k
with regard to its true value � in the kth run over a
total of M Monte-Carlo runs are introduced:

RE=
km(�̂)��k

k�k
(44)

RMSE=

vuut 1

M

MX
k=1

k�̂k��k2

k�k2
(45)

where m(�̂) denotes the sample mean of �̂k. The com-
putational complexity is measured approximately by
the MATLAB code flops (count of 
oating point op-
erations), and described by the number of flops per
run (NFPR). The convergence speed of the iterative
procedure of the BELS based algorithms is described
by the number of iterations per run (NIPR) accord-
ing to the convergence criterion (41) with a choice of
Æ = 0:001. In the following, M = 200 Monte-Carlo
runs are conducted for all examples considered. Fur-
ther, the signal-to-noise ratios (SNR) at the system in-
put and the system output are calculated respectively



Table 1: Comparative Estimation Performances

(N = 2000, SNRI = SNRO � 10dB, 200 Monte-Carlo runs)

Parameter a1 a2 b1 b2 �
2

v
�
2

w
RE RMSE NFPR NIPR

True value �1.6 �0.9 1.2 0.7 0.2 0.4

LS �0.9449 �0.3266 1.0126 0.1204 | | 46.15% 46.23% 56289 |

�0.0383 �0.0321 �0.0231 �0.0346

BELS1 �1.6315 �0.9273 1.1438 0.7209 0.0604 0.4403 3.17% 24.99% 89129 16.000

�0.2743 �0.2284 �0.6512 �0.3037 �0.3053 �0.5118

FBELS �1.6001 �0.8999 1.1991 0.6956 0.1915 0.4020 0.19% 3.42% 95567 5.895

d=2 �0.0194 �0.0175 �0.0613 �0.0417 �0.0868 �0.0383

FBELS �1.6006 �0.9004 1.1980 0.6973 0.1913 0.4021 0.14% 3.12% 103688 5.705

d=3 �0.0133 �0.0122 �0.0588 �0.0372 �0.0828 �0.0352

FBELS �1.6012 �0.9008 1.1956 0.6982 0.1875 0.4035 0.21% 3.12% 111860 5.755

d=4 �0.0131 �0.0126 �0.0609 �0.0349 �0.0859 �0.0365

FBELS �1.6011 �0.9007 1.1953 0.6981 0.1870 0.4036 0.22% 3.13% 120017 5.745

d=5 �0.0129 �0.0124 �0.0604 �0.0347 �0.0867 �0.0366

FBELS �1.6009 �0.9006 1.1945 0.6980 0.1854 0.4040 0.25% 3.17% 128174 5.735

d=6 �0.0125 �0.0121 �0.0618 �0.0343 �0.0893 �0.0372

FBELS �1.6009 �0.9005 1.1944 0.6979 0.1853 0.4041 0.26% 3.21% 136310 5.655

d=7 �0.0136 �0.0124 �0.0618 �0.0359 �0.0892 �0.0371

FBELS �1.6012 �0.9008 1.1940 0.6987 0.1853 0.4041 0.27% 3.12% 144462 5.635

d=8 �0.0122 �0.0112 �0.0603 �0.0348 �0.0863 �0.0360

FBELS �1.6007 �0.9004 1.1947 0.6978 0.1860 0.4037 0.24% 3.16% 152614 5.620

d=9 �0.0124 �0.0115 �0.0612 �0.0351 �0.0871 �0.0358

FBELS �1.6009 �0.9006 1.1937 0.6984 0.1849 0.4042 0.28% 3.11% 160772 5.620

d=10 �0.0118 �0.0112 �0.0603 �0.0344 �0.0857 �0.0355

as

SNRI = 10 log10

PN

t=1 r(t)
2PN

t=1 v(t)
2
(dB) (46a)

SNRO = 10 log10

PN
t=1 x(t)

2PN

t=1 w(t)
2
(dB): (46b)

Example 1. The transfer function of a linear DEV
model to be identi�ed is given by

G(q�1) =
1:2q�1 + 0:7q�2

1 + 1:6q�1 + 0:9q�2
(47)

which means that a1 = �1:6, a2 = �0:9, b1 = 1:2, and
b2 = 0:7. The true input signal r(t) is generated as a
�rst-order autoregressive process

r(t) =
1

1� 0:7q�1
!(t) (48)

where !(t) is zero-mean white noise with unit variance.
The variances of the input noise v(t) and the output
noise w(t) are selected as �2v = 0:2 and �2v = 0:4, re-
spectively, so that the corresponding SNRI and SNRO
both are approximately equal to 10dB. By setting the
sample length N = 2000, the underlying linear DEV

model is identi�ed by using the LS method, the BELS1
method in [13] and the proposed FBELS algorithm. In
particular, the di�erent values of d (i.e. the number of
extra delayed noisy output measurements used), rang-
ing from d = 2 to d = 10, are chosen to examine its
e�ect on the performances of the FBELS algorithm.
The sample means and standard deviations of the esti-
mates, RE, RMSE, NFPR and NIPR are displayed in
Table 1.

In agreement with the analysis given in Section 1, the
LS estimate is seriously biased with a high RMSE value
due to the presence of input and output noises. The
BELS1 method and the FBELS method both have pro-
duced good results. However, with the use of more
delayed noisy output measurements, the rate of con-
vergence of the FBELS algorithm is signi�cantly accel-
erated, which is at least 2.7 times faster than that of
the BELS1 method in terms of NIPR for all the cho-
sen values of d. Moreover, the FBELS algorithm has
much smaller RMSE values than the BELS1 method,
thus being a more accurate estimator. As expected,
such greatly improved performances are achieved at an
increased numerical cost. For instance, in compari-
son with the BELS1 method, the computational load
of the FBELS method in terms of NFPR is increased



by roughly 7% when d = 2 and by roughly 80% when
d = 10. But it is important to note that the other
performances (such as RE, RMSE and NIPR) of the
FBELS algorithm with d = 2 only di�er slightly from
those of the FBELS algorithm with the other values of
d. These observations may lead to the conclusion that
the choice of d = 2 will be appropriate for the FBELS
algorithm since this may produce the best trade-o� be-
tween the accelerated rate of convergence and the in-
creased amount of computations while at almost no sac-
ri�ce of estimation accuracy.

Example 2. To study the e�ect of the input and out-
put noises on the proposed FBELS algorithm, Example
1 is again considered but the di�erent noise levels are
examined:

(a) �2v=0:63, �2w=1:26 =) SNRI=SNRO�5dB

(b) �2v=0:2, �2w=0:4 =) SNRI=SNRO�10dB

(c) �2v=0:063, �2w=0:126 =) SNRI=SNRO�15dB

The FBELS algorithm with d = 2 is applied to the sim-
ulated data of a sample length N = 4000, together with
the LS method and the BELS1 method. The numeri-
cal results are obtained based on an ensemble average
of 200 Monte-Carlo runs, but are omitted here due to
limited space.

With the noise level being reduced from SNR = 5dB
to SNR = 15dB, the LS method still gives nonconsis-
tent parameter estimates whereas the two BELS based
algorithms always yield unbiased parameter estimates.
Similarly to what has been observed in Example 1, with
a slightly increase (i.e. around 8%) in the numerical
cost, the FBELS algorithm exhibits better estimation
accuracy than the BELS1 method in both low and high
SNR environments. An interesting observation is that
the FBELS algorithm converges at a moderately fast
rate (around 1.5 times faster than the BELS1 method)
in the case of low SNR value (SNR = 5dB) but at a
considerably fast rate (around 3.3 times faster than the
BELS1 method) in the case of high SNR value (SNR =
15dB).

5 Conclusions

An e�ective estimation scheme for the measurement
noise variances has been presented. It is based on the
use of d additional delayed noisy output measurements
so that good estimates of the noise variances are readily
obtainable. The FBELS algorithm has then been estab-
lished for unbiased identi�cation of linear DEV models.
The attractive features of the proposed algorithm are
its accelerated rate of convergence during the iterative
process and its enhanced accuracy of estimation in the
face of high measurement noise. In particular, with the
choice of d = 2, the proposed FBELS algorithm can be
implemented at a computational cost just slightly more

than that of the previous BELS1 method, thereby being
most cost-e�ective with respect to the achieved impor-
tant performance improvements. The proposed identi-
�cation algorithm has been validated by the numerical
examples.
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