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Abstract

     A new procedure for determining robust tracking
control laws for a class of linear uncertain time-delay
systems is presented in this paper. The system is controlled
to track a dynamic input generated from a reference model.
In the case that the system uncertainties satisfy the
generalized matching conditions, by using the proposed
linear controller, the ultimate bound of the tracking error
can be made arbitrarily small and, therefore, the system
practically tracks the reference model. In the case of
mismatched uncertainties, we present a sufficient condition
such that the designed controller guarantees ultimate
boundedness of the tracking error. Compared with the
existing results, our approach admits much larger system
uncertainties in the control matrix. Numerical examples
also show that the resultant linear robust tracking
controllers are less conservative.
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1.  Introduction

     Time delays exist in many engineering systems, such as
chemical processes and long transmission lines in
pneumatic systems. It may severely affect the system
behaviours. So the control problem of uncertain time-delay
systems has received considerable attention in recent years
(see, for example, [1]~[3]). The topic of robust tracking of
dynamic signals for linear uncertain time-delay systems
was addressed in [4] and [5]. More recently, [6] has
presented an interesting result on the design of robust
controllers for a class of uncertain time-delay systems to
track dynamic inputs generated from a non-delay reference
model. However, in order to apply this result of [6], a
strong condition must be imposed on the system
uncertainty arising in the control matrix.

      In this paper, we further investigate the design of robust
tracking controllers for this class of linear uncertain time-
delay systems. First, we take away the strong condition of
[6] and allow the uncertainty existing in the control matrix
to be twice as large as that in [6]. Then, by using the
positive definite solution of a Riccati-type equation, a new
procedure for determining linear robust tracking control
laws is derived.

2.  Systems and Assumptions

      The uncertain time-delay system is described by
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where nRtx ∈)( , mRtu ∈)( , and pRty ∈)(  are the state,

control, and output vectors, respectively. +∈ Rτ  is the

time delay and nRtqtW ∈)())((α  is an additive

disturbance. A , B , and C  are constant matrices of
appropriate dimensions. It is assumed that the right-hand
side of (1) is continuous and satisfies enough smoothness
conditions to ensure the existence and uniqueness of the
solution through every initial condition )(tΦ . The

uncertainties kRtr ⊂Ω∈ 1)( , lRts ⊂Ω∈ 2)( , 3)( Ω∈tv
sR⊂ , and qRt ⊂Ω∈ 4)(α  are Lebesgue measurable and

take values in known compact bounding sets 1Ω , 2Ω , 3Ω ,

and 4Ω , respectively. The pair ),( BA  is assumed

controllable and there exist continuous matrices )(rD ,

)(sE , )(vF , and )(αL  of appropriate dimensions such

that
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       As indicated in [6], the matrices )(rBD , )(sBE ,

)(vBF , and )(αBL  model the matched uncertainties,

whereas the terms )(
~

rA∆ , )(
~

sAd∆ , and )(
~ αW  represent

the mismatched uncertainties. But, compared with [6], the
matched conditions given above are in a generalized sense.
It is noted that condition (3) above is weaker than
condition (3) of [6]. One may also observe that we allow
the uncertainty in the control matrix to be twice as large as
that in [6].

      For completeness, we restate the definition of
uniformly ultimate boundedness in the following.

      Definition 1[6]: The solutions ),( 0 Φtxt  of (1) are said

to be uniformly ultimately bounded with respect to the
bound ε  if, for each 0>δ , there exists 0),( >= δεTT

independent of 0t  such that ε≤Φ ))(,( 0 ttx  for all

Ttt +≥ 0  when δ<0tx , where ,)(sup 00 θ+∆ txxt

0≤≤− θτ .

     The reference input )(tym  is the output of the reference

model described by
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where mn
m Rtx ∈)( , and )(tym  has the same dimension as

)(ty . Similarly to [6] and [7], it is further assumed that
*)( Mtxm ≤  for all 0≥t  and there exist matrices

mnnRG ×∈  and mnmRH ×∈  such that
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The solution of G  and H  from (5) is discussed in [7].

     The objective of this paper is to find a linear robust
controller such that the output of system (1) follows the
output of model (4) as closely as possible.

3.  Controller Design

     In this section, by using the positive definite solution of
a Riccati-type equation instead of the Lyapunov equation,
we present a new procedure for determining the robust
tracking controller for system (1).

     The structure of the tracking controller to be determined
in this paper is

)(])([)(][)( txGPBKHtxPBKtu m
TT γγ −−+−=   (6)

It contains both a linear feedback control based on )(tx

and a linear feedforward control based on )(txm . The gain

matrix K  is chosen by using the pole placement or linear
optimal regulator technique such that BKAA +=1  is an

asymptotically stable matrix. The parameter 0>γ  is a

scalar and the matrix P  is the positive definite solution of
the following Riccati-type equation [8]

011 =+++ QPPBBPAPA TT ξ                    (7)

where Q  is a positive definite symmetric matrix and 0>ξ
is a scalar.

      Let  )()()( tGxtxtz m−∆ . From (1), (4) and (5), we

have the tracking error

   )()()()( tCztytyte m =−∆                       (8)

Further, letting )()()( tHxtut m−∆ω , the governing

equation of )(tz  can be written as
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(10) can be further divided into matched and mismatched
parts as follows
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     In the first place, we assume that the system
uncertainties are fully matched, i.e.

    0)(
~ =∆ rA ,   0)(

~ =∆ sAd ,   0)(
~ =αW            (14)

in (2) and (13). In this case, the following theorem shows
that the linear controller (6) is guaranteed to exist such that
practical tracking of the reference model (4) is achieved.
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     Theorem 1: Consider the uncertain time-delay system
(1) subject to conditions (2), (3) and (14). Assume the
tracked reference model is given by (4).  Let

  

}:)(max{                  

})(,,                       

,,:max{

2

*
43

21

Ω∈=

≤Ω∈Ω∈

Ω∈Ω∈=

ssEE

Mtxv

srff

mα      (15)

If

          IIvFvF T δ≥++ 2)()( ,
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then the linear controller given by (6) can ensure the output
tracking error to be uniformly ultimately bounded with
respect to the bound
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where 01>ε  is an arbitrarily small constant, 0>µ  is an

arbitrary constant chosen by the designer and
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Here )(⋅mλ  and )(⋅Mλ  denote the minimum and maximum

eigenvalues of a matrix, respectively. The parameters in (6)
and (7) are chosen as follows:
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and 0>ξ  is a sufficiently small scalar such that the

solution 0>P  to (7) exists [8]. The positive scalar γ  is

chosen to satisfy that

δ
ξµγ −++≥ 22E

                           (20)

Moreover, the tracking error bound ε  in (17) can be made
arbitrarily small by increasing the parameters µ  and γ ,

simultaneously, such that (20) still holds. As a result,
practical tracking is achieved.

      Remark 1:  If a solution cannot be found to satisfy (5),
a different reference model (4) must be selected.

      Remark 2: Let }:)({max 1Ω∈= rrDD , =F

}:)({max 3Ω∈vvF .  We can see that

1
2    allfor     ,  )()( Ω∈≤ rIDrDrDT             (21)

3
2

   allfor      ,  )()( Ω∈≤ vIFvFvF T             (22)

Therefore, one may choose

KKFIDQ T22 )1( ++>                      (23)

 to ensure condition (19).

      Next, we extend the result of Theorem 1 to the general
case, namely, the system contains both matched and
mismatched uncertainties.

      For this case, the following theorem presents a
sufficient condition such that ε -tracking of the reference
model (4) is achieved.

      Theorem 2: Consider the uncertain time-delay system
(1) subject to conditions (2) and (3). The tracked reference
model is given by (4). Suppose that condition (14) is not
satisfied. Let
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where 0>P  is the solution of (7)  and g  is defined in

(13).   If
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then the output tracking error of system (1) driven by the
controller (6), which is determined in the same way as in
Theorem 1, is uniformly ultimately bounded with respect to
the bound
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where 01>ε  is an arbitrarily small constant, 0>θ  is a

scalar chosen by the designer such that

0)ˆ( >−θλ Qm .                            (29)

     Remark 3: The scalar 0>θ  subject to (29) may be
optimized by means of numerical search such that a less
conservative tracking error (28) is achieved.
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4. Illustrative Example

       Consider the uncertain time-delay system (1) with
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and the matched uncertainties and time delay satisfying

)()( rBDrA =∆ ,  [ ]21 0)( rrrD = ,

  15.01 ≤r  ,      2.02 ≤r                     (31)

)()( sBEsAd = ,  [ ]210)( sssE =  ,

 1.01 ≤s  ,  15.02 ≤s  ,  1.0=τ              (32)

)()( vBFvB =∆ , vvF =)( ,  5.0≤v            (33)

0)( =αW                                 (34)

The reference model is given by (4) with
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10
mA   ,   [ ]01=mC                 (35a)

and
[ ] ]0,[,01)( τ−∈= ttxm                  (35b)

The requirement for the tracking error is 15.0≤ε .

     We can apply Theorem 1 presented above to determine
the linear robust tracking controller (6) such that the system
output robustly tracks the model.

     First, we choose the matrix

[ ]2984.50158.72649.3 −−−=K             (36)

such that )( BFA +λ }22,1{ j±−−= , as shown in [6].

     Then, using the technique of [7] to solve (5) yields
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Further, one can obtain that 25.0=D , 1803.0=E ,

5.0=F , 1=δ , 1)( * =≤ Mtxm  for all 0≥t  and

2666.1=f .

      In the light of Theorem 1 and Remark 2, we choose

KKFIDQ T22 )120( +++= ,  01.0=ξ          (38)

for (7) and obtain
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3.96164.66071.6199

4.660732.484515.3290

1.61993290.155374.34

P                (39)

where 49.2965)( =PMλ  and 3.1913)( =Pmλ . According

to the tracking error requirement 15.0≤ε  and by choosing
the parameter 01.01 =ε , one can get the required

parameters 55.728 =µ  and 57.751=γ  based on (17) and

(20), respectively.  Consequently, we obtain the controller
(6) as follows

[ ]
[ ] )(316.138635.8960           

261.0027463.7758185.3410)(

tx

xtu

m+
−−−=

   (40)

which ensures the tracking error 15.0≤ε .  Furthermore, it
is concluded from Theorem 1 that the tracking error in this
example can be made arbitrarily small.

     Using controller (40) and the following uncertainty
parameter values: 15.01 =r , 2.02 =r , 1.01 =s , 15.02 =s

and 5.0−=v , which can roughly be regarded as the worst
case, we have given the simulation results as shown in Fig.
1. Clearly, the tracking error is within the predicted bound.

Fig. 1.  Tracking Responses
— system output ;  --- model output
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     It is noted that this example does not satisfy condition
(3) of [6]. Therefore, the results of [6] are not applicable
here. On the other hand, however, if assuming that there
exists no uncertainty in the input control matrix, i.e.,

0)( =∆ vB , the example reduces to one conducted in [6]

where the controller

[ ]
[ ] )(8844.2407.5           

)(8748.182423.344199.14)(

tx

txtu

m+
−−−=

      (41)

is desired. Based on the parameters given in [6],
calculating (19) of [6] yields the tracking error bound

20.0=ε  (We were unable to reproduce the tracking error
15.0≤ε  as claimed in [6]).

     For comparison, we use Theorem 1 presented above to
design the robust tracking controller for the case of

0)( =∆ vB  in the following.

     It is easy to determine that 25.0=D , 1803.0=E ,

0=F , 2=δ , 1)( * =≤ Mtxm  for all 0≥t  and

2072.0=f .  In the light of Theorem 1 and Remark 2, we

choose

KKFIDQ T22 )115( +++= , 01.0=ξ         (42)

for (7) and obtain
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2.33052.91291.0380

2.912923.399111.1103

1.038011.110325.9928

P                  (43)

where 36.1001)( =PMλ  and 1.9234)( =Pmλ . According

to the tracking error requirement 15.0≤ε  and by choosing
the parameter 01.01 =ε , one can get the required

parameters 2.4185=µ  and 2.2205=γ  based on (17) and

(20), respectively.  Consequently, we obtain the controller
(6) as follows

[ ]
[ ] )(13.75033.1738           

)(11.120118.67968.0368)(

tx

txtu

m+
−−−=

      (44)

which ensures the tracking error 15.0≤ε .

     Comparing (44) with (41), one can see that the
controller resulting from our Theorem 1 not only achieves
a smaller tracking error, but also has much ‘smaller’
control gains. This clearly shows that Theorem 1 presented
above not only admits larger system uncertainties than
Theorem 2 of [6], but also is more efficient than Theorem
2 of [6] in the case that condition (3) of [6] is satisfied and
Theorem 2 of [6] is applicable.

5.  Conclusions

      In this paper, by using a Riccati-type equation, we have
presented a new approach to the design of linear robust
controllers for a class of uncertain time-delay systems to
track dynamic inputs generated from a reference model.  In
the case of matched uncertainties, the resulting controller
can make the ultimate bound of the tracking error
arbitrarily small. As a consequence, the system practically
tracks the model.  In the case of mismatched uncertainties,
a sufficient condition is presented such that the controller
ensures ultimate boundedness of the tracking error.
Numerical examples and simulation results have shown the
effectiveness of the approach presented in this paper.
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