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Abstract

A novel iterative procedure is described for solving non-
linear optima control problems subject to differential
algebraic equations. The procedure iterates on an integrated
modified linear quadratic model based problem with
parameter updating in such a manner that the correct solution
of the original non-linear problem is achieved. The resulting
algorithm has a particular advantage in that the solution is
achieved without the need to solve the differential algebraic
equations . Convergence aspects are discussed and a
smulation example is described which illustrates the
performance of the technique.

1. Introduction

When modelling industrial processes often the resulting
equations consist of coupled differentidl and agebraic
equations (DAEs). In many situations these equations are
nonlinear and cannot readily be directly reduced to ordinary
differential equations. In chemical process modelling, for
example, a common situation where such DAEs arise is
when relatively fast transient differential equations are
approximated by quasi-steady-state algebraic equations in
order to avoid numerical integration problems in simulation
(see Kumar and Daoutidis [1]). High differential index
DAEs, where the index is defined as the minimum number of
differentiations required to obtain an equivalent ordinary
differential equation [1], are particularly difficult to solve.
Even index-one DAEs require particular numerical methods,
such as DASSL, for their solution as described in the text
books by Brenan, Campbell and Petzold [2] and Asher and
Petzold [3].

A foundation for the optimal control of nonlinear DAES has
been provided by Jonckheere [4] who provided first-order
necessary  conditions based on a Hamiltonian
characterisation. This paper also uses a variational approach
to determine necessary optimdity conditions which are
solved in an iterative fashion. The novelty of the techniqueis
that the iterations are performed on the basis of an

“Department of Cybernetics
University of Reading
Reading RG6 2AY, United Kingdom

Email: v.m.becerra@reading.ac.uk

appropriately modified linear quadratic model based problem
which contains time dependant modifiers and parameters
calculated so that the final converged solution is that of the
nonlinear DAE system optimal control. The formulation is
based on dynamic integrated system optimisation and
parameter estimation (DISOPE) which is a technique for
solving complex nonlinear optimal control problems by
iterating on smplified model based representations (see
Roberts [5], Becerra [6]). An advantage of the resulting
algorithm is that it avoids any requirement to numerically
solve the DAEs during the iterative procedure.

2. Problem For mulation

Consider the following continuous optimal control problem
(OCP), defined over thetime horizon t O[t_,t, ],

min{qn‘ (x(t,), zt,),t, )+ j L (x(t), z(t), u(t),t)dt} (1)
u(t) t

subject to the semi-explicit type one differential-algebraic
equations:

{xa) = £ (x(). Z(t),u).t) 5 x(t,) :xo} o
g’ (x(1), z(t), u(t),t) =0

where u(t) @ ™ , zt) @M ™ and x(t) I ™ are the
control, algebraic variable and state vectors respectively,
®:0"x0 X0~ 0
L:0% 0 *0x0- O is the system performance
measure  function, f:0%0%0x0- O L
represents the  system  dsate equations,  and
g:O00OXOxM- O " represents the system
algebraic equations.

is the system terminal measure,

Because, in complex stuations, OCP is difficult to solve, the
following simplified model based problem (MOP) is
considered

min{ @ (x(t,), z(t, )., . ¥,)

u(t)



+ L (%), 2(0),u).t,y, (1)) o] 3
subject to
{)‘((t): f(x(t), z(t),u(t), t,a,(t)) ; x(to):xo} @
g(x(t), z(t), u(t).t,a,(t)) =0
where y 0, y,(0 My, ‘o) * and
a,tym ™ ae identifiable
®O:0 0 XkO- O
LO 0 %0xMx0- O is the model performance
measure function, f:O0"x 0O X0Ox[x0O - O "~
represents the  mode date  equations, and
g0 O XOxMx0O - [F " represents the model
agebraic  equations, where it is now assumed
9,(.) =0dg(.)/d9z is nonsinguar. The mathematical
structure of (3) and (4) is deliberately chosen so that MOP is
readily solvable using standard techniques [7]. For instance,
f(.).and g(.) may be linear and L(.) and &) may be
quadratic. In particular it is assumed that the algebraic
variables z(t) can be eliminated from (3) and (4) using g(.) =
0. These assumptions and simplifications are not usualy
possible in the generdly intractable origind problem OCP
defined by (1), (2). The objective, however, is to obtain the
solution of OCP by appropriately iterating on MOP,
matching the model to the original system through the
parameters v, y,(t), a/(t), and a,(t) . However, smply
iterating between successive solutions of parameter
estimation and solving MOP will not, in general, achieve the
correct optimal solution of ROP. It is necessary to properly
integrate the two problems taking account of the their mutual
interaction. Dynamic Integrated System Optimisation and
Parameter Estimation, DISOPE, provides the means for
performing this integration and producing an appropriate
iterative procedure [5].

parameters,

is the model terminal measure,

3. DISOPE Approach

The key to the DISOPE approach is initidly to define the
following integrated problem, equivalent to OCP, which is
known as the expanded optimal control problem (EOCP):

min{@ (x(t,).z(t,).t, . 1;)
+LZ'{L(x(t), z(t),u(t), t, y, (t))
+2r g (x®, 2@, u) ta, )
~g" (w(t), yo.v).t)[
+21, Ju) v +<r, [x@) -wo)|

+212(t) - yo| } et} 5
subject to (3) and (4) together with:

f(w(), y(0),v(t).t, @, (1) = £ (w(t), y(t), v(t),1)
g(w(t), y(t),v(t),t, @, (1) = g (w(t), y(t), v(t), t)
L(w(t), y(1), v(t).t, ¥, (1) = L (w(t), y(t), v(t),t)
o(W(t,), y(t, ).t,.y,) = ® (w(t,), y(t, ) t,)

v(t) = u(t)
w(t) = x(t) (7
y(t) = z(t)

whee v(t)MD " wit)ID ™ and y@t)MD ™ are

introduced to separate the controls, algebraic variables and
dtates in the model based optimal control problem from the
respective signals in the parameter estimation problem,
defined by (6), and r, 0 , r, (D r, D and r, 0 ,

L} ! 2

denoted as convexification parameters, are postive
weighting parameters introduced to improve convexity and
aid convergence of the resulting iterative algorithm.

Define:
H(.) = L(x(1), (), u(t), t, y, (1))
+p' (1) F(x(t), z(t), u(t).t,a, (1))
+q" (1) g(x(t), z(t), u(t),t,a, (1))

—A' (u(t) - BT (Ox(t) -6" (1)z(t)
where p(t) M ™ is the co-gtate vector, q(t) M0 ™ is a
time dependent Lagrange multiplier attached to the algebraic
equations; and A(t) M ", B(t) D ™and @(t) M ™ are
modifiers. Application of first-order variationa calculus and

algebraic manipulation then produces the following subsets
of the necessary optimality conditions:

OHCF r(uty: vy rg,() (g0 g'())= o
p(t) = -0 HC)> r(x(tr w(t))
-1,0,()"(9()-9'())
OHCE (2t ymkF 1,9,()" (90> g'())= 0
[0p O+ - pt,)]" oxct,)
+[0p (W1 ,] dz(t,)= 0 (10)
A = (£,6)=f,())p)
+(9,)-9,()) a® +(0,L()>- 0, L)
B =(f,0)-1,0) p)
+(g,()-9,()) a® +(0,L()- 0, L)
o =(f,()- () p(t)
+(g,0)=9,()) a® +(0,L()»-0,L())

©)

9

(11)




{rl = —[ 0,00 o (.)]} W

r,=-{00()-0,0 ()]
together with arepest of (4), (6) and (7).

From (8), it is seen that conditions (9) and (10) can be
satisfied by solving the modified model based optimal
control problem (MMOCP):

min{d)(x(tf ). z(t, ).t ,yl) + T x(t, ) +T,z(t,)
u(t)
+ [ L), 2(t), u(t), t,y, (1))

g(x(V), z(t), u(t), t,a, (1))
—g" (w(t), y(t), v(t),1)]|

21 fut) -V +2rx() —wo)[*

31,20 -y

- A u() - B x(1) -8t z(t) }dt}  (13)
subject  to 4 under specified parameters
vy, v, @), a(t), and a,(t); specified modifiers
A(t), B(t) and 8(t) and where the co-state p(t) has to

satisfy (10) under specified modifiers ', and ", . Note that

the function g(.) in (4) can be deliberately chosen to fecilitate
the solution of (13), for instance by expressing the algebraic
variables z(t) in terms of x(t) and u(t) and then applying
elimination. The parameters y,, y,(t), a,(t) and a,(t)
are determined from (6) while (11) and (12) define the
calculations for computing the modifiers A(t), B(t), 6(t),

roandl,.

i
+2r0

3.1 Linear Quadratic MM OCP Situation

If we deliberately choose alinear quadratic model for MOCP
in (4) such that

f () = Ax(t) + Bu(t) +Cz(t) +a (t)

() = Dx(t) + Ez(t) +a,(t)

L() =2 (x(t)"Qx(t) +u(t)" Ru(t) +2(t)" S,z(t)) ¢ (14)
+y,(t)

®() = 2(x(t,)"Sx(t,) +2(t,)"S,2(1,)) +y,

noting that the dependence of g(.) on u has been deliberately
ignored in order to simplify the problem further, then the
modified model based optimal control problem becomes

min{ (x(t, ) SX(,) + 24, S,2(¢)) +¥.

+0x(t, ) + T, z(t,)

+f {2 (x07 Qv +u®" Ru(t) + 20" ,2(0))

+y, (1) +2r | Dx(t) + Ez(t) +a, (1)

~g" (wit), yO vt +2 1 Juto vl

+2,x@) - w)[* +2r, |z2) -y
—A() u(t) - B () —6(1)" z(t) bt } (15)
{)’((t) = Ax(t) + Bu(t) +Cz(t) +a1(t)}
s.t. (16)
Dx(t) + Ez(t) +a,(t) =0
under the co-state terminal condition
[sx(t,)+T, - p(t,)] )
szt,)+r,] ) =0 (17)

Application of the Maximum Principle to (15), (16) and (17)
produces the two-point boundary value problem (see Lewis
and Syrmos|[7])
x(t) = Ax(t) - BR™B" p(t) +@(t)
p(t) = ~Qx(t) = A" p(t) +A(1) (18)
X(t,) =%, P(t,) =Sx(t,) +T,
where
A=A-CE'D (19)
ﬁ =R+ |’1| " (20)
a(t) =a,(t) ~CE a,(t) +BR™(A (1) +r,v(1)) (21)
Q=Q+rl, +D'ET(S 4l JE'D (2

B(t) = A1) +r,w(t)
-DTE(6(t) +ry() +(S, +1,1, JE7a, (1) @3
S, =(s,+D'ETS,E'D) (24)
r=r -D'ET,+D'E"'SE"a,(t,) (25)
with the optimal control law
u(t) = R*(=B"p(t) +A(t) +rv(1)) (26)

Applying Riccati techniques, we assume
P(t) = K(Ox(t) +k(t), K(t,) =S, k(t,) =T, (27)

which on substituting into (18) and (26) produces the Riccati
equations

K(t) = K(t)BR'B'K(t) - K(t)A

~ATK(1) -Q, K(t,) =§ (28)
k(t) = (K()BR™B" = A" k(t)
—K@®a() +A(t), k(t,) =T, (29)
and a combined feedback - feedforward control law
u(t) = G(t)x(t) +h(t) (30)
where
G(t) = -R™B"K(t) (31)

h(t) = -R7[BTk(t) +A(t) +rv(t)] (32)



From (16), (18) and (27) we can write
x(t) = (A - BR™B'K() )x(t)
+a(t) -BR'B'K(t), X(ty) =%, (33)
2(t) = ~E7(Dx(t) + +a, (1)) (34)
Solution of (27) to (34) produces an estimate of the optimal
solution of u(t), x(t), z(t) and p(t) in terms of parameters,
ai(t) and ay(t), and modifiers, A(t), Bt), &t), /1 and /.

Expressions for the parameters and modifiers are derived
using (14) with (6), (11) and (12) to give

a,(t) = £ (w(t), y(t),v(t),t)
—Aw(t) — Bv(t) —Cy(t)

a,(t) = g (w(t), y(t), v(t),t)
-Dw(t) - Ey(t)
noting that it is not necessary to compute 4 or J4(t), and

A(t) = (B - £, (w(t), y(1).v(t).1) " p(t)
—g, (W(), y(t), v(t),t) "a(t)
+(Ry(t) = O,L (w(t), y(t), v(t),1))

B(t) = (A= £, (w(t), y(t),v(t), 1)) p(t)

(D-g, (w(t), y®.vt).) at) ¢ (30)
+HQw(t) - O, L (w(t), y(t), v(t),1))
(
(

(39

+

a(t) = (C - £, (w(t), y(t), v(t),t)) p(t)
+(E - g, (w(t), y(©), v(t),1)) a(t)
+(S,y(t) = O, L (w(t), y(t), v(1), 1))

H. = -mswt,) - 0P “(wt, ), y(t, ), vit, ). t, i)
u * 0 (37
5. = ~EBy(t,) - 0P " (w(t, ), y(t, ), v(t, ).t Ff

An expression for q(t) is obtained from the final egquation in
group (9) which, using (8), (14) and (34), produces

q(t) = ET(SE™(Dx(t) +a,(t)) -C p(t) +8(t))
+r,g" (w(t), y(t),v(t),t) (39)

4. DAE-DISOPE Algorithm

Equations (27) to (38), together with (7), provide enough
information to compute the solution of (1) subject to (2). The
equations are tightly coupled and require an iterative
procedure to achieve the solution. There are several possible
dternative agorithms which may be employed. The
advantage of the particular algorithm presented here, denoted
by the acronym DAE-DISOPE, is that the final solution is
obtained without any requirement to integrate the non-linear
DAE equations (2). The agorithm is designed to solve the

non-linear differential algebraic equation optima control
problem defined by (1) and (2) by repeated solution of the
modified linear quadratic optimal control problem defined by
(15), (16) and (17), and is dated as follows: (note:
superscript (i) refersto iteration i)

Data A1 81 C1 Dy E1 Q1 R1 s)a S_IJ SZa kLh k)(y k21 kp, kqa Fo, 1,
r,, I3, and means for computing (), g'(.), L'(),
@{.) together with their required derivatives.

Sep0 Initialisation: Compute the matrix expressions A,
R, Q, and § from (19), (20), (22) and (24)
respectively. Then compute K(t) from (28) and G(t)
from (31). Then calculate or choose a nomina
solution VO(t), wO(t), yO) p“(t) and G (t);
for instance, by solving the model based optimal
control problem defined by (15) and (16) with al
parameters and modifiers set to zero. Set i = 0.

Sepl Parameter Estimation: Use (35) to compute the
parameters a,"(t), and a,"(t).

Sep2 Modifier Computation: Use (36) and (37) to
compute the modifiers A%(t), £°(t), €'(t), " and
r . Thencompute @" (t), B (t) and T from
(22), (23) and (25), respectively.

Sep3  Modified Optimisation _

(@ Use (29) to compute K(t) and (32) to
compute h(t).
(b) Use (33) to compute the predicted optimal

state response x"™(t). Then compute the
predicted optimal control u“™ (t) from (30),
costate p" "V (t) from (27), dgebraic variable
2" (t) from (34) and Lagrange multiplier
q"™(t) from (37).
Sep 4 Update Use the following relaxation schemeto
update V1), w(t), yO(t) P (t) and 4" (t).

v () =v () +k, (U (1) v (1)
w ) = wO () +k (X (1) -wO (1)
y'm =y Mk (PO -y M) ¢ (39
(0 = P () +k, (P (1) - (1)

6 =4"0+k (9" ©-4"©)

Then repeat from Step 1 until convergence is
achieved.

5. Conver gence Consider ations

A full analytical analysis of the convergence properties of the
DAE-DISOPE agorithm has not yet been performed.
However, by comparison with previous work, it is expected
that convergence performance will be enhanced if the overall



problem is at least locally convex [8] [9] [10]. Furthermore,
the existence of the optimal solution and convergence to it
will probably reguire that the non-linear system descriptions
(1) and (2) are Lipschitz continuous. In the practica
implementation of the algorithm relaxation gains, ky, ki, K,
Ko, Kq and k, and convexification term coefficients r, ry, I
,and rs are provided in order to regulate stability and
convergence. In the initid application of the algorithm to a
given problem, the relaxation gains would, in general, be
chosen as unity, and the convexification term coefficients set
to zero; and adjusted only if convergence difficulties arise.

6. [llustrative Example

The DAE-DISOPE agorithm as described in the previous
section has been implemented in MATLAB. In order to
illustrate the behaviour of the agorithm a seventh - order
non-linear system with a quadratic performance index and
two control inputs has been smulated. There are four
algebrai ¢ variables together with four algebraic equations.

The non-linear optimal control problem (OCP) is defined as:.
7 7 2
min i{z x* (1) + j:{z x*(t) + 01y u? (t)}} (40)

u, (thu, (1) 2 T
subject to:
X, (t) = -5x (t) +0.2x, (t) +05x,(t) +0.1x_(t)

+0.5x, (t) +z,(t)

X, (t) = =2x, (t) +05x, (t) —05x(t) +0.2x,(t)
-01x, (t) +z,(t)

X, (t) = 01x, (t) —15x, (t) +x,(t)* +05x(t)
+01x, (1) +z,(t)

X, (t) = 0.2x, (t) — 05x,(t) — x, (t) +0.2x,(t) (41)
+0.2u, (1)

X, (t) = 0.2x (t) +017x,(t) —x,(t) +x,(t)
+X,(t)x, (1)

X, (t) = 01x (t) - 0.2x,(t) —x,(t) —05x_(t)

X, (t) = 04x, (t) +01x, (t) —x,(t) —05x, (t)
=X, (t) +0u, (t)

Z (t) —2Z (t)x (t)x, (t) +15z ()X (t)X: (t)
- 05X (t)x;(t) =0

Z(t) =22 (1) () +15z,(t)x](t) 05 (t) =0 (42)

z,(t) - 0.2x (t) - 0.2z,(t) =0

z,(t)-u(t) =0

with initial conditions x;(0) = 1.0, x%,(0) = 0.8, x3(0) = 0.5,
X4(0) = 0.6, x5(0) = 1.5, x5(0) = 1.1 and x7(0) = 1.2.

Note the algebraic equations (42) have the real solution
z(t) = x (1) x,(t)
7,(t) = x (1)
z,(t) = 02x (t) +0.2u,(t)

z,(t) = u,(t)

However, this fact is not employed in the implementation of
the DAE-DISOPE agorithm. It is employed to test the
accuracy of the final results by comparing them with the
results obtained from a standard DI SOPE implementation [5]
applied to (41) and (42) where the agebraic variables are
substituted using (43). In the implementation of the agorithm
the matrices A, B, C, D and E are set as Jacobian matrices
derived by linearisation of (41) and (42) about x(t) = z(t) =
u(t) = 0. The matrices Q, Rand S; are chosen to match (41)
with § and S; both null.

(43)

Figures 1 and 2 compare the resulting optimal control and
date signads while Figure 3 shows the corresponding
algebraic signals. For this example it is observed that the
DAE-DISOPE agorithm produces results that are in good
agreement with the DISOPE results. The DAE-DISOPE
results were obtained using relaxation gain and
convexification parameters k,=0.5, k=1, k=1, k=1, k=1,
ro=0.4, r1=0.7, ro=0 and r3=0. The corresponding satisfactory
convergence behaviour, plotted using absolute and semi-
logarithmic scales, is demonstrated in Figures 4 and 5 which

show how the norms ||u“)(t)—u"'”(t)|| and ||g“)(t)||
converge astheiterations proceed.

7. Conclusions

An agorithm has been described which achieves the solution
of nonlinear optimal control problems subject to differentia
algebraic equations. A significant advantage of the technique
is that there is no requirement to solve the differentia
algebraic equations during the iterations. The utility of the
algorithm has been demonstrated successfully. The technique
as described is limited to type-one differential agebraic
systems and research is continuing to remove this restriction
and to perform local and global convergence analysis.
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