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Abstract

We outline a method for dealing with controlled mechani-
cal systems with degenerate Lagrangians, or singular opti-
mal control problems with degenerate cost functions. We
show how consistent equations of motion can be obtained
despite the — implicit — constraint of degeneracy, and state
conditions on which the system exhibits unique solutions
(on a reduced phase space). This method is adopted from
results in classical mechanics, viz. the Gotay-Nester-Hinds
algorithm for the resolution of constraints in presymplectic
systems. We illustrate with an example from singular linear
optimal control theory.

1 Introduction

In most of the work on Hamiltonian systems with con-
straints, the assumption is made that the Lagrangian of
the system is nondegenerate in the velocities or, for con-
trol systems, in the input parameters (cfr. [1]). This as-
sumption renders the Legendre transformation between
the Lagrangian and the Hamiltonian framework non-
degenerate respectively enables one to select a unique
input u(-).

When the Lagrangian is degenerate, it is still possible to
set up a Hamiltonian description of the dynamical sys-
tem; the momenta p will now no longer be independent
functions of the velocities, giving rise to constraints.
In the late fifties, Dirac and Bergmann [2] devised a
method to obtain Hamiltonian equations of motion —
on a reduced phase space defined by the constraints —
that are consistent, i.e. that do not evolve off the re-
duced phase space.

Control theory addressed this question with the aid of
the celebrated Maximum Principle [3], [4], again in a
Hamiltonian setting. The question was raised [5] how
consistent equations of motion could be obtained in the
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Lagrangian setting.

In an effort to understand the geometry behind the
Dirac-Bergmann method, Gotay, Nester and Hinds (cfr.
[6, 7]) developed a new constraint resolution algorithm.
Theirs is a global version of the Dirac-Bergmann algo-
rithm and is furthermore applicable in the Lagrangian
case as well. For a very general geometric setting, the
reader should consult the literature on Dirac structures
[8, 9].

In this paper we would like to outline the ideas behind
the new algorithm and illustrate its use in a singular
linear optimal control problem.

The paper is organised as follows: in section 2, prelimi-
nary notions on control systems and symplectic geome-
try are introduced; section 3 outlines the Gotay-Nester
algorithm and studies uniqueness of solutions. And fi-
nally in the fourth section, the algorithm is applied to
a simple optimal control problem.

2 Preliminary notions

2.1 A control system

We consider a control system to be a collection of vec-
tor fields. More precisely, let () denote the configura-
tion space of the system, and ¢ a generic element of Q.
We will, in this paper, assume that @ = R™. In each
g we consider the tangent space 7;(), and the union
of these vector spaces constitutes the tangent bundle
TQ. Let (z%) denote the coordinates of ¢ in R", and
similarly (#!) for coordinates in 7,Q. Further on we
will consider curves ¢(t), with (running) coordinates
(xi(t),#(t)), t € R; it is understood that at time ¢
the trajectory passes through ¢ with tangent vector at
q given — in coordinates — by @’ at time ¢.

A control system then merely states which dynamics
are ‘allowed’: it is a rule that restricts the system to
a subset of the tangent bundle. For instance, a linear
control system is defined by the rule — in local coordi-



nates:
#(t) = Az(t) + Bu'(t), A€ R™™ BeR™m. (1)

Thus the only curves ¢(t) that are allowed, are those
where, at each time instant ¢ the particular tangent
vector in T, @Q satisfies (1). wu' denotes the control
parameter, with u'(-) € Y C R™, m < n. The choice of
u' enables one to tune m parameters in the expression of
the components of the tangent vector to g(t) in Ty Q.

In this paper, we will make some simplifying
‘controllability-like’ assumptions. Let u € R™ denote
Bu' with zero components added where control is ab-
sent in the original system, and assume (cfr. [1]) that
Jus.t. £ = Az + u, and secondly that the optimal
control cost function f/(x,u) can be written as a La-
grangian L(z, Az + u).

2.2 TQ as a (pre)symplectic manifold

We assume the reader is familiar with the concept of a
symplectic manifold, i.e. a necessarily evendimensional
manifold with a nondegenerate closed two-form Q. In
a presymplectic manifold, the closed two-form can be
degenerate.

A co-tangent bundle 7@ has an a priori symplectic
structure, given in so-called canonical coordinates by
Q) = dx' A dp;; a tangent bundle has not. However, if
T@Q comes with a Riemann-metric, the tangent bundle
can inherit a symplectic structure from 7@ via dual-
isation'. But if a manifold admits a Riemann-metric,
it admits many and the question arises which one is
most suited for our purposes. It is possible to single
out a preferred metric by means of a Lagrangian func-
tion L : TQQ — R. L determines a fibre derivative
FL : TQ — T*Q defined by
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<v,FL(w) >= EL(q,w + tv)|t=0 =
with both v and w elements of T;,(). We recover the

well-known expressions
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In this paper we will consider a linear system (1) to-
gether with a quadratic Lagrangian function

1 1
L(z,u) = §uTPu +uTQx + §xTRa:. (4)

One should consider L as a function on TQ
parametrised by the control u. The matrices P and

1Tt is important to note that at this stage, 7*Q has no physical
meaning, in particular it is not looked upon as the Hamiltonian
phase space of the system; it is merely an abstract geometric
concept.

R are symmetric, but the usual condition P > 0 (P
positive definite) is weakened; instead P can be posi-
tive semi-definite, P > 0.

We define a two-form on T'Q) as

Qr = FL*Q. (5)
In coordinates
QL:da:i/\d(g;) (6)
= 8:?;;;5 —da' A da? + 83;;3_: da' Adi. (7)
In the linear-quadratic case
% =[-PA+Ql; (8)
61.8126[;.] = Py (9)

It is clear that Q; will be nondegenerate if and only if
P is nonsingular.

The equations of motion on the tangent bundle are writ-
ten in terms of the action S : T(Q — R, where

S(v) =< v,FL(v) > . (10)

With E =S — L, the vector field X = (X,:, X;:) that
governs the motion satisfies

ixQy = dE, (11)
or
0°L
oo [Xai = ] =0, (12)
0°L 0°L 0°L oL
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In the nonsingular case, we have
dr’ i
=1 13
= =4, (13)
di? [ 0L = oL 0?L ]
dt 01101 Oxi  0xidxk
These equations are entirely equivalent to the Hamilto-
nian equations; that the latter look much more simple,

comes from the fact that the co-tangent bundle’s natu-
ral coordinates are canonical.

In the singular linear-quadratic case, one immediately
sees from (12), that the vector field X is only deter-
mined up to terms in ker P: the system exhibits gauge
freedom. This gauge freedom is however not completely
arbitrary because the equations of motion need be ‘con-
sistent’, i.e. they must define a vector field that satisfies
the constraints (12) for all future ¢.



3 The Gotay-Nester algorithm

3.1 Resolving the gauge freedom

The Gotay-Nester algorithm uses/reduces the arbitrari-
ness in X to solve this problem of consistent equations
of motion. The aim of any reduction algorithm is defin-
ing a submanifold N of the phase space (here T'Q) such
that ix = dFE hold when restricted to V.

The main difficulty in singular problems derives from
the fact that both the algebraic and the differential con-
tent of the equations of motion must be handled at the
same time. Thus ¢x = dFE should not only hold as
an algebraic equation on N, its solution X must be
tangent to N as well in order not to evolve off the rel-
evant manifold. The Gotay-Nester algorithm, as does
the classic Dirac-Bergmann algorithm, imposes these
conditions and iteratively generates further constraints
(and corresponding submanifolds) which the final vec-
tor field X must satisfy. Once an X is found that obeys
all constraints — both algebraic and differential — the al-
gorithm terminates; of course N is then locally defined
by all constraints generated along the way. However,
it can occur that not all of the freedom we had orig-
inally in defining X, is removed by the algorithm. In
this case, the final constraint manifold N will not be
symplectic and give rise to a non-unique vector field X.

3.2 The reduction algorithm
We start from the presymplectic dynamical system
(My =TQ, Q, dE).

Step 1. Look for all points in M; such that dE is in the
range of b : TQ — T*Q : X — ix). Assume
these points form a (sub)manifold M,. This
is an algebraic issue.

Step 2. The corresponding differential problem is then
solved by further restricting M, to Ms, con-
sisting of all points m at which dE(m) €
b(T Ms).

Step 3. X should now be tangent to Mj3 as well, and
the algorithm iterates.

In general, M;;1 = {m € M; such that dE(m) €
b(TM;)}. If there exists a k such that Mgy = M
and dim M, # 0, we end up with consistent equations
of motion; the — (pre)symplectic — nature of the final
constraint manifold N = M}, determines whether X is
unique. In the finite-dimensional case, the algorithm is
guaranteed to terminate.

Remark 1 [10] Let N be a submanifold of M, we define
the symplectic complement TNL of TN in TM as follows:

TN* ={Z eTM|y s.t. Qn(X,Z)=0, VX € TN}.
(14)

The sequence of manifolds in the algorithm can then alter-
natively be characterised as

M1 = {m € M; such that < TM;", dE > (m) = 0},
(15)

with

TMi- ={Z € TM; such that k}[izQ] = 0}, (16)
ki =j20j30...51, and j; the respective inclusion.
It can be shown that the Dirac-Bergmann algorithm — when
applicable — is a local version of the Gotay-Nester algorithm
in this simplified form: note that the vector field Z* on the
neighbourhood U1 (in Miy1) defined by

izaQ = %, dC* (17)

is tangent to Uj, so that every Dirac-Bergmann (I + 1)-

constraint g%, {C*, H}|u, = 0 is equivalent to < Z°,dH >
=0 with Z* € TU;".

3.3 Uniqueness of solutions

The main question we would like to answer is to de-
termine the conditions on which the final constraint
manifold will be symplectic, in terms of the Lagrangian
cost function (cfr. [5]).

It is clear that answering the above question amounts to
examining the nature of the final constraint manifold.

3.3.1 Classification of submanifolds: Let
(M,Q,N) be the system we consider, and let j : N —
M be the inclusion map. The final constraint subman-
ifold IV is called

(1) isotropic if TN C TN+,
(2) co-isotropic (first-class) if TN+ C TN,

(3) symplectic (second-class) if TN NTN+ = {0},

(4) Lagrangian if TN = TN+,

In any other case, N is called a mized manifold.

Note that the induced two-form Qy = 7*Q has as its
kernel ker Qx = TN NTN*. This leads immediately
to the following result:

Proposition 1 The system will have unique solutions
iff TN NTN+ = {0}.

Obviously, this can only be examined once the — con-
structive — algorithm is completed.



3.3.2 Gauge vector field algorithm : In lo-
cal coordinates, the constraint manifold will be defined
in terms of constraint functions. We distinguish two
types of constraint functions: constraints in A(M, N) =
{¢ € C>(M) such that TNI[(] = 0 and TN*[¢] = 0}
are called first-class constraints; constraints which are
not first-class are called second-class. The reader can
verify that co-isotropic resp. symplectic constraint man-
ifolds are locally described by first-class resp. second-
class constraints; the other classes require both types.

Ezxample [10]. Consider S C @, with respective di-
mensions m and n. Then T*S is a second-class sub-
manifold, while 7rc_21(5) is first-class. In local coor-
dinates (g,p) on the co-tangent bundle, T(T*S)*+ =
span {0/9q¢™*, ..., 8/0q™, 8/Opm+1, ..., 0/Opn}, and
thus T(T*S): N T(T*S) = {0}; the constraint
functions are ¢™*! = 0,..,p, = 0. Similarly,
T(7r651(5))L = span {0/0pm+1,..., 0/0p,} and the
constraints ¢™*t! =0, ..., ¢® = 0 are clearly first-class.

In [5] conditions are identified that guarantee unique
solutions to a Hamiltonian system with constraints. In
that paper the Dirac-Bergmann method is adoptedd,
and the conditions involve the nondegeneracy of a ma-
trix A(q,p) with A4;;(¢q,p) = {¢;, ad %p;}?. It is clear
that this result cannot be translated immediately in a
Lagrangian analogue, due to the absence of primary
constraints functions (cfr. [2]): in the Lagrangian
framework, the constraints are implicit in the degen-
eracy of the presymplectic form. Once the constraints
(the gauge freedom) is made explicit, the gauge vec-
tor field algorithm in [10] provides the analogue to the
results in [5]. We will briefly consider this algorithm
now.

Vector fields X are said to be first-class if X |y € TN+N
TN and second-class if X|y € TNt —TN. The reader
can verify that the first-class vector fields generate an
involutive distribution on N.

It can be proven that all gauge vector fields form a
subalgebra g in the algebra of first-class vector fields:
if V is a gauge vector field, and X solves the equations
of motion on N, then [X,V] is a gauge vector field as
well®: by taking brackets between all gauge vector fields
and between gauge vector fields and the solution vector
field, one ends up with gg. Any two points that can be
connected along an integral curve of a vector field in gg
represent the same physical state. This characterisation
of the gauge vector fields then leads to the Lagrangian
— vector field — counterpart of [5].

2p denotes the smallest non-negative integer such that for
some (g,p) not all Poisson brackets in the columns Ay, vanish;
the author assumes p; < 00, i.e there are no primary first-class
constraints.

3X denotes any extension of X to M.

4 LQ Singular optimal control

Let us now apply the above theory to linear-quadratic
singular optimal control.

(12) becomes
Pij[X, —3=0 (18)
Pij X;i = [—PA + Q]{”]sz + (19)
[ATPA - ATQ — QT A + R’
The first equation determines the components X, =
T + v up to terms v € ker P; note that for nontrivial

v’s, the equations of motion will not be second-order
equations.

In the regular case, it follows

dxt

=gl 2
— =i, (20)
it
= =P, - ([-PA+Qlupi' + (21)

[ATPA — ATQ - QTA+ R]ijxi);

these are the Euler-Lagrange equations, as is readily
checked.

In the singular case, we apply the Gotay-Nester algo-
rithm.

If by chance dFE lies everywhere in the range of b,
then the possibly non-unique solution will of course be
b~1(dE). Generically however, this will not be the case.
We assume that all points for which dF is in fact in the
range of b, form a submanifold My of M; = T'Q, and
we restrict the system to this submanifold.

Alternatively, we determine 7'M, + =ker (), :
Z e TM,* iff

Z,i € ker P
(22)

Then m € M if the secondary constraint < 7ML,
dE > (m) = 0 is satisfied, i.e.

Z, - ([ATPA +R-ATQ - QTA]ijxi)

+ Zsi - Pyi' =0, (23)
and with Z € TM,*

Z, - ([ATPA +R—ATQ - QTA);a

~[=PA+Qlupi') =0, (24)



M, is thus defined to be the submanifold of M; where
mrP-(MTPA+J%—ATQ——QTAMmi

~[-PA+Qlipi') =0.  (25)

By definition, the equations of motion will have alge-
braic solutions here. Yet for the equations to be consis-
tent, their solution X should be tangent to M, as well:
if not, the flow of the system will evolve off M. This
demand restricts the system possibly to a submanifold
Ms of M,, defined by a similar constraint: the algo-
rithm iterates.

Finally we will end up with a final constraint manifold
Mj, and a vector field X tangent to it. Again, X need
not be unique: it is only determined up to elements of
ker Qp, N'T Mjy,.

Ezample. Consider the following numerical values for
the matrices in a linear-quadratic singular optimal con-
trol problem:

P:{g i 8}, 0=0, R-1,

0 0 1
and
1 -1 0
A=1|0 O 1
0 -1 -1

The equations of motion can only be solved if z; = 0.
This defines M,, as can be verified by calculating the
constraint (25). Note that X 1 is arbitrary due to the
degeneracy of P (ker P = span {[1,0,0]7}).

Ms is then determined by the — differential — constraint
that X should' be tangent to Ms; this restricts X, fur-
ther: X, = 2"+ 0, Vi.

All arbitrariness in X is now resolved and the restriction
of the two-form to Ms = N is clearly seen to be sym-
plectic; the motion is described by the resulting second-
order equations in z? and z3.

5 Conclusions

In this paper we outlined a method for defining consis-
tent equations of motion for systems with a degenerate
Lagrangian (cost) function. The method is adapted
from the Gotay-Nester-Hinds algorithm for the resolu-
tion of constraints in presymplectic systems. We set up
the conditions under which the time evolution of the

system is unique, and illustrated the algorithm with a
simple linear-quadratic singular optimal control prob-
lem.
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