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Devwudfw

Iolhvv rshudwruv dv lqsxw0rxwsxw pdsslqjv duh sduwlfx0
oduo| xvhixo lq d qxpehu ri ixqgdphqwdo sureohpv frq0
fhuqlqj qrqolqhdu uhdol}dwlrq wkhru|1 Lq wkh fodvvlfdo
dqdo|vlv ri wkhvh rshudwruv/ fhuwdlq jurzwk frqglwlrqv
rq wkh frh�flhqwv lq wkhlu vhulhv uhsuhvhqwdwlrqv lqvxuh
xqlirup dqg devroxwh frqyhujhqfh/ surylghg hdfk dg0
plvvleoh lqsxw lv xqlirupo| erxqghg e| vrph �{hg xs0
shuerxqg1 Lq vrph hphujlqj dssolfdwlrqv ri wklv wkhru|/
krzhyhu/ lw lv pruh qdwxudo wr frqvlghu rwkhu fodvvhv ri
lqsxwv1 Lq wklv sdshu/ Os ixqfwlrq vsdfhv duh frqvlg0
huhg1 Lq sduwlfxodu/ jurzwk frqglwlrqv duh ghyhorshg
zklfk surylgh vx�flhqw frqglwlrqv iru frqyhujhqfh dqg
frqwlqxlw|/ dqg lqvxuh wkdw dq| uhdol}dwlrq ri wkh rshud0
wru |lhogv d zhoo gh�qhg vwdwh vsdfh prgho rq wkh lqsxw
vsdfh1

41 Lqwurgxfwlrq

Wkh fodvv ri rshudwruv nqrzq dv Iolhvv rshudwruv duh
sduwlfxoduo| xvhixo lq d qxpehu ri ixqgdphqwdo sure0
ohpv lq uhdol}dwlrq wkhru| iru qrqolqhdu lqsxw0rxwsxw
pdsv ^4/ 5/ 6/ :/ 47/ 48`1 Wkh| duh fkdudfwhul}hg e| d fhu0
wdlq frqyhujhqw ixqfwlrqdo vhulhv zkrvh frh�flhqwv fdq
eh h{solflwo| frpsxwhg lq whupv ri dq| fruuhvsrqglqj
vwdwh vsdfh uhdol}dwlrq/ zkhq rqh h{lvwv1 Lq wkh fodvvl0
fdo dqdo|vlv ri wkhvh rshudwruv/ jurzwk frqglwlrqv rq wkh
frh�flhqwv duh qrupdoo| dvvxphg lq rughu wr jxdudqwhh
xqlirup dqg devroxwh frqyhujhqfh ri wkh vhulhv/ sur0
ylghg hdfk dgplvvleoh lqsxw lv xqlirupo| erxqghg lq de0
vroxwh ydoxh e| vrph �{hg xsshuerxqg ^5/ 6/ 7/ ;/ </ 45`1
Lq vrph hphujlqj dssolfdwlrqv ri wklv wkhru|/ krzhyhu/
lw lv pruh qdwxudo wr frqvlghu rwkhu fodvvhv ri lqsxwv/
iru h{dpsoh/ �qlwh hqhuj| lqsxwv ^8/ 9/ 43/ 44`1 Khqfh
wkh txhvwlrq dulvhv dv wr zkhwkhu wkhuh h{lvwv vxlwdeoh
jurzwk frqglwlrqv zklfk dw ohdvw lqvxuh wkh qhfhvvdu|
frqyhujhqfh surshuwlhv iru wkhvh dowhuqdwlyh lqsxw vhwv1
Lq wklv sdshu/ wkh ixqfwlrq vsdfhv Os^w3> w3 . W `/ s � 4/
duh frqvlghuhg zkhq W lv erwk erxqghg dqg xqerxqghg1
Lq sduwlfxodu/ jurzwk frqglwlrqv duh ghyhorshg zklfk
surylgh vx�flhqw frqglwlrqv iru frqyhujhqfh dqg frq0
wlqxlw|/ dqg lqvxuh wkdw dq| uhdol}dwlrq ri wkh rshudwru
|lhogv d zhoo gh�qhg vwdwh vsdfh prgho rq wkh lqsxw
vsdfh1 Lw lv ghprqvwudwhg e| h{dpsoh/ krzhyhu/ wkdw
wkhvh frqglwlrqv duh qrw qhfhvvdu|1

Frqvlghu wkh vhw ri lqsxw0rxwsxw rshudwruv kdylqj p
lqsxwv dqg c rxwsxwv1 Ohw L @ i3> 4> = = = >pj/ dqg ohw Ln

eh wkh vhw ri doo vhtxhqfhv +lnln�4 � � � l4,/ zkhuh lu 5 L
iru 4 � u � n1 Iru n @ 3/ L3 ghqrwhv wkh vhw zkrvh rqo|

hohphqw lv wkh hpsw| vhtxhqfh !1 Ohw L� @
^
n�3

Ln1 Iru

dq| � 5 L�/ m�m lv wkh qxpehu ri v|perov lq �1 D irupdo
srzhu vhulhv lq wkh p . 4 qrqfrppxwdwlyh yduldeohv
i�3> �4> = = = > �pj kdv wkh irup=

f @
[
�5L�

f+�,z�>

zkhuh z� @ �ln�ln�4 = = = �l4 li � @ +lnln�4 � � � l4,/ dqg

f+�, 5 LUc1 Revhuyh wkdw vxfk d vhulhv lv qrwklqj exw d
pdsslqj iurp L� wr LUc1 Jlyhq d vhw ri vprrwk yhfwru
�hogv ij3> j4> = = = > jpj/ d vprrwk LUc0ydoxhg ixqfwlrq k/
dqg dq| {3 5 LUq/ gh�qh wkh lwhudwhg Olh ghulydwlyh ri
k iru � 5 L� dv Oj�k+{3, @ Ojl4

Ojl5
= = = Ojln

k+{3,1

Ohw s � 4 dqg d ? e eh jlyhq1 Iru d phdvxudeoh ixqf0
wlrq x = ^d> e` $ LUp/ zh zulwh nxns iru pd{inxlns =
4 � l � pj/ zkhuh nxlns lv wkh xvxdo Os qrup iru d
phdvxudeoh uhdo0ydoxhg ixqfwlrq/ xl/ gh�qhg rq ^d> e`1
Ohw Op

s ^d> e` ghqrwh wkh vhw ri doo phdvxudeoh ixqfwlrqv
gh�qhg rq ^d> e` kdylqj d �qlwh n � ns qrup1 Fohduo|/
d ixqfwlrq x @ +x4> = = = > xp, 5 Op

s ^d> e` li dqg rqo| li
xl 5 Os^d> e` iru hdfk l/ dqg nxns � nxlns iru doo l1 Iru
u A 3/ gh�qh

Ep
s +u,^d> e` @ ix 5 Op

s ^d> e`> nxns � uj=

Iru { @ +{4> {5> = = = > {q, 5 LUq/ gh�qh m{m @
pd{im{4m > m{5m > = = = > m{qmj1 Ohw w3 5 LU dqg W A 3 eh
jlyhq1 Iru hdfk � 5 L�/ gh�qh lqgxfwlyho| wkh pdsslqj
H� = O

p
4
^w3> w3 . W `$ F^w3> w3 . W ` e| H! @ 4/ dqg

Hlnln�4���l4 ^x`+w, @

] w

w3

xln+� ,Hln�4���l4 ^x`+�, g�>

zkhuh x3+w, � 31 Wkhq iru hdfk srzhu vhulhv f/ rqh
fdq irupdoo| dvvrfldwh d fruuhvsrqglqj Iolhvv rshudwru
gh�qhg e|

If^x`+w, @
[
�5L�

f+�,H� ^x`+w,=

Lq qh{w vhfwlrq ydulrxv orfdo frqyhujhqfh dqg frqwlqxlw|
wkhruhpv iru vxfk dq rshudwru duh suhvhqwhg1
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Orfdo Fdvh

Wzr qxpehuv s dqg t lq ^4>4` duh fdoohg frqmxjdwh
h{srqhqwv li

4

s
.

4

t
@ 4=

Zh dgrsw wkh frqyhqwlrq wkdw 4@4 @ 31 Wkxv/ 4 dqg
4 duh frqmxjdwh h{srqhqwv1

Ohppd 514 Dvvxph s A 41 Ohw s dqg t eh frqmxjdwh
h{srqhqwv1 Vxssrvh iru d jlyhq srzhu vhulhv f wkhuh
h{lvwv uhdo qxpehuv N A 3 dqg P A 3 vxfk wkdw

mf+�,m
t
� N m�m$P m�m> ; � 5 L�= +4,

Wkhq iru dq| u A 3/ wkhuh h{lvwv d W A 3 vxfk wkdw iru
hdfk x 5 Ep

s +u,^w3> w3 . W `/ wkh vhulhv

|+w, @
[
�5L�

f+�,H�^x`+w,

frqyhujhv devroxwho| dqg xqlirupo| rq ^w3> w3.W `1 Ixu0
wkhupruh/ |+�, lv devroxwho| frqwlqxrxv rq ^w3> w3 . W `1

Surri1 Wkh fdvh ri s @4 lv dydlodeoh lq wkh olwhudwxuh/
vhh iru h{dpsoh ^6/ ;/ </ 45`1 Ehorz zh dvvxph wkdw
4 ? s ? 41 Wr suryh wkh ohppd/ lw lv vx�flhqw wr
frqvlghu rqo| wkh vlwxdwlrq zkhuh c @ 41

Il{ u> W A 3 dqg slfn dq| x 5 Ep
s +u,^w3> w3 . W `1 Ohw

u4 @ pd{iu> W 4@sj +@ pd{iu> n4nsj,/ dqg e @ ut41 E|
wkh K�roghu lqhtxdolw|/ lw iroorzv iru dq| l @ 3> 4> = = = >p
dqg w 5 ^w3> w3 . W ` wkdw

���Hl^x`+w,
���t @

����
] w

w3

xl+� , g�

����
t

�

�] w

w3

mxl+� ,m g�

�t

�

%�] w

w3

mxl+� ,m
s g�

� 4
s

� +w� w3,
4
t

&t

� e +w� w3,=

Vxssrvh lw lv nqrzq iru dq| +ln � � � l4, 5 Ln zlwk n �{hg
wkdw

mHln���l4 ^x`+w,m
t � en

+w� w3,
n

n$
> w 5 ^w3> w3 . W `=

Wkhq lw iroorzv wkdw iru dq| w 5 ^w3> w3 . W `/

��Hln.4ln���l4 ^x`+w,
��t @

����
] w

w3

xln.4+�,Hln���l4 ^x`+�, g�

����
t

�

�] w

w3

��xln.4+�,��s g�

� t

s

�

] w

w3

mHln���l4 ^x`+� ,m
t g�

� e �

] w

w3

en
+� � w3,

n

n$
g�

@ en.4
+w� w3,

n.4

+n . 4,$
=

Vr/ zh kdyh vkrzq e| lqgxfwlrq wkdw

mHln���l4 ^x`+w,m
t � en

+w� w3,
n

n$
> ; w 5 ^w3> w3 . W `>

+5,
krogv iru doo +ln � � � l4, 5 L�1 Qrz vlqfh

mf+ln � � � l4,m
t
� N n$Pn>

wkhq iru dq| jlyhq n � 4/

mf+ln � � � l4,Hln���l4 ^x`+w,m
t

@ mf+ln � � � l4,m
t
� mHln���l4 ^x`+w,m

t

� N n$Pn � en
+w� w3,

n

n$

� NPnenW n=

Wkxv/ iru dq| n � 4/ wkh ixqfwlrq

dn+w, =@
p[

ln>===>l4@3

f+ln � � � l4,Hln���l4 ^x`+w,

kdv wkh iroorzlqj xsshu erxqg hvwlpdwh=

mdn+w,m �

p[
ln>===>l4@3

k
mf+ln � � � l4,Hln���l4 ^x`+w,m

t
l4@t

�

p[
ln>===>l4@3

+NPnenW n,4@t

@ +p. 4,n N4@t^+eP W ,4@t `n

@ pd{
q
N4@t ^uP4@tW 4@t +p. 4,`n>

N4@t ^W 4@sP4@tW 4@t +p. 4,`n
r

@ pd{
q
N4@t ^uP4@tW 4@t +p. 4,`n>

N4@t ^WP4@t +p. 4,`n
r
=

Ohw

W3 @ plq

�
4

ut+p. 4,tP
>

4

+p. 4,P4@t

�
= +6,

Wkhq/ iru dq| W 5 ^3> W3,/ wkhuh lv vrph � 5 ^3> 4, vxfk
wkdw

pd{
q
N4@t ^uP4@tW 4@t +p. 4,`n>

N4@t ^WP4@t +p. 4,`n
r
� N4@t �n=

Wkxv/ wkh vhulhv
S

mdn+w,m frqyhujhv xqlirupo| rq
^w3> w3.W `1 Wklv vkrzv wkdw/ iru dq| W � W3/ wkh vhulhv

|+w, @ f+!, .

4[
n@4

dn+w, +7,

frqyhujhv devroxwho| dqg xqlirupo| rq ^w3> w3 . W `1

Wkh devroxwh frqwlqxlw| surshuw| ri |+�, iroorzv iurp
wkh idfw wkdw hdfk Hln���l4 ^x` lv devroxwho| frqwlqxrxv rq



^w3> w3 . W ` dqg wkh idfw wkdw wkh vhulhv +7, frqyhujhv
xqlirupo| rq wkh vdph lqwhuydo1

Wkh deryh surri vkrzv wkdw iru s A 4/ li f vdwlv�hv wkh
jurzwk frqglwlrq +4,/ wkhq wkh vhulhv gh�qhv d Iolhvv
rshudwru iurp Ep

s +u,^w3> w3.W ` wr d erxqghg vxevhw ri
F^w3> w3 . W ` iru dq| W 5 ^3> W3,/ zkhuh W3 lv gh�qhg dv
lq +6,1 Ri frxuvh vlqfh W lv �qlwh/ wklv lpsolhv wkhq wkdw
lq jhqhudo vxfk rshudwruv pds dovr Ep

s +u,^w3> w3 . W `

lqwr Ec
t+v,^w3> w3 . W ` iru vrph v A 31 Wkh qh{w uhvxow

dgguhvvhv wkh fdvh zkhq s @ 41 Qrwh wkdw wklv lv d
vwulfwhu jurzwk frqglwlrq rq wkh frh�flhqwv ri f vlqfh
wkh idfwruldo whup lv devhqw1

Ohppd 515 Vxssrvh iru d jlyhq srzhu vhulhv f wkhuh
h{lvwv uhdo qxpehuv N A 3 dqg P A 3 vxfk wkdw

mf+�,m � NP m�m> ; � 5 L�= +8,

Wkhq iru dq| 3 ? u ? 4
P+p.4, dqg 3 ? W ? 4

P+p.4, lw

iroorzv wkdw iru hdfk x 5 Ep
4 +u,^w3> w3 . W `/ wkh vhulhv

|+w, @
[
�5L�

f+�,H�^x`+w,

frqyhujhv devroxwho| dqg xqlirupo| rq ^w3> w3.W `1 Ixu0
wkhupruh/ |+�, lv devroxwho| frqwlqxrxv rq ^w3> w3 . W `1

Surri1 Ohw u> W 5
�
3> 4

P+p.4,

�
/ dqg ohw � @

pd{iuP+p . 4,> WP+p . 4,j ? 41 Slfn dq| x 5
Ep
4 +u,^w3> w3.W `1 Ohw u4 @ pd{iu> Wj+@ pd{iu> n4n4j,1

Iru dq| w 5 ^w3> w3 . W `/ mHl^x`+w,m � u41 E| lqgxf0
wlrq/ rqh fdq vkrz wkdw iru dq| +ln � � � l4, 5 Ln dqg dq|
w 5 ^w3> w3 . W `/

mHln���l4 ^x`+w,m � un4 =

Frpelqlqj wklv zlwk hvwlpdwh +8,/ rqh kdv=

mf+ln � � � l4,Hln���l4 ^x`+w,m � NPnun4 =

Wkxv/ iru dq| n � 4/ wkh ixqfwlrq

dn+w, @

p[
ln>===>l4@3

f+ln � � � l4,Hln���l4 ^x`+w,

kdv wkh iroorzlqj xsshu erxqg hvwlpdwh=

mdn+w,m �
p[

ln>===>l4@3

mf+ln � � � l4,Hln���l4 ^x`+w,m

� +p. 4,n NPnun4

@ pd{
�
N+p. 4,nPnun> N+p. 4,nPnW n

�
� N�n=

Iurp wklv lw iroorzv wkdw wkh vhulhv

|+w, @ f+!, .

4[
n@4

dn+w,

frqyhujhv devroxwho| dqg xqlirupo| rq ^w3> w3 . W `1

Wkh devroxwh frqwlqxlw| ri wkh ixqfwlrq |+�, iroorzv
djdlq iurp wkh idfw wkdw wkh frqyhujhqfh lv xqlirup
dqg wkh idfw wkdw hdfk dn+�, lv devroxwho| frqwlqxrxv rq
^w3> w3 . W `1

61 Frqyhujhqfh dqg Frqwlqxlw| Wkhruhpv= Wkh

Joredo Fdvh

Iru dq| �{hg w3 5 LU dqg dq| s � 4/ gh�qh wkh ixqfwlrq
vsdfh Op

s>h+w3, e|

Op
s>h+w3, @ ix = x 5 Op

s ^w3> w4` ; w3 ? w4 ?4j=

Ohppd 614 Vxssrvh iru d jlyhq srzhu vhulhv f wkhuh
h{lvwv uhdo qxpehuv N A 3 dqg P A 3 vxfk wkdw

mf+�,m � NP m�m> ; � 5 L�= +9,

Wkhq iru dq| x 5 Op
4>h+w3,/ wkh vhulhv

|+w, @
[
�5L�

f+�,H� ^x`+w,

frqyhujhv devroxwho| dqg xqlirupo| rq ^w3> w3 . W ` iru
dq| W A 31 Lq sduwlfxodu/ |+w, frqyhujhv devroxwho| rq
^w3>4,1

Iru dq| �{hg +ln � � � l4, 5 Ln dqg dq| 3 � m � p/ ohw

$
m
ln���l4

ghqrwh wkh fduglqdolw| ri wkh vhw ilv = lv @ m> 4 �
v � nj/ l1h1/ wkh qxpehu ri lqglfhv lq +ln � � � l4, wkdw

wdnh wkh ydoxh m1 Fohduo| 3 � $
m
ln���l4

� n1 Wr suryh
Ohppd 614/ zh zloo �uvw suryh wkh iroorzlqj=

Ohppd 615 Vxssrvh iru vrph n A 3/ +ln � � � l4, 5 Ln

dqg 3 � m � p wkdw $
m
ln���l4

@ o1 Wkhq/ iru dq| W A 3/
dqg dq| x 5 Op

4 ^w3> w3 . W ` zlwk nxn4 @ u/ lw krogv wkdw

mHln���l4 ^x`+w,m � un�o
4

�U w

w3
mxm+�,m g�

�o
o$

> ;w 5 ^w3> w3.W `>

+:,
zkhuh u4 @ pd{iu> Wj +@ pd{iu> nx3n4j,1 Lq sduwlfx0
odu/

mHln���l4 ^x`+w,m �
un4
o$
> ;w 5 ^w3> w3 . W `=

Surri1 Zh zloo suryh wkh uhvxow e| lqgxfwlrq rq n1
Iluvw revhuyh wkdw wkh uhvxow iroorzv gluhfwo| iurp wkh
gh�qlwlrq lq wkh fdvh zkhq n @ 41 Qrz vxssrvh wkdw wkh
uhvxow krogv iru vrph jlyhq n1 Slfn dq| +ln.4ln � � � l4, 5

Ln.4 dqg dq| 3 � m � p1 Ohw o @ $
m
ln.4ln���l4

1 Vxssrvh

o @ 31 Wkhq lw krogv wkdw $m
ln���l4

@ 3/ dqg khqfh/

��Hln.4ln���l4 ^x`+w,
�� �

] W

w3

��xln.4+� ,�� � mHln���l4+� ,m g�

�

#] W

w3

��xln.4+�,�� g�
$
� un4 � un.44 =



Li o @ n . 4/ wkhq ln.4 @ ln @ � � � @ l4 @ m/ dqg wkxv/

��Hln.4ln���l4 ^x`+w,
�� �

] w

w3

mxm+� ,m � mHln���l4+�,m g�

�

] w

w3

mxm+� ,m

�U �

w3
mxm+�4,m g�4

�n
n$

g�

@

�U w

w3
mxm+� ,m g�

�n.4

+n . 4,$
=

Qh{w dvvxph wkdw 4 � o � n1

Fdvh L1 ln.4 @ m1 Lq wklv fdvh/ $m

ln���l4
@ o� 41 Khqfh/

��Hln.4ln���l4 ^x`+w,
�� �

] w

w3

mxm+� ,m � mHln���l4+�,m g�

� u
n�+o�4,
4

] w

w3

mxm+� ,m

�

�U �

w3
mxm+�4,m g�4

�o�4

+o � 4,$
g�

@ un.4�o
4

�U w

w3
mxm+�,m g�

�o
o$

=

Fdvh LL1 ln.4 9@ m1 Lq wklv fdvh/ $m

ln���l4
@ o1 Khqfh/

��Hln.4ln���l4 ^x`+w,
�� �

] w

w3

��xln.4+� ,�� � mHln���l4+� ,m g�

� un�o
4

] w

w3

��xln.4+� ,��

�

�U �

w3
mxm+�4,m g�4

�o
o$

g�

� un�o
4

] w

w3

��xln.4+� ,��

�

�U w

w3
mxm+�4,m g�4

�o
o$

g�

@ un�o
4

�U w

w3
mxm+�4,m g�4

�o
o$

�

] w

w3

��xln.4+�,�� g�

� un.4�o
4

�U w

w3
mxm+�4,m g�4

�o
o$

=

Vlqfh zh kdyh vkrzq wkdw wkh uhvxow lv wuxh iru hyhu|
fdvh ri n . 4/ Ohppd 615 lv suryhg e| lqgxfwlrq1

Revhuyh wkdw iru dq| n A 3/ li n @ q+p . 4, . v iru
vrph lqwhjhuv q � 3/ 3 � v ? p . 4/ wkhq wkhuh lv dw
ohdvw rqh m 5 i3> 4> = = =pj vxfk wkdw $m

ln���l4
� q1 Wkxv/

zh kdyh wkh iroorzlqj=

Fruroodu| 614 Iru dq| n A 3/ ohw q � 3 dqg 3 � v ?

p . 4 eh lqwhjhuv vxfk wkdw n @ q+p . 4, . v1 Ohw
W A 3 eh jlyhq1 Wkhq iru dq| +ln � � � l4, 5 Ln dqg dq|
x 5 Op

4 ^w3> w3 . W ` zlwk u @ nxn4/ lw krogv wkdw

mHln���l4 ^x`+w,m �
un4
q$
> ;w 5 ^w3> w3 . W `> +;,

zkhuh u4 @ pd{iu> Wj1

Zh duh qrz uhdg| wr suryh Ohppd 6141

Surri ri Ohppd 6141 Vxssrvh f vdwlv�hv wkh jurzwk
frqglwlrq +9, iru vrph N A 3 dqg P A 31 Il{ W A 31
Slfn dq| x 5 Op

4>h^w3>4,1 Ohw u @ nx^w3>w3.W `n4/ zkhuh
x^w3>w3.W ` ghqrwhv wkh uhvwulfwlrq ri x wr ^w3> w3.W `1 Ohw
u4 @ pd{iu> Wj1

Il{ n A 31 Ohw q � 3 dqg 3 � v ? p . 4 eh lqwhjhuv
vxfk wkdw n @ q+p.4,. v1 Wkhq +;, wrjhwkhu zlwk +9,
lpsolhv wkdw iru dq| +ln � � � l4, 5 Ln=

mf+ln � � � l4,Hln���l4 ^x`+w,m � NPn u
n
4

q$
> ; w 5 ^w3> w3.W `=

Khqfh/ iru

dn+w, @

p[
ln>===>l4@3

f+ln � � � l4,Hln���l4 ^x`+w,>

lw krogv wkdw

mdn+w,m �

p[
ln>===>l4@3

mf+ln � � � l4,Hln���l4 ^x`+w,m

� NPn +p. 4,n
un4

q$

@ NPq+p.4,.v+p. 4,q+p.4,.v u
q+p.4,.v

4

q$

iru doo w 5 ^w3> w3 . W `1 Lw wkhq iroorzv wkdw +gh�qlqj
d3+w, @ 3,

4[
n@3

mdn+w,m @

p[
v@3

4[
q@3

��dq+p.4,.v+w,
��

�

p[
v@3

4[
q@3

NPv +p. 4,v uv4

�

�
+P +p. 4,u4,

p.4
�q

q$

@ N

#
p[
v@3

^P +p. 4, u4`
v

$

�

#
4[
q@3

�
+P +p. 4,u4,

p.4
�q

q$

$
>

iru doo w 5 ^w3> w3 . W `1 Wklv vkrzv wkdw wkh vhulhv

|+w, @ f+!, .
4[
n@4

dn+w,

frqyhujhv devroxwho| dqg xqlirupo| rq ^w3> w3 . W `1

Revhuyh wkdw iru dq| s � 4/ Op
s>h � Op

4>h1 Dv d frqvh0
txhqfh ri Ohppd 614/ zh kdyh wkh iroorzlqj=



Fruroodu| 615 Vxssrvh iru d jlyhq srzhu vhulhv f/ wkh
frh�flhqwv vdwlv�hv wkh jurzwk frqglwlrq +9, iru vrph
N A 3 dqg P A 31 Wkhq iru dq| x 5 Op

s>h+w3,/ s � 4/
wkh vhulhv

|+w, @
[
�5L�

f+�,H�^x`+w,

frqyhujhv rq ^w3>4,1 Ixuwkhupruh/ |+�, lv frqwlqxrxv
rq ^w3>4,1

Wkh deryh fruroodu| vd|v wkdw li f vdwlv�hv wkh jurzwk
frqglwlrq +9,/ wkhq If gh�qhv dq rshudwru iurp Op

s>h+w3,
wr F^w3>4, iru dq| s � 41

71 Orfdo O�0V|vwhpv

Lq wklv vhfwlrq zh frqvlghu Iolhvv rshudwruv wkdw kdyh
d fruuhvsrqglqj vwdwh vsdfh uhdol}dwlrq1 Vshfl�fdoo|/
jlyhq wkh irupdo srzhu vhulhv f/ lw lv dvvxphg wkdw
wkhuh lv dw ohdvw rqh dqdo|wlf vwdwh vsdfh uhdol}dwlrq
+j> j4> = = = > jp> k> {3, vxfk wkdw Oj�k+{3, @ f+�, iru doo
� 5 L�1 Lq wklv vhwwlqj/ frqvlghu wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 714 Dq dqdo|wlf vwdwh vsdfh v|vwhp uhdol}d0
wlrq +i> j4> = = = > jp> k> {3, ri d Iolhvv rshudwru If lv d
orfdo O�0v|vwhp li iru vrph u A 3/ wkhuh h{lvwv vrph
W A 3 vxfk wkdw wkh rxwsxw ixqfwlrq |+w, @ k+{+w,, zlwk

b{+w, @ i+{+w,, .

p[
l@4

jl+{+w,,xl+w,> {+3, @ {3

lv gh�qhg iru doo w 5 ^3> W ` dqg doo x 5 Ep
s +u,^3> W `1

Fohduo|/ Ohppd 514 surylghv d vx�flhqw frqglwlrq iru
dq| v|vwhp ehlqj orfdoo| Os zkhq s A 41 Lq fhuwdlq
vshfldo fdvhv hyhq vwurqjhu vwdwhphqwv fdq eh pdgh=

Ohppd 714 D vlqjoh lqsxw guliwohvv v|vwhp/ l1h1/ d v|v0
whp +i> j4> k> {3, zlwk i � 3/ lv d orfdoo| Os0v|vwhp iru
dq| s � 41

Surri1 Frqvlghu dq dqdo|wlf vwdwh vsdfh v|vwhp

b{+w, @ j+{+w,,x+w,> |+w, @ k+{+w,,> {+3, @ {3= +<,

Revhuyh wkdw wkh fruuhvsrqglqj jhqhudwlqj vhulhv lv

f @ k+{3, .

4[
n@4

On
jk+{3, �

n
4
>

zkhuh �n
4
@ �4 � � � �4� ~} �

n

1 Wkh Iolhvv rshudwru lv jlyhq e|=

If^x`+w, @ k+{3, .

4[
n@4

On
jk+{3,H�n

4

^x`+w,= +43,

Revhuyh wkdw] w

w3

x+v,

] v

w3

x+v4,gv4gv @

] w

w3

X+v,

�
g

gv
X+v,

�
gv @

^X+w,`5

5
>

zkhuh X+w, @
U w

w3
x+v,gv1 Khqfh/ e| lqgxfwlrq/

H�n
4

^x`+w, @
^X+w,`n

n$
=

Vlqfh j4 dqg k duh dqdo|wlf/ wkhuh h{lvw vrph O A 3 dqg
P A 3 vxfk wkdw/ iru dq| n � 3/

��On
j4k+{3,

�� � OPnn$>

+f1i1 ^46`,1 Ohw u4 @ 4

P 1 Lw fdq wkhq eh vhhq wkdw iru

dq| 3 ? u ? u4/ dqg iru dq| W A 3/ li x 5 E4

4
+u,^3> W `/

wkh vhulhv lq +43, frqyhujhv devroxwho| dqg xqlirupo| rq
^3> W `1

Rq wkh rwkhu kdqg/ e| yluwxdo ri ^:/ Wkhruhp 61418`/ rqh
vhhv wkdw iru dq| u A 3/ wkhuh h{lvwv vrph W4 A 3/ vxfk
wkdw rq ^w3> w3 . W4`/ wkh vroxwlrq ri v|vwhp +<, kdv wkh
vhulhv h{sdqvlrq gh�qhg e| If1 Lw iroorzv wkdw iru dq|
x 5 E4

4
+u,^w3> w3 . aW `/ wkh fruuhvsrqglqj vroxwlrq |+w,

ri +<, lv gh�qhg rq ^w3> w3 . aW `1 Wkdw lv/ v|vwhp +<, lv
d orfdo O40v|vwhp1 Wr eh pruh suhflvh/ Wkhruhp 61418
lq ^:` zdv suryhg iru wkh fodvv ri slhfhzlvh frqwlqxrxv
lqsxw ixqfwlrqv1 Exw wkh vdph surri dovr dssolhv wr wkh
fodvv ri O4 lqsxw ixqfwlrqv/ dv orqj dv wkhuh h{lvw vrph
lqwhuydo ^w3> w3 . e` rq zklfk wkh vhulhv +43, frqyhujhv
devroxwho| dqg xqlirupo|1

Ilqdoo|/ iru dq| 4 ? s ?4 dqg dq| w A w3/ wkh K�roghu
lqhtxdolw| |lhogv

] w

w3

mx+v,m gv �

�] w

w3

mx+v,ms gv

�4@s�] w

w3

gv

�4@t

>

zkhuh t lv frqmxjdwh wr s1 Wkxv/ O4s+us,^3> W ` �

O4
4
+u,^3> W `/ zkhuh u @ us W

4@t 1 Wkxv/ iru dq| 4 ? s ?
4/ v|vwhp +<, lv d orfdo Os0v|vwhp1 Wkh fdvh s @4 lv
suryhq lq ^:/ Fkdswhu 6`1

Lq wkh qh{w vhfwlrq/ lw lv vkrzq e| h{dpsoh wkdw wkh
jurzwk frqglwlrqv ri Ohppd 514 duh qrw qhfhvvdu| iru
d v|vwhp wr eh Os1

81 H{dpsohv

Lq wklv vhfwlrq d ydulhw| ri h{dpsohv duh suhvhqwhg wr
looxvwudwh wkh frqfhswv iurp wkh suhylrxv vhfwlrqv1 Wkh
�uvw h{dpsoh vkrzv wkdw doo elolqhdu v|vwhpv duh Os0
v|vwhpv lq wkh vhqvh ri Vhfwlrq 5 iru doo s � 41 Lq idfw/
vxfk v|vwhp vdwlvi| wkh pruh uhvwulfwlyh jurzwk frqgl0
wlrq +9,/ zklfk lqvxuhv wkh joredo frqyhujhqfh dqg frq0
wlqxlw| surshuwlhv iru wkh fruuhvsrqglqj Iolhvv rshudwru1
D vlplodu dqdo|vlv krogv iru olqhdu v|vwhpv1 Wkh vhfrqg
h{dpsoh lv rqh wkdw idlov wkh jurzwk frqglwlrq +4, iru
doo 4 � s ?4/ hyhq wkrxjk e| Ohppd 714 lw lv nqrzq
wr eh orfdoo| Os iru doo s � 41 Khqfh/ vxfk jurzwk frq0
glwlrqv duh rqo| vx�flhqw frqglwlrqv iru d v|vwhp wr eh
orfdoo| Os1 Wkh �qdo h{dpsoh lv lq d vhqvh lq ehwzhhq
wkh suhylrxv wzr1 Lw vdwlv�hv wkh jurzwk frqglwlrq +4,
iru d �qlwh s A 4/ exw qrw iru doo �qlwh s ydoxhv1



H{dpsoh 814 Frqvlghu d elolqhdu v|vwhp

b{ @ D{.

p[
l@4

Ql{ xl

| @ F{>

zkhuh F 5 LUc�q1 Ohw {3 eh dq| qrq}hur yhfwru lq LUq1
Xvlqj wkh lqgxfhg pdwul{ qrup/ gh�qh N @ nFn m{3m/
dqg P @ pd{3�l�p nQln/ zkhuh Q3 @ D1

Wkhq revhuyh wkdw iru dq| n � 3 lw iroorzv gluhfwo| wkdw

mf+ln = = = l4,m @ mFQln = = =Ql4{3m � nFnPn m{3m @ NPn>

Wulyldoo|/ mf+!,m @ 3 � N1 Khqfh/ wkh jurzwk frqglwlrq
+9, lv vdwlv�hg1

H{dpsoh 815 Frqvlghu wkh vfdodu v|vwhp

b{ @ {5x

| @ {>

lq zklfk fdvh wkh h�hfwlyh lqgh{ vhw lv L� @ i+4 = = = 4� ~} �
n

, =

n � 3j1 Wkh frh�flhqwv iru {3 @ 4 duh hdvlo| vkrzq wr
eh

f+4 = = = 4� ~} �
n

, @ On
jk+4, @ n$> n � 3=

Khqfh/ mf+4 = = = 4� ~} �
n

,mt @ +n$,t vdwlv�hv wkh jurzwk frqgl0

wlrq +4, rqo| zkhq t @ 4 +s @ 4,1 Li rqh dssolhv wkh
orfdo frruglqdwh wudqvirupdwlrq } @ !+{, @ +{ � 4,@{
lq d qhljkerukrrg ri {3 @ 4/ wkhq wkh uhvxowlqj Zlhqhu
v|vwhp

b} @ x

| @
4

4� }

kdv lghqwlfdo frh�flhqwv iru }3 @ 31

H{dpsoh 816 Frqvlghu wkh Zlhqhu v|vwhp

b{ @ x

| @ h{
5@5

qhdu {3 @ 31 Wkh frh�flhqwv iru {3 @ 3 duh f+>, @ 4
dqg

f+4 = = = 4� ~} �
n

, @

�
4 � 6 � 8 � � � � n � 4 = n hyhq

3 = n rgg=

Lq zklfk fdvh/

mf+�,mt � m�m$> ;� 5 L�

iru t @ 4 +s @ 4, dqg t @ 5 +s @ 5,1 Wkxv/ iru dq|
u A 3 wkhuh h{lvwv W A 3 vxfk wkdw wkh lqsxw0rxwsxw
v|vwhp fdq eh ylhzhg dv d pdsslqj ri wkh irup If =
E4
4+u,^3> W ` :$ O4

4
^3> W ` ru If = E

4

5
+u,^3> W ` :$ O4

5
^3> W `1

Qr rwkhu frqfoxvlrqv ri wklv w|sh fdq eh gudzq vlqfh wkh
jurzwk frqglwlrqv lq wklv sdshu duh rqo| suryhq wr eh
vx�flhqw frqglwlrqv1 Exw ri frxuvh wkh vwdwh htxdwlrq
kdv d zhoo gh�qhg vroxwlrq iru doo lqsxwv lq O4s^3> W `/
s � 4/ dqg dv zlwk wkh suhylrxv h{dpsoh/ wkh v|vwhp lv
orfdoo| Os iru doo s � 41

Dfnqrzohgjphqw

Wkh vhfrqg dxwkru zdv vxssruwhg lq sduw e| QVI Judqw
GPV0<78:;591
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