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Abstract

Fliess operators as input-output mappings are particu-
larly useful in a number of fundamental problems con-
cerning nonlinear realization theory. In the classical
analysis of these operators, certain growth conditions
on the coeflicients in their series representations insure
uniform and absolute convergence, provided each ad-
missible input is uniformly bounded by some fixed up-
perbound. In some emerging applications of this theory,
however, it is more natural to consider other classes of
inputs. In this paper, L, function spaces are consid-
ered. In particular, growth conditions are developed
which provide sufficient conditions for convergence and
continuity, and insure that any realization of the opera-
tor yields a well defined state space model on the input
space.

1. Introduction

The class of operators known as Fliess operators are
particularly useful in a number of fundamental prob-
lems in realization theory for nonlinear input-output
maps [1,2,3,7, 14, 15]. They are characterized by a cer-
tain convergent functional series whose coefficients can
be explicitly computed in terms of any corresponding
state space realization, when one exists. In the classi-
cal analysis of these operators, growth conditions on the
coeflicients are normally assumed in order to guarantee
uniform and absolute convergence of the series, pro-
vided each admissible input is uniformly bounded in ab-
solute value by some fixed upperbound [2, 3, 4, 8, 9, 12].
In some emerging applications of this theory, however,
it is more natural to consider other classes of inputs,
for example, finite energy inputs [5, 6, 10, 11]. Hence
the question arises as to whether there exists suitable
growth conditions which at least insure the necessary
convergence properties for these alternative input sets.
In this paper, the function spaces L,[to,to + 1], p > 1,
are considered when T is both bounded and unbounded.
In particular, growth conditions are developed which
provide sufficient conditions for convergence and con-
tinuity, and insure that any realization of the operator
yields a well defined state space model on the input
space. It is demonstrated by example, however, that
these conditions are not necessary.
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Consider the set of input-output operators having m
inputs and ¢ outputs. Let I = {0,1,...,m}, and let I*
be the set of all sequences (igir—1---41), where i, € T
for 1 < r < k. For k =0, I° denotes the set whose only

element is the empty sequence ¢. Let I* = U I*. For
k>0

any 1 € I*, |n| is the number of symbols in 7. A formal

power series in the m 4+ 1 noncommutative variables

{00,061, ...,0,,} has the form:

¢ = Z c(n) wy,

ner*

where Wy = 9”,9”,71 e 91'] if n = (ikik—l .- 'il), and
c(n) € RE. Observe that such a series is nothing but a
mapping from I* to IR’. Given a set of smooth vector
fields {go, g1, .., 9m}, a smooth IR*-valued function h,
and any zop € IR", define the iterated Lie derivative of
h for n € I* as Ly, h(wo) = Ly, Lg,, .. .Lgikh(xo).

Let p > 1 and a < b be given. For a measurable func-
tion w : [a,b] — IR™, we write ||u|, for max{||u|p :
1 < i < m}, where ||u;]|p is the usual L, norm for a
measurable real-valued function, u;, defined on [a,d].
Let L}'[a, b] denote the set of all measurable functions
defined on [a,b] having a finite || - ||, norm. Clearly,
a function u = (uy,...,un) € L;'[a,b] if and only if
u; € Ly[a,b] for each 4, and ||u||, > ||u;||, for all 4. For
r > 0, define

By (r)[a,b] = {u € L[a,b], |lul, <r}.

For = = (z1,29,...,2,) € IR™ defline |z| =
max{|z1],|2x2],...,|zn|}. Let tx € R and T > 0 be
given. For each n € I*, define inductively the mapping
E,: L[to, to + T] — Clto, to + T by Ey =1, and

Emme®=/UMﬂ%quﬁMﬂ

to

where ug(t) = 0. Then for each power series ¢, one
can formally associate a corresponding Fliess operator
defined by

Felu](t) = Y c(n) Eylul(t).
ner*

In next section various local convergence and continuity
theorems for such an operator are presented.



2. Convergence and Continuity Theorems: The
Local Case

Two numbers p and ¢ in [1,00] are called conjugate
exponents if

-+ =-=1

p q

We adopt the convention that 1/00 = 0. Thus, 1 and
oo are conjugate exponents.

Lemma 2.1 Assume p > 1. Let p and q be conjugate
exponents. Suppose for a given power series ¢ there
exists real numbers K >0 and M > 0 such that

()l < KnltM,  yper. (1)

Then for any r > 0, there exists a T > 0 such that for
each u € B} (r)[to,to + T1, the series

y(t) = Y e(n)Bylul(t)

ner*

converges absolutely and uniformly on [to,to +T]. Fur-
thermore, y(+) is absolutely continuous on [to,to + T.

Proof. The case of p = oo is available in the literature,
see for example [3, 8, 9, 12]. Below we assume that
1 < p < oco. To prove the lemma, it is sufficient to
consider only the situation where £ = 1.

Fix r,7 > 0 and pick any u € B}*(r)[to, to + T]. Let
r1 = max{r, TY?} (= max{r, ||1[|,}), and b = r{. By
the Holder inequality, it follows for any ¢ = 0,1,...,m

and ¢ € [tg, tg + T that
q t q
< ([ 1w ar)
to

/t;ui(f)m
[(/ )P dr)’% -<t to)‘l’r

< b(t— to).

i)

IA

Suppose it is known for any (i, - - -i1) € I* with k fixed
that

t € [to, to + 1.

Then it follows that for any ¢ € [tg, to + T,

q

Bigpvigerin [u] ()]

/t: Uigeys (T) Bty [ul () AT

q

t P
< (/ |uik+](7')|p dT)
to
t
[ Bl ar
to
t RN’
< b [Tzt
" 3]

P+ (t — o)
&+ 1)

So, we have shown by induction that

Vit e [to,to + T],

(2)

holds for all (i ---41) € I'*. Now since
le(ir -+ i1)|" < KKkIM",

then for any given k& > 1,

|c(ir - --i1) Egyoiy [u] ()| = e(ig - --30)|* - [Eiyeo, [u] (8)]*
(t —to)*
< Kk ME.pF 9
- k!
< K MFuRT*.

Thus, for any k£ > 1, the function

Tgyennyt1=0

has the following upper bound estimate:

i) By lil0)7]

ax®) < >0 [letin--
yernyit =0

> (I MRVTR)Y
yennsit =0

= (m4+ 1" KY(bMT)/
= max {Kl/q [r MY 9TV (m 1)),

IN

K1/4 [Tl/P MY aTt/a (m + 1)]k}
— max {Kl/q [r MY9TY (1 + 1))F,
KYa [T (4 1)]’“}.

Let

1 1
ri(m+ 1)9M’ (m—l—l)Ml/q}' ®)

To = min{

Then, for any T € [0, Tp), there is some 6 € [0,1) such
that

maX{Kl/q [r MY 9TV (m 4 1)]*,

KYa [T (m 4 1)]’“} < Kl gk,

Thus, the series > |ag(t)] converges uniformly on
[to, to + T]. This shows that, for any T' < Ty, the series

y(t) = (@) + D ax(t) (4)
k=1

converges absolutely and uniformly on [tg,to + T

The absolute continuity property of y(-) follows from
the fact that each E;, ...;, [u] is absolutely continuous on



[to,to + T] and the fact that the series (4) converges
uniformly on the same interval. =

The above proof shows that for p > 1, if ¢ satisfies the
growth condition (1), then the series defines a Fliess
operator from B} (7)[to, to + 7] to a bounded subset of
Clto, to + T'] for any T € [0, Tp), where Tj is defined as
in (3). Of course since T is finite, this implies then that
in general such operators map also B}*(r)[to, to + T

into BE(s)[to, to + T for some s > 0. The next result
addresses the case when p = 1. Note that this is a
stricter growth condition on the coefficients of ¢ since
the factorial term is absent.

Lemma 2.2 Suppose for a given power series c there
exists real numbers K >0 and M > 0 such that

le(m)| <K MM, VeI (5)

Then for any 0 < r < m and 0 < T < —M(%H) it

follows that for each uw € BT (r)[to,to + T, the series

y(t) = Y e(n)Eylul(t)

ner*

converges absolutely and uniformly on [to,to +T]. Fur-
thermore, y(-) is absolutely continuous on [tg,to + T.

Proof. Let »,T € (O, m), and let § =

max{rM(m + 1), TM(m + 1)} < 1. Pick any u €
B (r)[to, to+T]. Let 1 = max{r, T}(= max{r, |1]1}).
For any ¢t € [to,t0 + T], |E;[u](t)] < ri;. By induc-
tion, one can show that for any (i ---41) € I* and any
t € [to,to + 17,

| By, [ul ()] < 17

Combining this with estimate (5), one has:

Thus, for any k& > 1, the function

ihyenyi1 =0

has the following upper bound estimate:

ax@® <D Jelig i) Biy, [ul(8)]

ieyensin=0

(m + )% KM*r¥

max { K (m + 1)*M*r* K(m+1)*M*T*}
K&*.

IA

From this it follows that the series

y(t) = e(9) + Y ax(t)
k=1

converges absolutely and uniformly on [tg,to + T.

The absolute continuity of the function y(-) follows
again from the fact that the convergence is uniform
and the fact that each ay(-) is absolutely continuous on
[to, to + T]. ]

3. Convergence and Continuity Theorems: The
Global Case

For any fixed tg € IR and any p > 1, define the function
space Ly'.(to) by

Lge(to) = {u Tue L;n[to,tll vto <t < OO}

Lemma 3.1 Suppose for a given power series c there
exists real numbers K > 0 and M > 0 such that

e(m)| < &M, vy eI (6)

Then for any u € LY, (to), the series

y(t) = Y e(n)Bylul(t)

nel*

converges absolutely and uniformly on [to,to + T| for
any T > 0. In particular, y(t) converges absolutely on
[to, OO) .

For any fixed (i ---i1) € I* and any 0 < j < m, let
gk"'il denote the cardinality of the set {is :is =74, 1 <
s < k}, i.e., the number of indices in (i ---4;) that

w

take the value j. Clearly 0 < wljk"'il < k. To prove
Lemma 3.1, we will first prove the following:

Lemma 3.2 Suppose for some k > 0, (i ---i1) € I*
and 0 < j < m that wzj-k___i] = 1[. Then, for any T > 0,

and any v € LT [to, to + T with ||ully = r, it holds that

(S 1oyt do)

T ) vt € [t03t0+T]a

(7)
where r1 = max{r,T} (= max{r, ||ug|1}). In particu-
lar,

| By, [ul (1) < 7

rt

Bii [ul()] < 2,

Yt € [to, to + 1.

Proof. We will prove the result by induction on k.
First observe that the result follows directly from the
definition in the case when k = 1. Now suppose that the
result holds for some given k. Pick any (ig41%x---41) €

I*1 and any 0 < j < m. Let | = w/ .. Suppose

' U1k 11
I = 0. Then it holds that w/ .. ; =0, and hence,

)

IA

T
/ iy (7)] - | B, (7)) 7

to

T
(/ i ()] dT) <t
to

|E¢k+] [PRER A [u] (t) |

IA



Ifl=k+1, then ixy; =i = --- = i3 = j, and thus,

t

‘Eik+lik‘”i1 [u](¢) ‘ <
to

< . |u; (7) x T
(2 gy )
B (k+1)!

Next assume that 1 <[ < k.

Case I. ix41 = j. In this case, wgk“ ;, =1 —1. Hence,

"7

‘Eik+lik”‘il[u](t)‘ < /t |UJ(T)| : ‘Eik"'il (T)‘ dr

t
k—(1—1
At ’/ ()|
to

(ftz |uj(71)] dTl)
' (1—1)!

(S () )’
l! '

IN

_ k1l
T

Case II. i1 # j. In this case, szp- ;, = l. Hence,

"7

t
’Eik-+lik-"'il [u](t)‘ < / ’uik+l (T)’ : ‘Eik"'il (T)| dr

to
t
S Tllc_l ‘ull\+l (T)‘
to
. !
(ﬁo | (71)] dﬁ)
. I dr
t
< r]fil / |U’ik-+1 (T)|
to
l
(Ut ()| )
. I dr
A CHREY
-t !
t
’qul(T)‘ dr
to
(f; ;i (71)] dTl)

Since we have shown that the result is true for every
case of k + 1, Lemma 3.2 is proved by induction. =

Observe that for any & > 0, if £ = n(m + 1) + s for
some integers n > 0, 0 < s < m + 1, then there is at
least one j € {0,1,...m} such that wfk“ > n. Thus,
we have the following:

i1

Corollary 3.1 Forany k >0, letn >0 and 0 < s <
m + 1 be integers such that k = n(m + 1) + s. Let
T > 0 be given. Then for any (iy ---i1) € I* and any
u € LT [to, to + T with r = ||ul|1, ¢t holds that

k
T
|E““[’U,](t)‘ S ?1'7 vt € [thtO +T]a (8)

where r1 = max{r, T}.

We are now ready to prove Lemma 3.1.

Proof of Lemma 3.1. Suppose c satisfies the growth
condition (6) for some K > 0 and M > 0. Fix T > 0.
Pick any u € L7, [to,o0). Let 7 = ||us,to41) /1, Where
U[ty,to+71] denotes the restriction of u to [tg,to + T]. Let
r1 = max{r, T}.

Fix £k > 0. Let n > 0 and 0 < s < m + 1 be integers
such that k = n(m+1) +s. Then (8) together with (6)
implies that for any (i ---i;) € I*:

k
,
c(ig, -~ -i1) Eiy i, [u](1)] < KMkn_lw Vit € [to, to+T].

Hence, for
ap(ty =Y clig-- i) Eip, [u](8),
hyenyil =0
it holds that
ax®] < > elix i) By, [U](2)]
ki =0

T‘k
< KMF(m+1)"—=
n.

rn(m+l)+s
_ KMn(m+l)+s(m+1)n(m+1)+s 1 '
n.

for all ¢t € [tg,to + T]. It then follows that (defining

Cbo(t) = 0)
Z |ak(t)| - Z Z |an(m+1)+s (t)|
k=0 s=0n=0

KM?° (m+1)°r]

NE
K

«
Il
(==}
3
Il
o

[ (m 4 pyry)m]”
n!

= K (Z[M (m+1) 7’1]S>

s=0

= (M (m+ D) )m+1"
(§ lomemmrer)

n=0
for all t € [tg,to + T']. This shows that the series

y(t) = () + 3 an(t)
k=1
converges absolutely and uniformly on [tg,to + T]. =

Observe that for any p > 1, L. C LT",. As a conse-
quence of Lemma 3.1, we have the following:



Corollary 3.2 Suppose for a given power series ¢, the
coefficients satisfies the growth condition (6) for some
K >0 and M > 0. Then for any u € L]'.(to), p > 1,

the series
y(t) = c(n)Bylul(t)
ner*

converges on [tg, 00). Furthermore, y(-) is continuous
on [tg, 00).

The above corollary says that if ¢ satisfies the growth
condition (6), then F. defines an operator from L}, (to)
to C[tg, 00) for any p > 1.

4. Local L,-Systems

In this section we consider Fliess operators that have
a corresponding state space realization. Specifically,
given the formal power series c, it is assumed that
there is at least one analytic state space realization
(9,915, 9m,h,wo) such that Ly h(zo) = c(n) for all
7 € I*. In this setting, consider the following definition.

Definition 4.1 An analytic state space system realiza-
tion (f,qg1,---,9m,h,x0) of a Fliess operator F,. is a
local L,-system if for some r > 0, there exists some
T > 0 such that the output function y(t) = h(x(t)) with

a(t) = f(z(t) + Y gi(@®)ui(t), 2(0) = xo
=1

is defined for all t € [0,T] and all w € B*(r)[0, 7.

Clearly, Lemma 2.1 provides a sufficient condition for
any system being locally L, when p > 1. In certain
special cases even stronger statements can be made:

Lemma 4.1 A single input driftless system, i.e., a sys-
tem (f, g1, h,xo) with f =0, is a locally Ly-system for
any p > 1.

Proof. Consider an analytic state space system

#(t) = g(=(t))u(t), y(t) = h(z(t)),

Observe that the corresponding generating series is

z(0) = z9. (9)

oo

¢ = h(zg) + ZLgh(:co) or,
k=1

where 0§ = 01 ---0;. The Fliess operator is given by:
N —
k

Ful(t) = hiwo) + > Lih(xo) EgeTul(t). (1)

k=1

Observe that

/t; u(s) /t: u(s1)ds1ds = /t; Ul(s) (%U(s)) ds — w

where U(t) = [

‘0 u(s)ds. Hence, by induction,

[U1*
Ko

Epelu](t) =

Since g and h are analytic, there exist some L > 0 and
M > 0 such that, for any k£ > 0,

|L% h(zo)| < LM*k!,

(c.f [13]). Let 1 = . It can then be seen that for
any 0 < r < rq, and for any T > 0, if u € B{ (r)[0, T],
the series in (10) converges absolutely and uniformly on
[0, T7.

On the other hand, by virtual of [7, Theorem 3.1.5], one
sees that for any r > 0, there exists some 77 > 0, such
that on [tg,to + T1], the solution of system (9) has the
series expansion defined by F.. It follows that for any
u € B(r)[to, to + T, the corresponding solution y(t)
of (9) is defined on [tg,to + 1. That is, system (9) is
a local Li-system. To be more precise, Theorem 3.1.5
in [7] was proved for the class of piecewise continuous
input functions. But the same proof also applies to the
class of Ly input functions, as long as there exist some
interval [tg, %o + b] on which the series (10) converges
absolutely and uniformly.

Finally, for any 1 < p < oo and any t > £, the Holder
inequality yields

/tj u(s)| ds < (/t: (s d5>1/p </t; d5>1/q7

where ¢ is conjugate to p. Thus, L})(rp)[O, T] C
Li(r)[0,T], where r = 7, T*/4. Thus, for any 1 < p <
0o, system (9) is a local Ly-system. The case p = oo is
proven in [7, Chapter 3]. =

In the next section, it is shown by example that the
growth conditions of Lemma 2.1 are not necessary for
a system to be L.

5. Examples

In this section a variety of examples are presented to
illustrate the concepts from the previous sections. The
first example shows that all bilinear systems are L,-
systems in the sense of Section 2 for all p > 1. In fact,
such system satisfy the more restrictive growth condi-
tion (6), which insures the global convergence and con-
tinuity properties for the corresponding Fliess operator.
A similar analysis holds for linear systems. The second
example is one that fails the growth condition (1) for
all 1 < p < o0, even though by Lemma 4.1 it is known
to be locally L, for all p > 1. Hence, such growth con-
ditions are only sufficient conditions for a system to be
locally L,. The final example is in a sense in between
the previous two. It satisfies the growth condition (1)
for a finite p > 1, but not for all finite p values.



Example 5.1 Consider a bilinear system

Az + zm: N;x u;
i=1

y = Cu,

8-
|

where C' € IR®*". Let x5 be any nonzero vector in IR".
Using the induced matrix norm, define K = ||C|| |zol,
and M = maxg<i<m || Ni[|, where Ny = A.

Then observe that for any & > 0 it follows directly that
‘C(lk AN Z]>| == ‘CN“ A Nilxo‘ S ||CH Mk ‘.730‘ = KMk,
Trivially, |c(¢)| = 0 < K. Hence, the growth condition
(6) is satisfied.

Example 5.2 Consider the scalar system

& = 2%u
y =
in which case the effective index set is I* = {(1...1) :
N —

k
k > 0}. The coefficients for zg = 1 are easily shown to

be
ol...1)=Lin(1) =k, k>0
k
Hence, |c¢(1...1)|?7 = (k!)? satisfies the growth condi-
——

k

tion (1) only when ¢ =1 (p = o0). If one applies the
local coordinate transformation z = ¢(z) = (x — 1)/
in a neighborhood of zy = 1, then the resulting Wiener
system

Z = u
1
1—2

has identical coeflicients for zo = 0.

y =

Example 5.3 Consider the Wiener system

T = u
y = 63v2/2

near £g = 0. The coeflicients for zg = 0 are ¢()) = 1
and

1-3-5----k—1 : keven
C(l"'”:{ 0 .k odd.

k

In which case,
lem|* < Inlt, VneI”

forg =1 (p =) and ¢ = 2 (p = 2). Thus, for any
r > 0 there exists T > 0 such that the input-output
system can be viewed as a mapping of the form F :
BL(r)[0,T] — Li[0,T] or F.: Bi(r)[0,T] — L3[0,T].
No other conclusions of this type can be drawn since the
growth conditions in this paper are only proven to be
sufficient conditions. But of course the state equation
has a well defined solution for all inputs in L}J[O,T],
p > 1, and as with the previous example, the system is
locally L, for all p > 1.
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