MAXIMALLY ROBUST CONTROLLERS FOR
MULTIVARIABLE SYSTEMS

S.K. Gungah !

Abstract

The set of all optimal controllers which maximize a ro-
bust stability radius for unstructured additive pertur-
bations may be obtained using Hankel-norm approxi-
mation methods. These controllers guarantee robust
stability for all perturbations which lie inside an open
ball in the uncertainty space (say of radius r;). Neces-
sary and sufficient conditions are obtained for a pertur-
bation lying on the boundary of this ball to be desta-
bilizing for all maximally robust controllers. It is thus
shown that a “worst-case direction” exists along which
all boundary perturbations are destabilizing. By impos-
ing a parametric constraint such that the permissible
perturbations cannot have a “projection” of magnitude
larger than (1—§)r1,0<d <1, in the most critical direc-
tion, the uncertainty region guaranteed to be stabilized
by a subset of all maximally robust controllers can be
extended beyond the ball of radius ;. The choice of
the “best” maximally robust controller - in the sense
that the uncertainty region guaranteed to be stabilized
becomes as large as possible - is associated with the so-
lution of a superoptimal approximation problem. Ex-
pressions for the improved stability radius are obtained
and some links with p-analysis are pursued.

1 Notation

R and C denote the sets of real and complex numbers,
respectively. Cy (C1), C_ (C_) denote the open (closed)
right half-plane and the open (closed) left half-plane,
respectively. For a complex matrix A, AT denotes the
transpose and A’ denotes the complex-conjugate trans-
pose. 0;(A) denotes the ith largest singular value with
the smallest and largest denoted by o(A) and &(A4),
respectively. The norm of A is defined as ||A||=¢c(A4).

L2X™ denotes the space of all p x m matrix functions
with entries uniformly bounded on the jw-axis. HEX™
and HP*™ denote the subspaces of L83 consisting of
all matrix functions whose entries are analytic in C4 and
C_, respectively. ||.||oo denotes the £, norm of matrices
in Lo, or the Ho, norm of matrices in H., depending
on context. YBHEX™ ={GEHEX™ : ||G||cc <7} is the v
ball of HEX™. The prefix R before a set symbol means
that the elements of the set are real-rational. Ma-
trix dimensions of spaces are occasionally suppressed.
G(s)~ := G'(—5) denotes the para-hermitian conjugate

LCenter for Process Systems Engineering, Imperial College,
London SW7-2BY, UK. (s.gungah@ps.ic.ac.uk).

2Department of Electronic and Electrical Engineering, Univer-
sity of Leeds, Leeds LS2 9JT, UK. (een6gdh@sun.leeds.ac.uk).

3Department of Electrical and Electronic Engineering, Impe-

rial College, London SW7-2BT, UK. (i.jaimouka@ic.ac.uk).

G.D. Halikias?

.M. Jaimoukha?

of G(s). The Hankel operator with symbol G € H, is
denoted by I'¢. The Hankel norm of G is written as
[[T¢|| and the smallest Hankel singular value as o(T'q).

Matrix (scalar and vector) transfer functions will be
represented by uppercase (lowercase) boldface letters
and with the dependence on s mostly suppressed. If
G™! = 472G~ then G is called ~-allpass (or sim-
ply allpass if v = 1). A matrix function G € RH
which satisfies GG = [ is called inner. A ma-
trix function G(s) € RMHe which has full column
rank for all s € C4 is called outer. If U and H =

Hi1 Hip . , . .
[ H,, H-, | € matrix functions with compatible

dimensions, we define the lower linear fractional map
FI(H,U)=Hy1+ H5U(I — Hy2U)" ' Ho, provided
that [ — Haa(c0)U (00) is invertible. If ¢ is a set, then
Fi(H,U) denotes the set {F(H,U) : U € U} and if
G1,G2,Gs € L, have appropriate dimensions, then
G1 + G2U G5 denotes the set {G1 + GUGs : U € U}.

If G € Lo we define, for each i, s°(G) =
sup{al( (jw)) rweR}. Clearly, s (GQ) = |G| so- Sup—
pose that 7 is a set of matrix functions. T € 7 1
called a kth level superoptimal function if 1t minimizes
the sequence {s5°(T), s (T), ..., s> (T)} with respect
to lexicographic ordering among all T'€77. The mini-
mized sequence is denoted by {s1(7),...,sx(7)}, and
the s;(7)’s are called the superoptimal levels of 7.

2 Introduction

The work presented here is related to the problem of
maximizing the robust stability radius for systems sub-
ject to unstructured additive perturbations [14], [3],
[12], [13]. In [3] it was shown that this problem is equiv-
alent to a Nehar1 approximation and a parametrization
was obtained for all controllers which guarantee a ro-
bust stabilization radius » < r;. A parametrization of all
maximally robust controllers (r=r7) is also implicit in
[3], [2]. Optimal interpolation theory is used in [12] to
give a solution for single input/single output systems.

In the multi-input/single output or single mput/multl—
output case, the optimal controller is unique. In the
matrix case, however, a continuum of optimal con-
trollers typically exists. It is therefore natural to ask
whether a subset of these controllers offers improved ro-
bust stability properties,; in the sense that it guarantees
closed-loop stability for a larger class of uncertainties,
compared to those offered by the optimal solution set
considered in total. More specifically, we seek to 1den-
tify the set of all controllers which guarantees robust
stability for the largest possible region of the uncer-
tainty space containing the open ball of radius 7, as a



subset. Clearly, this can only be achieved by imposing
a structure on the set of admissible uncertainties.

Our approach is as follows: From the work in [14],
[13] and [3] the maximum robust stability radius ry
1s the inverse of the smallest achievable #., norm
among all interpolating functions 7={K(I-GK)~'},
as K varies over the set of all internally stabilizing
compensators of G. Using an allpass dilation tech-
nique, the set of all optimal interpolating functions

Ti={T €T : ||T||Oo = r7'} C T has the form
T = Ydlag(r1 a, R+ Q)X where R € RH.,, X

and Y are square inner matrices, a is a scalar allpass
function and Q 1s the set of all rl_l suboptimal Nehari

extensions of R, i.e. Q={QEHq : [|[R+Q||oo <r7'}.

Every optimal controller corresponding to an interpo-
lating function in 73 stabilizes all perturbations in the
open ball D, = {A € Lo : ||A]leo < 71, (G—I— A) =
n(G)}, where n(-) denotes the number of poles in Cy.
Next, it is shown that perturbations A on the boundary
of Dy, are uniformly destabilizing (i.e. they destabilize
the closed-loop system for every optimal controller) if
and only if |27 (jw)A(jw)y(jw)| = r1, for some w ER,
and where &' and gy are the first row and column of
X and Y, respectively. Moreover, all frequencies w are
equally critical, in that destabilizing boundary pertur-
bations can be constructed for every w. This shows
that it is futile to attempt to extend the uncertainty
set guaranteed to be stabilized by a subset of all opti-
mal controllers in the (frequency-dependent) direction
defined by =7 and y. By imposing a parametric con-
straint (uniform in w) such that the permissible pertur-
bations cannot have a “projection” of magnitude larger
than (1—4)r; (0<d <1) in this direction, the uncer-
tainty region guaranteed to be stabilized by a subset
of all optimal controllers can be extended beyond D, .
Using a result in [8], it is shown that for each § € (0, 1]
the corresponding robust-stability radius is maximized
by the set of controllers which minimize the first two su-
peroptimal levels of 7. An expression of the improved
stability radius is also obtained which involves § and the
first two superoptimal levels of 7. This work is related
to the results in [10] which also uses superoptimization
to extend the allowable perturbation set.

An alternative interpretation of our results gives inter-
esting connections with the problem of robust stabiliza-
tion of systems subject to structured perturbations and
p-synthesis [11]. By suitably defining §, robust stabi-
lization problems for a number of uncertainty structures
can be formulated, and bounds on the achievable robust
stability radius can be obtained. An upper bound on
u for the constant complex case is derived in Section 5.
A full version of this work will appear in [5].

3 Robust stabilization for unstructured
additive perturbations

Let G € RL.. When A =0, the closed-loop system
in Figure 1 1s internally stable if and only if it 1s well-
posed, i.e. det(I—G(c0) K (00)) # 0 and the four transfer
functions (uy,us) = (y1,y2) are in Hoo. In this case,
we write (G, K) € S and K € K. Consider the set of
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Figure 1: Closed-loop System

additively perturbed systems G+A, A€ D, (G), where
D (G)={AeLec:||Allc <7 n(G)=n(G+A)} (1)

where 7(-) denotes the number of poles in C;. The

system (G, K) is said to be r—robustly stable if (G+

A, K)eS for all A€D,(G) and is maximally robustly

stable if (G K) is 71 —robustly stable and there exists

AE@DTI( y={A €Ly gl'AHOO_rl’ 7(GQ) = n(G+
A)}, such that (G+A, K

Let G have left and right coprime factorizations G =
NM™! = M_lN, respectively, with N, M, N, M e
RHeo and let U,V U,V € RHo satisfy the Bezout
identities VM—UN =T and MV—NU=1. Then the
set of all stabilizing controllers of G is

K={{U+MQ)(V+NQ)™":QcHs} (2
Let 7T ={K(I-GK)™! : K € K} be the set of all

interpolating functions. Using (2) gives
T={U+MQ)M : Q€Hx}, (3)

with M and M inner [1]. The next result gives nec-
essary and sufficient conditions for robust stabilization
in the presence of additive perturbations and the max-
imal robust stability radius. We assume, without loss

of generality, that G~ € RH and G(c0) =0 [3].

Theorem 3.1 [14], [3], [13] Let G~ € RH oo, G(o0) =
0 and suppose that (G,K) € §. Then (G, K) is
r—robustly stable if and only if [|K(I - GK) || <
r~1. Furthermore, the mazimum stability radius r1 for
which (G, K) is r1—robustly stable for some K € K is

rl—U(FG DELLS Vs 57

4 Main results

The set of all maximally robust controllers may be char-
acterized in terms of the set of all optimal Nehari ex-
tensions of MU, 1.e. all Q € H., which achieve

IM™U +Qlloe = 17" (4)

This set can be parametrized as a linear fractional map
of the set of all r; stable contractions.

Remark 4.1 To avoid a messy indexing system we as-
sume that the largest Hankel singular values of R(—s)

and R(—s) defined below in Theorems 4.1 and 4.2 are
non-repeated. This is equivalent to the assumption that
the first two superoptimal levels of T are distinct.



Theorem 4.1 [7], [4].][2] Let R=M~U € RH ™™
and define ry = HFR || (see Theorem 3.1). Then
there exists an embeddzng of R of the form,

| H H | R+Q Q | RO
a=| g g = 62 & =] § 6 ]+

with Q, € R?—lgﬁ"‘m_l)x(m‘l'p_l), such that HH~ =
H™H = 7”1_2[ and [|Hz|los = [|Qs2]lec < 7”1_1~ Fur-
ther, the set of all Q EHEX™ such that || R+Q||eo =77 "
s given by, 8§ = fl(Qa,rlBHg’;_l)x(m_l)).

Let Ky denote the set of all maximally-robust con-
trollers of G, and let 71 = {K(I-GK)™! : K €
K1} CT denote the set of all optimal interpolating func-
tions. In view of Theorems 3.1 and 4.1, these may be

parametrized as IC1 = {(U—i—MQ)(V—i—NQ)_1 Q€
F(Q,, 7“1[)’7-[(’)_1) )} and

Ti={(U+MQ)M :QEF(Q,, 1 BHE >y} - (5)

respectively. The next theorem gives an alternative
parametrization of 77 and shows that 77 can be diago-
nalized by rational allpass transformations.

Theorem 4.2 [6] Let all variables be as defined in
Theorem 4.1. Then,

1. There exists an ril-allpass completion of Hoy =
Q. of the form H =

[ Hy Hi ]:[ R+Q,, Q) ]:[ RO ]—I—Q

Hy Hi Q Q| 00 ¢

with Qa’Ql2 ’in € R?—loo such that HH™
H" H—ri Ip+m 2 andReR;L[ (P-1)x(m— 1)

2. The set of all Qe HEDXD ek that ||R—|—
Q|loo <77t is given by

S1=F(Q,, ri BHF*(m=1)y,

3. There extst inner matrices X and Y and a scalar
allpass function a such that,

T =Ydiag(ry ta, Fi(H, r BHEDX D)) X (6)
Further,

Fi(H,r BHED>Xm )y — (R4 Q:Qeplr-)xim)

I1R+Qlloc <77'}

The theorem shows that every optimal interpolating
function T' € 7; has a partial pseudo-singular value
decomposition with largest “singular value” rl_l and
corresponding real-rational left and right “singular vec-
tors”, respectively.

In the sequel we give improved robust stability proper-
ties for the set of controllers which minimize the pair
{51(T),s2(T)} with respect to lexicographic ordering.
We denote the set of interpolating functions with this
property by 72 and the corresponding set of controllers
by Ko. Clearly, T2 CT1 C7T and Ko CK; CK. We call
T2 (K2) the superoptimal set of interpolating functions
(controllers) with respect to the first two levels. The
following result gives a parametrization of 7s.

Lemma 4.1 [5] T2 may be parametrized as
/Tz = Y1 diag(sla, Szb, R + Sz)Xl

where s1 and so are the first two superoptimal levels of
T with s1 = rl_l, Y, and X, are square tnner matri-
ces, a and b are scalar rational allpass functions, R €
RHTDX2) and Sy = {Q € Hoo : | R+ Qoo < 52}

Further the first column (row) of Y1 (X1) s equal to
the ﬁrst column (row) of Y (X)) (see Theorem 4.2).

In the next part of the section we identify the set of all
A € 9D,, (G) which destabilize (G, K) for every K €
K1. We refer to such A’s as uniformly destabilizing.

Lemma 4.2 [5] There exists a real rational A €

ID;, (G) such that (G+A,K)¢S for every K € K.

Remark 4.2 The proof is an adaptation of a result in
[14]. Indeed, it is not surprising that (real-rational)
destabilizing perturbations exist on 0D, (G). The
new information supplied by Lemma 4.2 1s that (real-
rational) boundary perturbations exist which are desta-
bilizing for every mazimally robust controller K € K.

Denote by =7 and y the first row and column of X
and Y, respectively, defined in Theorem 4.2. Then,
all uniformly destabilizing perturbations constructed in
Lemma 4.2 have the property that |7 Ay(jw)| =
for some w € R. Moreover, such perturbations can be
constructed for every w € R. The next result shows
that condition |# Ay(jw)| =7y is necessary for a A€
ID,, (G) to be destabilizing for every K € K.

Lemma 4.3 [5] Let A € ID,,(G) be a destabilizing
perturbation of G for every K € K. Then there exists
an w € R, such that

|27 (jw) A (jw)y(jw)] = 1. (7)

Lemma 4.3 above shows that every A € ID, (G)
which is destabilizing for all K € K; satisfies
|27 (jwo)A(jwo)y(jwo)| = ry for some w, € R. Define
the inner product of two matrices of compatible dimen-
sions A and B as (A, B) = trace(A’B). Then, (7) says
that every A € 9D, (G) which 1s destabilizing for all
K ¢ K, satisfies [(y(jw,)=T (jw,), A(jwo)>| =71, ie.
that 1t has projection of magnitude r1 in the “most
critical direction” y(jw,)x? (jw,) for some w, € R.
Moreover, the proof of Lemma 4.2 shows that all fre-
quencies w € R are “equally critical”, in the sense that
the generalized Nyquist criterion can be violated at any
w € R. This implies that it 1s futile to attempt to ex-
tend the uncertainty set guaranteed to be stabilized by
a subset of K1 in the (frequency-dependent) direction
y(jw)zT (jw), w € R. Suppose now that we impose a
“structure” on the perturbation set of the form,

| 2T (jw)A(jw)y(jw) | < (1 =6) YweR

for some (fixed) § € (0, 1]. Note in view of Lemmas 4.2
and 4.3 that this bound is uniform in w. In other words,



we constrain the perturbation set so that A cannot have
a projection of magnitude larger that v1(1—4) in the
most critical direction for all w € R. Formally, define

E0.1) = 1A €Du(G): o Ayl < 11(1 - 8)} ()
where D, (G) is defined in (1). Then, for each d& (0, 1]

we seek the set of controllers Ks C Ky which maximize
#(9) under the constraint that G+ A is stable for all
A €D, (G)UE(S, ). Suppose that the maximum is
attained and is given by p*(d). It is clear that p*(d)
is non-decreasing in d € (0,1]. Tt is shown below that
the sets Ks are identical for every § € (0, 1] and equal to
K. A closed-form expression of p*(d) is also obtained
which involves the first two superoptimal levels of 7.

The problem formulation above is motivated by a re-
lated problem in [8]: Suppose that A€ C™*™ is nonsin-
gular. We know that if ¢(E)=0(A4), then A—F is sin-
gular if and only if {u, v}, E) =ul, Ev, = c(A), where u,
and v, denote the singular vectors of A corresponding
to o(A). Also, if (F)<a(A), then A—F is nonsingu-
lar. Suppose that a(F )_O'(A) and F is constrained to
have a projection of magnitude (strictly) less than o (A)
in the direction w,v),. This means that A—E cannot
become singular and so ¢(E) must increase for A—F to
lose rank. To find how much &(FE) can increase before
singularity occurs, we formulate the problem:

d(¢)=min{ || E|| : det(A—E)=0, [{unvy,, E)| <6} (9)
for ¢ <o(A):=0n(A). The solution is provided next.

Theorem 4.3 [8] Let A be a square nonsingular com-
plex matrix which has a singular value decomposition
A = UXV’ where ¥ = diag(oy,...,0n_1,0,) with
01 > ... > Op_g > Op_ 1>0'n>0anddenoteby
u, and v, the last columns of U and V', respectively.
Then all E which minimize (9) are given by,

P 0 0
E=U| 0 —¢ v |V
0 v ¢

where Pg 1s arbitrary except for the constraint,
1P|l < Vonon-1+ é(0n — 1) (10)

and v =+/(¢p+0n1)(0n—0)e??, 0 €[0,2m). The mini-
mum value of d(¢) in (9) is given by the RHS of (10).

Theorem 4.3 shows that, provided [{(unv!,, B} <¢ < op,
[|Z]| can increase from o, to \/O’n On1+¢(0n —0p1) be-
fore A—F loses rank. In [8] this elegant result is ex-
ploited to derive robust-stability bounds for a class of
additive, multiplicative and inverse-multiplicative per-
turbations. These results are a-posteriori, i.e. they can
only be used after a compensator has been designed.
In our case, the results in [8] can be applied a-priori in
that they are used to characterize the subset of all max-
imally robust controllers which maximize the “radius”

p(6) of the uncertainty set £(u,d) defined in (8). This
a-priori character is a consequence of the alternative
parametrization of the set of all optimal interpolation
functions given in Theorem 4.2, which shows that there
exists a (frequency-dependent) worst case direction (de-

fined by y=Mwv and =7 =w~M in Lemma 4.3 which

is identical for all maximally robust controllers K € 5.
The vectors v and w are associated with the maximal
Schmidt pair of the Hankel operator IRy [9].

In the sequel, we use Theorem 4.3 to characterize the
subset of all optimal controllers K7 which maximize
p*(d). We first need a version of Theorem 4.3 which
allows us to treat the non-square and the singular cases.

Theorem 4.4 [5] Suppose that T € CP*™ has a sin-
gular value decomposition, T = U diag(X,0)V’, with
Y =diag(c1,09,...,0¢), o1 > 02> 03> ... >0 > 0.
Let v and u be the first columns of V and U, respec-
twely, and let ¢ < o ~1 be given. Define BmXp {E €
Cm=P : ||E||<d}, P(¢)={FeCm*P : |v’Eu|§¢} and

d(¢) =sup{d:det(I—ET)#0VE€ B} NP(¢)}.

Then d(¢) = \/Ul_laz_l—qS(Uz_l—Ul_l). Also, dll FE €

P(¢) such that det(I— ET) =0 and ||E|| = d(¢) are
given by

v 0
E=V|v —¢ 0 |U
0O 0 P

where 1/:6‘79¢(é+¢) (01—1_415),9 € [0,27) and P; is
arbitrary except from the constraint || Ps|| <d(¢).

Remark 4.3 Note that d(¢) depends only on o1, 02,
and ¢ (and hence on w and v) and that it is decreasing
m og. Since all optimal interpolating functions have
the same largest singular value sy (for all frequencies)
and share the same left and right singular vectors cor-
responding to s1, Theorem 4.4 suggests a link between
the maximization of u*(8) and the minimization of the
second largest singular value of the elements of T7.

The next theorem, which is our main result, shows that
p#*(d) is maximized uniquely by the set of all superop-
timal controllers with respect to the first two levels.

Theorem 4.5 [5] Let 27 and y be the first row and
column of X and Y, respectively, and define D,(G)
and E(d, p) as in (1) and (8), respectively, for some
fired 6 € (0,1]. Let p*(d) be the supremum of p such
that there exist a K for which (GH+A  K) €S for every
AED, (GYUE(S, ). Then

1. For each ¢ /1*(5):\/5_1 (655 +(1—=38)s7") >r.

2. (G+A K)€ES for everyAe D, (G)UE(S, p*(9))
if and only if K €Ks.

3. (a) £(0,1*(0)) = Dy, (G). (b) For each KEICQ,
(GH+A,K)€ES for every AEU(;EO 1] E(3, p*(3)).

4. Let o, and o,_1 denote the two smallest Hankel
singular values of G(—s) with op_1 > op. Then,

1 (0) 2 V/30u0n 1 + (1 - 0)02

Figure 2 illustrates the set Uée(o 1] E(, p*(d)) in the
2-dimensional case. Here, s; = 1 and s; = 0.25. The
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Figure 2: Extended permissible uncertainty set

worst direction is the horizontal axis. The (open) unit
disc represents the set of uncertainties guaranteed to be
stabilized by optimal controllers. The area bounded by
the solid curve represents the set of uncertainties guar-
anteed to be stabilized by (second-level) superoptimal
controllers. Note the increase in the stability radius in
all direction other than the worst direction.

5 An upper bound on p

Our results have so far been restricted to unstructured
uncertainties. A different interpretation of our method
allows us to tackle structured uncertainty models as
well. We use the definitions and notation of [11]. Let

T el " have a singular value decomposition
T=UXV', E=diag(oy,02,...,0,), U,V eC™™", (11)
with U'U = V'V = I, and assume that
o1 >09>03> >0, > 0. (12)
Define the structured uncertainty set
A = {diag(d1lr,,..., 05, A1, ..., AF):
01,...,06 €C,A; €C™IX™ j=1,... F}

5 F

with > 7+ m;=n and let BA={A€A : [|A||<1}.
= =

Then the structured singular value of 7' is defined as

pa(T)™' = min [JA[l=  min A

det(I—AT)=0 det(=—1-v/AU)=0

(if there exists no A € A such that det(7 — AT) = 0,

we define pa(T) = 0). Let u,v € C"*! be the first
columns of U and V| respectively. Partition v and v
compatibly with A as follows:

u:[u/{’...’ug’ug_l_l’...’ug_l_F]T’ (13)
U:[v/{’ .. .’vg’vg_l_l’ .. .’vg;l_F]T’

with u;,v; € C", usy,vsyy € C™9, for e =1,...,5 and
j=1,..., F. Then it is straightforward to verify that

ap = max [vAul
AeEBAa

S P
= Y lvul+ Y lvsyllllusyl| <1 (14)
=1

7=1

Define Ay, ={A€C™*™ : |v' Au| < ag||A]]}. Then

-1 . - _1
pa(l)™ 2 min - [JAll=pa(T) 7,
det(z—1-v/AU)=0
since Ay, 2 A. Thus jia(T) is an upper bound on

#a(T). The next result uses Theorem 4.4 to give an
expression for fia (7)) that is increasing in o5.

Theorem 5.1 [5] Let all variables be as defined above
and assume that (12} is satisfied. Let

d:(0’1—0’2)0[0/2—|—\/[(01—02)a0/2]2—|—0102. (15)

Then

1. pa(T) = (mindet(z—l_leU):D ||A||)

1
=d.
lv/ Au|<agllall
2. For all ag € [0, 1], we have, pua(T)<pa(T)<o;.
3. If ag =1, then

pa(T) = pa(T) = o1 (16)

4. If ag < 1, then pua(T) < pa(T) < o1, with
ua(T)=pal(T) if and only if there exists A€ A
such that

g ejex/l—ozg 0
VIAU=d™* e\ /1—a? —ag 0

0 0 Asgg

(n=2)x(n—-2)

for arbitrary 8 and any Aqs € C sat-

isfying [|Agsf| < 1.

Remark 5.1 Note that jia(T) depends only on o1, 09
and ag and «g in turn depends only on u,v and A
(see (14)}). In the context of the robust stabilization
of systems with unstructured additive perturbations, all
optimal interpolating functions share the same largest
singular value s1 and the same singular vectors corre-
sponding to s (vectors @ and y). Thus the only free
parameter that can be used to minimize fia (-) within Ty
is the second largest singular value. Noting that Ga(-)
is nonincreasing in oo (see (15)) suggests that within
Ti, pa(-) is minimized by Ta.

Remark 5.2 The bound pa, although in general
tighter than oy is less tight than the upper bound of
the D-iteration [11]. In fact, it is shown in [11] that at
the end of the D-iteration, either

1. o1(T) = 02(T), in which case our results are not
applicable (see (12)), or

2. 01(T) > 02(T), in which case ua(T) = o1(T). It
can be shown that this corresponds to ag = 1.
Our main purpose is to illustrate the improved robust-

ness properties of superoptimal controllers, rather than
attempting to improve the D-iteration bound.



Frequency

Figure 3: 01(T) (dashed), D-iteration upper bound (dash-
dot) and upper bound pa (T) (solid)

Example 5.1 Figure 3 dlustrates the upper bound
fia(T) for a randomly generated T = [ é IB; ] _

—-5.91 —-11.49 6.03| 0.59 —-1.90 0.19 1.35
—-1.85 —=5.62 1.63|]-0.31 1.11 0.63 0.12
—7.71 =17.40 7.07) 0.97 0.72 —-0.35 —0.58

—-0.37 049 0.,52] 0.01 022 071 0.97
1.43 —-0.09 1.36] 0.60 0.70 0.23 0.36
0.07 0.37-0.41| 0.82 052 045 0.05

—-0.23 —0.15 0.66] 0.98 0.93 0.17 0.76

with A stable. The computation is carried out pointwise
across the frequency grid. The uncertainty structure
A s taken to be diagonal (S=0,F=4,m;=1,j =
1,...,4).

6 Conclusions

We have analyzed the robust stabilization problem sub-
ject to unstructured additive perturbations. We have
shown that a critical direction exists in the uncertainty
space, along which all maximum-norm boundary per-
turbations are destabilizing for every optimal controller.

We have shown that by imposing a parametric con-
straint in the most critical direction, the set of uncer-
tainties guaranteed to be stabilized by a subset of all
optimal controllers can be further extended. We have
shown that the optimal solution to this problem is asso-
ciated with the set of superoptimal controllers with re-
spect to the first two levels, and have obtained a closed-
form expression for the improved robust stability radius
which involves the first two superoptimal levels.

By adapting out results to the structured uncertainty
case, we have obtained an easily computable upper
bound on the structured- singular value (which is
tighter than the largest singular value), without the
need to carry out a D-iteration. We have further shown
that the minimization of this bound is equivalent to the
minimization of the second largest singular value.

For purposes of clarity, our technique has been re-
stricted to unstructured additive uncertainty. There

is no conceptual difficulty, however, in extending our
method to other types of uncertainty (multiplicative,
coprime, etc.) or to include frequency weightings.
Rather than analyzing each case individually, we in-
tend to investigate general linear fractional transfor-
mation uncertainty models. This is likely to involve a
general-distance superoptimal approximation problem,
the solution of which is already in place [15], [9], [7].

Our method relies on Theorem 4.4 which generalizes a
result in [8]. Section b suggests that generalizing this
theorem should be useful in robust stability analysis
of systems subject to structured uncertainty. We have
derived some results in this direction which will be re-
ported in a future publication.
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