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Abstract

This paper studies previously developed nonlinear Hilbert adjoint
operator theory from a variational point of view and provides a for-
mal justification for the use of Hamiltonian extensions via Gateaux
differentials. The primary motivation isits usein characterizing sin-
gular values of nonlinear operators, and in particular, the Hankel
operator and its relationship to the state space notion of nonlinear
balanced realizations.

1 Introduction

Adjoint operators play an important rolein linear control sys-
tems theory. They provide a duality between inputs and out-
puts of linear systems. The properties with respect to in-
put, eg. controllability and stabilizability, directly reduce
to the dua results with respect to output, observability and
detectability. Consider a linear operator (transfer function)
3(s) : E — F with Hilbert spaces E and F. Then its adjoint
operator Z'(s) : F/ — E’ isisomorphicto ZT(—s) : F — E.
The adjoint can be easily described by a state-space redliza
tion if the operator Z(s) has afinite dimensional state-space
redization. In this paper we study the nonlinear extension of
such adjoint operators, and apply theresultsto Hankel theory.

Nonlinear adjoint operators can be found in the mathematics
literature, e.g. [1], and they are expected to play an important
role in the nonlinear control systems theory. So caled non-
linear Hilbert adjoint operators are introduced in [6, 11] asa
special class of nonlinear adjoint operators. The existence of
such operatorsin an input-output sense was shownin [7], but
their state-space redlizations are only preliminary availablein
[5], where the main interest is the Hilbert adjoint extension
with an emphasis on the use of port-controlled Hamiltonian
system methods.

Here, we consider adjoint operators from a variational point
of view and provide a formal justification for the use of
Hamiltonian extensions via Géteaux differentials. We in-
vestigate whether one can use their state-space realizations
to characterize singular values of nonlinear operators, and in
particular, the Hankel operator. We aso consider the relation

to the previoudly defined singular value functions that have
been defined entirely from the controllability and observabil-
ity functions corresponding to a state space representation of
anonlinear system [10].

In Section 2 we present the linear system case as aparadigm,
inorder to motivate thelineof thinkingfor the nonlinear case.
In Section 3 state-space realizations of nonlinear adjoint op-
erators are introduced in terms of Hamiltonian extensions. In
Section 4 aformal justification of the use of Hamiltonian ex-
tensionsfor nonlinear adjoint systemsis provided. In Section
5 we concentrate on the Hankel operator, and correspondingly
on the controllability and observability operators for nonlin-
ear systems. Then, in Section 6, we extend some results of the
linear case on singular values, see e.g. [12], and their relation
to the Hankel operator to the nonlinear case by using the state
space redlizations for adjoint systems as given in Section 3.
Finally, we summarize our conclusions.

2 Linear systemsasa paradigm

This section outlines the way linear adjoint operators play
an important role in the linear systems theory, see eg. [12].
The materia is presented here in away that clarifies the line
of thinking in the nonlinear case. Consider a causal linear
input-output system y = >(u) : L'[0,00) — L5[0,00) with
(A,B,C) the state-space redlization. The transfer function
matrix is given by G(s) :=C(sl —A)~1B. Itsadjoint opera-
torisisomorphictoy, = X*(Ua) : L5[0, 00) — LJ'[0, 0o) where
the transfer function matrix is given by G*(s) := G' (—s) =
BT (—sl —AT)~ICT. Here u, and y, have the same dimen-
sions asy and u, respectively. >* satisfies the definition for
Hilbert adjoint operators, namely,

(Z(u), Ua)ry, = (U, =" (Ua) )Ly 1)
Since u, has the same dimension as y we have that
IZ(W)IE, = (Z(u), Z(u))ig = (U, ZoZ(U)iy

by substituting us = Z(u). This relation can be utilized to
derive the singular values of the corresponding input-output



map.

Now, consider the Hankel operator of a continuous-time
causal linear time-invariant input-output system S: u— ywith
an impulse response H which is analytic on [0,00). If Sis
BIBO stable then the system Hankel integral operator is the
well defined mapping Hs : L3O, 00) — L5[0, 00)

Hs o—>y(t)=/0°°H(t+r)a(r)dr.

Define the time flipping operator as the injective mapping
F :L3[0,00) — L5(—00,00) with F(G(t)) = G(—t) fort < 0
and F(G(t)) =0fort > 0. Then clearly Hs = SF, where the
codomain of Sisrestricted to L5[0, 00). It iswell known that
the composition HsHs is a compact positive semi-definite
self-adjoint operator with awell defined spectral decomposi-
tion [9]:

(o)
HiHz =y 0f (\Vj)L, V), 0j20, vj€LF0,00)
=1

(Vi VidL, = Bjks (v, (H3Hz)(V)))L, = OF.
The nonnegative real numbers o1 > 0, > ... are called the
Hankel singular valuesfor theinput-output system S.If there-
aizationis asymptotically stable (i.e,, A isHurwitz) then the
Hankel operator can bewritten asthe composition of uniquely
determined observability and controllability operators; that is,
‘Hs = OsCs, where the observability and controllability op-
erators, Oz :IR" — L5[0, 00) and Cs : L3'[0, 00) — R, respec-
tively, are given by

Xsy=0:0) = ce'x )

u—x2=Cs(u) = [5eMBu(T)dr. (3)
Note that these operators Os and Cs are aso operators on
Hilbert spaces, hence their adjoint operatorsare given by Os :
L5'0,00) — R"and Cs : R" — L5[0, 00)

Ua— X0 = 05(Ua) == [ CTu(ndt  (4)
Oy =Ci() = BTN, ()
It can be easily checked that they satisfy (Oz(X°),Ua)L;, =
(X0, 0% (Ua))rn and (Cs (u), X)gn = <u,C§(x0)>ng . These ad-

joint operators can be used to calcul ate the observability and
controllability Gramians, respectively:

10500 [ = (€, J5~CeeA TCTAT )z = (6, QX)en
165 0) 12 = 6O, J5°BT & T BdT )0 = (6, Px)n
These imply that Q = O30 Os and P = C5* o C5 = Cs o C5.

Furthermore, it is well-known that

Lemma2.1 [12] The operator HsHs and the matrix QP
have the same nonzero e genval ues.

3 State-spacerealization of nonlinear Hilbert adjoint
operators

This section is devoted to the state-space characterization of
nonlinear Hilbert adjoint operators as an extension of the

properties given in the previous section. The precise defini-
tion of nonlinear Hilbert adjoint operatorsis given asfollows
[6,7, 11].

Definition 3.1 Consider an operator T : E — F with Hilbert
spacesE and F. An operator T* : F x E — E such that

(T(u),y)F=(uT*(yu))e, VUuEE, VyeF  (6)
holdsis said to be a nonlinear Hilbert adjoint of T.

Remark 3.2 In the most general setting, let F be a topolog-
ical vector space over R with dua space F’ [1]. Let E bea
nonempty set, and A a collection of nonempty subsets of E.
Let EP bealinear space of real-valued functionsx® on E with
the property that the restriction XE\ to every A€ A isbounded.
A mapping T : E — Fiscaled A-boundedif T mapsthe sets
of A into bounded subsets of F. For any .4-bounded mapping
T:E — F, thedual map of T isdefined as

T : F—EP (7)
Y = (T'(Y))(U) = (Y oT)(u), VUEE, Wy F (8)

Hence a nonlinear Hilbert adjoint operator T* yields an ad-
joint operator in the usua sense by

(T'Y)(W) = (uT*(yu)e, UEE, yeF. (9
The converse result can be foundin[7].

If T isalinear operator then T* always exists and is equiv-
dent to T'. Of course T* is afunction only defined on F,
i.e

(T(u),y)r=(uT"(y)e, VUEE, VyeF  (10)

in the previous section.
Now, we consider an input-output system X : L7Y(Q) — L5(Q)

defined on a (possibly infinite) timeinterval Q = [tOt1] C R
which has a state-space realization

f(x,u) x(t% =0
h(x, u)

X =
y:

withx(t) e R", u(t) e RMand y(t) € R'. Here we assume that
theoriginisan equilibrium,i.e., f(0,0) =0, h(0,0) =0 holds
and that al signals and functions are sufficiently smooth. In
order to obtain a state-space characterization of the Hilbert
adjoint of a system in terms of an Hamiltonian extension we
have to introduce the variationa system of 2. It is given by
(U, uy) — W =2Zy(u,uy) :

u»—>y:Z(u):{ (11)

x = f(xu) x(t% =0
% = Ix+Pu x(1hH=0 (12)
W = %XV_‘_ %Uv-

Theinput, state and output (uy, Xy, yv) are the so called varia-
tional input, state, and output, respectively, and they represent
the variation along the trajectory (u,x,y) of the original sys-
tem .



The Hamiltonian extension X, of X is given by a Hamilto-
nian control system [2] which has an adjoint in the form of a
variationa system. Itisgiven by (u,us) — Ya = Za(U,Uy) :

x = H —fxu) X(1%) =0
. T T T
po= % = (L p+P ) pth=0
T T T
Ya = %—I: Z% p“‘% Ua
T
y = & =hixu
(13
with the Hamiltonian
H (X, p,u,Ua) := p" f(x,u) + ujh(x, u). (14)

Remark 3.3 In Section 4, we show that such a Hamiltonian
control system is a nonlinear Hilbert adjoint of the Gateaux
differentia of the operator. This interpretation results from
taking the Géteaux differential of the squared L, norm of the
nonlinear operator. Therefore, it isamorerestricted interpre-
tation than the Hilbert adjoint definition in terms of the inner
product.

By careful considerations of the Hamiltonian, one can relate
the Hamiltonian extension idea to the Hilbert adjoint of the
original system X (for more details, see [5]). It boilsdown to
extending thelinear system to a (2n+ m)-dimensiona system
corresponding to

(s 2(s) é>* =s3"(—9)

because the Hamiltonian extension was originally defined as
the adjoint of the variational system. Of course this mapping
coincides with >*(s) = =T(—s) in the linear case, however,
for nonlinear systems such arelation does not follow.

?

nlk

There dso exists a relation between adjoint operators and
port-controlled Hamiltonian systems, as has been established
in[5]. Instead of the interpretation in terms of the Gateaux
differentia of the norm (see the next section), the interpreta-
tion is more general, and can be given in terms of the Hilbert
adjoint and theinner product. Despitethismore general inter-
pretation for the port-controlled case, we only consider here
the Hamiltonian extensions as defined in [2], since we then
have explicit solutions for the “dua” coordinates p of the
system. Much more can be said about port-controlled Hamil-
tonian systems, however, that fals beyond the scope of this
paper, and we refer to [5] for more details.

4 Gateaux differentiation of dynamical systems

This section devel ops the concept of Gateaux differentialsfor
dynamical systems from an input-output point of view. It
is not only important for understanding the meaning of the
Hamiltonian extensions and adjoint systems but Gateaux dif-
ferentials of Hankel operators also play an important role in

the analysis of the properties of Hankel operators, which is
the topic of Section 5 and 6. To thisend, we state the defini-
tion of Gateaux differentials.

Definition 4.1 (Gateaux differential) Suppose X and Y are
Banach spaces, U C X isopen,and T : U — Y. Then T has
a Gateaux differential at x € X if, for all § € U the following
limit exits:

dT(x)(§) = lir%w = % T(X+€&)[¢_o-
- (15)

WewritedT (x)(&) for the Gateaux differential of T at xinthe
“direction” &.

Thereisalso achain rulefor the Géteaux differentid, i.e., the
differential of a compositionis given by the following equa-
tion:

d(ToS(})(E) = dT(SX)(ASX)(€)  (16)

Perhaps more well-known than the Gateaux differentia isthe
Fréchet derivative. Frechet differentiationisa specia case of
Géteaux differentiation, athough in the cases where we use
it, they are in fact equal. Since the directiona notation of
Géteaux differentiation is more suitable for our framework,
we use the Gateaux differential.

Theorem 4.2 Supposethat 2 : u— yasin (11) isinput-affine
and has no direct feed-through, i.e, f(x,u) = go(X) +g(X)u
and h(x,u) = h(x) for some analytic functions go, g and
h. Furthermore, suppose that X is Gateaux differentiable,
namely that there existsa neighborhoodUy, C L5(Q) of O such
that

ueLi(Q),uy €Uy =W e Ly(Q), (17)

where yy isthe output of system (12). Then it follows that
Zy(u,uy) =dZ(u)(uy) (18)

with the variational system X given in (12).

In order to prove Theorem 4.2 thefollowing property of vari-
ational systems is needed.

Lemma4.3 [2] Let (x(t,€),u(t,g),y(t,€)), t € [a,b] be a
family of state-input-output trajectories of 2, parameterized
by €, such that x(t, 0) = x(t), u(t,0) = u(t) and y(t, 0) = y(t),
t € [a,b]. Then the quantities

Xo(t) = ax((at; 0) ,

satisfy yy = Zy(u, Uy).

uy(t) =

Note that in case of a fixed initia state x(0) = x° the varia-
tiond state x,(0) at time 0 is necessarily 0. In [4] Theorem
4.2 and Lemma 4.3 have been extended to the more general
non-input-affine case. Now, we can givethe

Proof of Theorem 4.2 Let u(t,€) = u(t) + €uy(t) in Lemma
4.3. Then we have



Z(u+ew)(t) =y, 27 od

=2(u)(t) +Zv(u,uy)
where R (u,w)(t) := &

€)=
() e+3i= le(U Uv)()i',

) €

I‘g 9 Thisimplies(18). o
The Hamiltonian extension X5 aso has a relation with
Gateaux differentiation and provides a justification for the
fact that it is called the adjoint form of the variational sys-
temin[2].

Theorem 4.4 Suppose that the assumptions in Theorem
4.2 hold, and that u € LJ(Q), ua € LY(Q) = [x(t})]| <
00, || p(t%) < co. Thenit followsthat

(dZ(u))* () (19)

with the Hamiltonian extension X5 givenin (13).

Za(u,wy) =

The fact that the Hamiltonian extension Za(u, uy) is linearly
dependent on uy is crucia in the proof of Theorem 4.4. A
more general version, related to the Hilbert adjoint definition,
can be derived from the differential version of Proposition 2
in[5], but falls beyond the scope of this paper.

5 The Hankd operator and itsderivative

This section gives state-space redlizations for nonlinear
Hilbert adjoints of various operators, and relates it to singu-
lar value analysis of energy functions and operators, i.e., the
Hankel operator. Weonly consider time-invariant i nput-affine
nonlinear systems without direct feed-through in the form of

% = f0+gu
z.{ Y = nx (20)

defined on the time interval Q := (—o0,00). Here X is Lp-
stable in the sense that u € LJ'(—o0, 0] implies that >(u) re-
stricted to [0, co) isin L5 [0, 00). Supposethat theinput-output
mapping u — Y of this system can be described by a Chen-
Fliess functiona expansion [3, 8], i.e. the mappingu+— yis
represented by the following convergent generating series

u—y(t) = Zc(n)Ena,tO)(u), t>t% (21
ner*

where |* is the set of multi-indices for the index set | =
{0,1,...,m} and
t

Eik---io(tato)(u) = A uik(T)Eik_l---io(Tato)(u)dT (22)
0
with Eg(u) ;=1 and up(t) := 1. Herec(n) € R" is described
by
with go := f. Let us consider the observability and control-
lability operators Oz : R"— L5(Q4 ) and Cs : LJY(Q4) — R"
with Q; :=[0,00) of Z givenin [6, 7, 11] which are defined
by
Z}L

XX y(t) = E00 (t,0)

urs X =Cs()i= 3 (La)(OE(0—)F- (u)
2

Here 7_ : L3Y(Q4) — LJ(Q_) with Q_ := (—o0, 0] denotes
the so called flipping operator defined by

Fu)) ::{ u(at) teQ

teQ, (24)
These are natural generalizations of (2) and (3).

One can employ state-space systems to describe the observ-
ability and controllability operators which are operators of
R"— L5 and L] — R", specifically:

onyzoz(xO):{ ; - ;((:)) X(0) =x° (25)
u— %t =Cs(u) : { ;:(1 _ ;((())?))Jrg(i)]:_w) (26)
with X(—oco) = 0. Furthermore the Hankel operator Hs :

L2(Q4) — L5(Q4) of Zisgiven by
Hs :=20F_, (27)

and Hs = Os oCs holds. This has been proven in [6, 7],
along with adeeper and more detailed anaysis of the Hankel
operator. We can state the differentia version of thisfact by
using (16) as

dHz (u)(w) = dOz(Cx(u))(dCs(U)(w)).  (29)

The state-space realizations of the Géteaux differentiations
dOs, dCs and dHs are then characterized by the following
theorem.

Theorem 5.1 Consider the system %, and suppose the as-
sumptions of Theorem 4.2 hold. Then

dOs = Ogs  (Cs,dCs) =Cqs  dHs = Hgs.

This theorem directly follows from the definition of Os, Cs,
Hs, Z and the Gateaux differential d(-). Furthermore their
adjoints can be obtained by using Theorem 4.4.

Theorem 5.2 Consider the operator >~ as in (20). Sup-
pose that the assumptions of Theorem 4.2 and Theorem
4.4 hold. Then state-space realizations of (dOs(x°))*

Lo(Q1)(xR") — RN, (dCs(u))" 1 RY(XLY(Q4)) — L3(Q4)
and (dHs(u))* : L5(Q4) (xL3(Q4)) — LI(Q4 ) aregiven by
(X, Ua) — p? = (dO=(X%))*(Ua) :
x = f(x), x(0) = x°
b= %0 p-2T"(us ploc)=0 (29
pP° = p(0)
(phu) = ya = (dCz(u))*(p") :
x = f(x)+9(x)F-(u), X(—00) =0
p = - <x>+%<x>f_<u>>T b, pO)=pt (30
Ya = Fi(@"(x) p)




(U, U) = Ya = (dHx(u))*(Ua) :

x = f(X)+g(x) F_(u), X(—o0) =0
b= -2 p-2"u, ploc)=0 (3D
Ya = Fi(g'(x) p),

respectively. Here 7 : L3'(Q_) — L5'(Q.) denotes another
flipping operator defined by

0 teQ_
rwo={ , % {ca;

The proof of thistheorem is obtained by applying the adjoint
Hamiltonian extensions of Section 3, and using techniques
from [5].

(32)

6 Energy functionsand singular values

In order to proceed, first consider the following energy func-
tions:

Definition 6.1 The observability function Lo(x) and the con-
trollability function L¢(x) of Z asin (20) are defined by

l oo
Lo00) = 5 [ IOl X(0) =, ut) =0 (3
1 ; 10 2
L) = min 5 [ it Pt (34
x(){zo)oo:):lo
respectively.

These functions are closely related to the observability and
controllability operators and Gramians in the linear case, see
Section 2. In [10] these functions have been used for the
definition of balanced redlizations and singular value func-
tions of nonlinear systems. Also they fulfill corresponding
Hamilton-Jacobi equations, in a similar way as the observ-
ability Gramian and theinverse of the controllability Gramian
are solutionsof a Lyapunov/Riccati equation. In order to pro-
ceed, we first review what we mean by input-normal/output-
diagonal form, see [10]:

Theorem 6.2 [10] Consider a system (f,g,h) that fulfills
certain technical conditions. Then there exists on a neigh-
borhood U C V of 0, a coordinate transformation x =
Y(z), YP(0) = 0, which converts the system into an input-
normal/output-diagonal form, where

@) = L) =572

Lo(z) := Lo(LlJ(z)):%sziag(rl(z),...,rn(z))z

with11(2) > ... > 1(2) being the so called smooth singular
value functionson W := ¢~ (U).

Now, we present the relation between the observability func-
tion, operator and Gramian.

1 1 .

L0®) = S10:0)E = 50 05(0 ().

= S00.000))n (35)

The function @(x°) can aways be rewritten by @(x°) =
Q(xX%) X° using a square symmetric matrix Q(x°). This matrix
coincides with the observability Gramian in the linear case.

In the controllability case, there does not hold such a simple
relation as in the observability case. From equation (35) it
doesfollow that

L) = SICHO) g = 3 0. eF () Xy
= SO0 (36)

with ¢} : R" — LJ(Q, ), which is the pseudo-inverse of Cx
defined by

ciixty:=ag min ||ul[Lm. 37
5 (x7) gci(u)leﬂ llu (37)

Now, we can state theresult from [6, 7] that relates the singu-
lar value functionsto the Hankel operator:

Theorem 6.3 Let (f,g,h) be an analytic n dimensional
input-normal/output-diagonal realization of a causal Lo-
stable input-output mapping S on a neighborhood W of
0. Define on W the collection of component vectors 7 =
0,...,0,7,0,...,0) for j =1,2,...,n, and the functions
62(z)) = 1(Zj). Let vj be the minimum energy input which
drives the state from z(—oo) = 0 to z(0) = Z; and define
VUj = F(vj). Then the functions {G;}]_, are singular value
functions of the Hankel operator Hs in the following sense:

(¥}, (H3Hs) (%)), = 65(2)) (¥}, %), j=1,2,...n. (38)

The above result is quite limited in the sense that it is de-
pendent on the coordinate frame in which the system isin
input-normal/output-diagona form. We now give a more
general relationship between the singular value functions and
the Hankel operator. The ideaisto give an extension of the
linear result of Lemma 2.1 inspired by the proof of the lat-
ter lemma as given in [12]. To this effect, we consider the
Gateaux differential of the Hankel operator output in the fol-
lowing way

d||Hs(u)||5(v) 2 (dHs(u,v), Hs(u)) (39)

2 (v,(dHsz(u))" o Hs(u)) (40)

and consider the eigenstructure of the operator u —
(dHs(u))* oHs(u) as

(dHs(u))* o Hs(u) = A(u)u, (42)

where A(u) is an eigenvalue depending on eigenvector u.
However, since we want to relate it to the notion of singular
value functions, and thus would like to have the eigenvalue
be dependent on x°, we need an additional step. We propose
to consider eigenval ues 3(x°) and corresponding i genvectors

X0 of the following:
Cs o dH3 o Mz (U) = Cx 0 dHE 0 Os (X0) = 5(x0)x° @)
Cz(u) = X0

Thisleads to the following result:



Theorem 6.4 Assume all technical conditions for Theorem
T

6.2 are fulfilled. Let ¢(X) := %5k¢(X) = Mc(R)%, for X € W

such that M isinvertibleon W, then

CsodHso Hs(u) =Cso dCs 0dOs o Oz(XO) =
Cz(A(u)u) = Mc(W(X)) 152 (xX0)

0X

(43)

for 0 = C(u), and P(xL) = @1 (%(XO)) .

0X

Proof: First, observe that the solution of system (29) isgiven
by p = %(x), where x is the solution of system (25), and

Ua =Y = h(x). Thus,

0L,
T 0X

p° = dOs 0 05 (x0) (x0).

Furthermore, observe that p = 6;)%" (X) isthe solution of sys-
tem (30), where X is the solution of system (26) and where
U=ya=F.(g"(X)p). Thus,

-1

% = Crodes() = | M (02 (‘%(x"))) °.

(W60)) =

Remark 6.5 The above theorem applied to a linear sys
tem yields Mc((x0))~* = P, where P is the controllability
Gramian, and %2 (x%) = Qx°, where Q is the observability
Gramian. Hence, the above theorem can be seen as anonlin-
ear extension of the proof of Lemma 2.1 of [12]

By taking x° to be an eigenvector of the above operator, we
obtain therelation (42). Observe that the 5(x°)’s do not equal
the singular value functions as defined in Theorem 6.2. How-
ever, we are able to relate the eigenvalues of the above theo-
rem to the singular value functionsin the following way.

Corollary 6.6 Supposethat the systemisin the form of The-
orem 6.2, and write

oL oL
—172005) = T2
Mo(W(2) 522 = S22 = T(2)2
where T (z) followsfromthe formof L, in Theorem 6.2. Then
for the collection of component vectors Zj, j =1,...,n, as

defined in Theorem 6.3 the eigenvalues pj(Z;) of T(Z;) are
given by

pi(ij):ti(ij),izl,...,j—1,j+1,...,n

forj=1,...,n.

Proof: Notethat

11(2) 0 L@a - L@
0 Tn(Z) ?_an(z)zl ?_Zn”(z)zn
andthenpluginzy=---=z_1=2j;1=---=2=0. The

result follows straightforwardly. O

7 Conclusions

We studied the use of Hamiltonian extensions for nonlinear
adjoint systems. We formalized the basic concepts and then
applied them to study the singular values of anonlinear Han-
kel operator. In our future research, we will use these re-
sults to establish more direct relations between state space
notions stemming from energy functionsand input-output no-
tionslikethe Hankel operator.
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