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Abstract

An optimization-based control technique is developed
to de�ning feasible input trajectories with respect to
operating constraints. The proposed approach is based
on the construction of a semide�nite programming
(SDP) problem equivalent to the constrained control
problem. When the system is subject to structured
uncertainty, the nominal SDP problem is extended to
account for uncertain parameters evolving in a certain
ellipsoidal set.

1 Introduction

The intend in this paper is to de�ne feasible input tra-
jectories that satisfy operating constraints. The pro-
posed approach consists in de�ning an optimization
problem equivalent to the constrained control problem.
One possible way is to cast this problem in an SDP
problem written in terms of Linear Matrix Inequalities
that can be eÆciently solved using available softwares
(see [5, 1, 13]). An alternative way is to use model pre-
dictive control which has been widely used for tracking
problems subject to constraints (see [6] for a compre-
hensive survey and [8] for technical details). This tech-
nique is also referred to as moving horizon control or
receding horizon control. More particularly, it involves
a two step-procedure: (1) a sequence of future control
actions is chosen according to a prediction of the future
evolution of the system and applied to the plant until
new measurements are available, (2) a new sequence is
determined which replaces the previous one. Although
more than one control move is generally calculated,
only the �rst one is implemented. The proposed ap-
proach is very similar except the sequence is computed
only once over the whole horizon of prediction, thus
all calculated control moves are implemented. In other
words, the proposed approach is an open-loop predic-
tion comparable to the �rst step of predictive control.
In that respect, it could be referred to as predictive con-
trol using a long range horizon. Since the sequence of

control does not take into account new measurements,
it is assumed there is a feedback controller that guar-
antees stability along the trajectory. This assumption
is fairly standard in the model predictive approach and
has found to be very convenient from a practical point
of view.

Given a nonlinear continuous-time closed loop system,
linearized discrete-time system can be derived around
an operating point. One way to proceed is to use a
standard forward-Euler discretization scheme. This
approximation leads to modelling errors that can be
represented as structured uncertainties. Moreover, the
original nonlinear system may be not well known, thus
increasing the discrepancy between the actual con-
trolled plant and the linear model. Such errors can
be captured by an uncertain system. The proposed
work is extended to cope with structured uncertainty.
An alternative way is to use classical approachs like the
robust receding horizon control (see e.g. [9] and [11]).

Section 2 is devoted to the nominal SDP while Section 3
extends the nominal SDP problem to account for uncer-
tainty. In each section, the control approach employed
is presented in distinct steps: system considered and
associated SDP problem, construction of an equivalent
SDP-problem, illustration using a second order system.
Concluding remarks end the paper.

2 Nominal SDP-problem

2.1 A discrete-time system without uncertainty

The problem considered in this paper consists in the
computation of a control sequence u = (u0; : : : ; uT )0

for a discrete-time system of the form:

8k = 0; : : : ; T;

�
xk+1 = Axk + Buk
yk = Cxk +Duk

(1)

such that the outputs satisfy the constraints:

8k = 0; : : : ; T; y
k
� yk � yk ; (2)
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and the control satisfy the following constraints:

8k = 0; : : : ; T; uk � uk � uk ; (3)

with the objective:

minimize c0u : (4)

where the time horizon T , the initial state x0, the con-
straints y

k
; yk; uk; uk and the objective c are given.

2.2 Semi-de�nite programming problem

We consider a semi-de�nite programming problem
(SDP) of the form:

minc0F� subject to F(�) = F0 +
mX
i=1

�iFi � 0 (5)

where cF 2 Rm � f0g, and the symmetric matrices
Fi = F 0

i 2 R
n�n; i = 0; : : : ;m are given. SDPs are

convex optimization problems and can be solved in
polynomial-time with e.g. primal-dual interior-point
methods [10, 13, 12, 7, 2]. SDPs include linear pro-
grams and convex constrained programs, and arise in
a wide range of engineering applications, see e.g. [5, 1,
13].

2.3 Construction of an equivalent SDP-problem

We can build an SDP problemwhich solves the problem
of computing u such that (2)-(4) are satis�ed using the
following:

Theorem 2.1 We can build a vector cF and an aÆne
function F such that the SDP problem (5) and the
discrete-time problem (1)-(4) are equivalent.

Proof:

Let for all 0 � k � T , zk = (y0k u0k)
0, zk = (y0k u0k)

0,

zk = (y0
k
u0k)

0 and the matrices ~C = (C 00)0, ~D = (D0I)0.
We can rewrite the problem as an equivalent form:

Find a control sequence u0; : : : ; uT for the discrete-time
dynamical system:

8k = 0; : : : ; T;

�
xk+1 = Axk + Buk
zk = ~Cxk + ~Duk

such that the output z satis�es the constraint:

8k = 0; : : : ; T; zk � zk � zk : (6)

Therefore we obtain a discrete-time dynamical system
such that all constraints have being translated into the
output zk. Suppose that the vectors (z0; : : : ; zT ) are in
the vector space Rnz. De�ne the integer nZ := (T +
1)nz. We can write the constraints (6) as:

diag

��
zirk zik � zick

zik � zick zirk

�
1 � i � nz
0 � k � T

�
� 0

where zik is the i-th component of zk and zrk and
zck de�ne respectively the radius and the center of
the polytope for the constraints. More precisely they
are de�ned, for all by 0 � k � T , by zrk =

zk�zk
2 ,

zck =
zk+zk

2 . Let the generalized output vector Z, the
generalized radius vector, the generalized center vec-
tor, the generalized state vector X and the general-
ized input vector U be de�ned respectively by Z =
(z0; : : : ; zT )

0, Zr = (zr0; : : : ; zrT )
0, Zc = (zc0; : : : ; zcT )

0,
X = (x1; : : : ; xT+1)0, U = (u0; : : : ; uT )0. We obtain
Z = M � U + Nx0, where M and N are de-
�ned respectively by M = P � diag(B) + diag( ~D),
N = ( ~C0; 0; : : : ; 0)0 + P � (A0; 0; : : : ; 0)0, with

P =

0
BBBB@

0 0

~C
. . .

. . .
. . .

. . . 0
~C 0

1
CCCCA

0
BBBB@

I 0

�A
. . .

. . .

. . .
. . . 0
�A I

1
CCCCA

�1

:

The generalized output vector Z evolves in the vector
space RnZ and de�ne (ei)i2[1;nZ ] the canonical basis
of the vector space RnZ. So the problem (2)-(4) is
equivalent to the following one:

Find U such that: F(U ) � 0, with the objective mini-
mize c0

F
U , where cF = (c0; : : : ; c0)0 and F(U ) is de�ned

by

F(U ) = diagi2[1;nZ ]�
e0iZr e0i(M � U +Nx0 � Zc)

e0i(M � U +Nx0 � Zc) e0iZr

�

(7)

So we have rewritten the problem (2)-(4) in a classical
SDP-problem (5) in variable U ; we can compute the
generalized input-vector U solving only one SDP. 2

Remark 2.2We may use an algorithm which uses the
structure of the aÆne function F . Indeed F has a
sparse form.

Moreover it is preferable to compute the control se-
quence (u0; : : : ; uT ) in one step, like proposed in the
proof, rather than to compute the control step by step,
i.e. to build a SDP problem to compute u0 and then
another SDP problem to compute u1 and so on. Indeed
few number of steps can lead to an infeasible problem
even though the global problem may be feasible. 3

2.4 An example

Consider a second-order, continuous-time controlled
system. We suppose that the data of this system have
nominal values:�

x00 + anom1 x0 + anom2 x = anom2 u

y = x
(8)
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where the real parameters have the nominal value anomi ,
i = 1; 2. We want to �nd u(t) such that, for all t � 0,
we have u(t) � u(t) � u(t) and such that the output of
the system (8) satis�es, for all t � 0, y(t) � y(t) � y(t).
Note that we could take a higher order of constraint like
a constraint on the derivative of x. By discretizing this
system using a forward-Euler scheme with sampling fre-
quency h, we obtain a system of the form (1)-(3):

Find a control sequence (u0; � � � ; uT ) such that, for all
0 � t � T , uk � uk � uk and such that the out-
put (y0; � � �yT ) of the two dimensional discrete-time dy-
namical system de�ned by (1) verifying the inequalities,
for all 0 � k � T , y

k
� yk � yk, where

�
A B

C D

�
=

0
@ 1 h

�hanom2 �hanom1

0
hanom2

1 0 0

1
A ;

and where the constraints are de�ned, for 0 � k � T , by
y
k
= y(kh), yk = y(kh), uk = u(kh) and uk = u(kh).

Consider the open loop response to the constant input
u = 1 with initial condition x0 = (0; 0)0. For h = 0:1,
anom1 = 3, anom2 = 9, a time horizon T = 50 steps,
Figure 1 shows the output yk (i.e. the state x of (8))
obtained with the constant input u = 1.
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Figure 1: The output of the discrete dynamical system

without uncertainty for the input u = 1.

We observe that it converges very slowly to the equi-
librium x = 1. We can look for a new control such
that the state converges to the equilibrium in less than
10 iterations of (1). More precisely, let the following
problem:

Find a control input u such that, for all t � 0, �10 �
u(t) � 10, and such that the state x in (8) veri�es, for
all 0 � t � 4h, 0 � x(t) � 2, for all 4h � t � 7h,
0:4 � x(t) � 1:6, for all t � 7h, 0:9 � x(t) � 1:1.

The equivalent discrete-time problem is the following:

Find a control sequence (u0; : : : ; uT ) such that

8k = 0; : : : ; T; �10 � uk � 10 ; (9)

and such that the output of the system (1) satis�es:

8k = 0; : : : ; 3; 0 � yk � 2 ; (10)

8k = 4; : : : ; 6; 0:4 � yk � 1:6 ; (11)

8k = 7; : : : ; T; 0:9 � yk � 1:1 : (12)

We build the aÆne function F as shown in the proof
of Theorem 2.1 and solve the corresponding SDP prob-
lem to obtain the input u and the output y satisfying
(9)-(12) for a horizon T = 9 steps as shown in Figure
2. Note that the initial value u0 is large with respect
to the others values. Suppose that we have a transi-
tion between two equilibria at t = 0, more precisely
suppose that for the non positive time t we have u � 0
and so the equilibrium x � 0, and that we want to
reach the other equilibrium x � 1 for the non negative
time. So it may be essential to constraint the control
sequence (u0; : : : ; uT ) to have small variations and the
initial value u0 to be small. This leads to the following
new constraint:

ju0j < maxvar (13)

8k = 0; � � � ; T � 1; juk+1 � ukj < maxvar ;(14)

where maxvar is a new parameter which makes the
control smoother and the value of u(0) smaller. In Fig-
ure 2, the maximal variation (maxvar) of u is 6.5. But
we can compute a new input u even smoother such that
the maximal variation of u is less than maxvar = 0:8.
We can build (see proof of Theorem 2.1) an aÆne func-
tion F so that the problem (9)-(12), (13)-(14) with
maxvar = 0:8 and the SDP problem (5) are equiva-
lent. Figure 3 shows the result of the computation of a
possible control. Note that this new constraint makes
the output much smoother.
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Figure 2: The output and the optimal input of the dis-

crete dynamical system.
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Figure 3: The output and the optimal \smoother" input

of the discrete dynamical system.

3 Robust SDP approach

3.1 A discrete-time system subject to struc-

tured uncertainty

In this paper, we will consider uncertain systems mod-
elled as, for all 0 � k � T ,

�
xk+1 = A(�k)xk + B(�k)uk
yk = C(�k)xk +D(�k)uk

(15)

where �k is a (possible time-varying) uncertain ma-
trix. We want to compute a control sequence u =
(u0; : : : ; uT )

0 such that the output of the system (15)
satis�es the constraints:

8k = 0; : : : ; T; y
k
� yk � yk ; (16)

and the control satis�es the following constraints:

8k = 0; : : : ; T; uk � uk � uk ; (17)

with the objective:

minimize c0u : (18)

where the time horizon T , the initial state x0, the con-
straints y

k
; yk; uk; uk and the objective c are given. We

assume that the matrix-valued functions A(�); B(�),
etc, are given by a linear-fractional representation
(LFR):

�
A(�) B(�)
C(�) D(�)

�
=

�
A B

C D

�
+ L�(I �H�)�1R

where A;B;C;D;L;R and H are constant matrices,
while � 2 �; where � is a bounded set of matrices.
The subspace � is called the structure set and de�nes
the structure of the perturbation which must be norm-
bounded. Together, the matrices A;B;C;D;L;R;H
and �, constitute a linear-fractional representation
(LFR) of our uncertain system. In this paper we will
assume that the LFR is well-posed over � meaning
that we have 8� 2 �; det(I �H�) 6= 0. As it turns

out, this is easy to cope with in our context, since our
system is actually in closed loop with a stabilizing con-
troller that will guarantee all external disturbances are
asymptotically rejected. For the uncertainty set �, we
can consider a very large class of matrix sets (see ex-
amples in [4]) but here we �x the class of sets � to
clarify the exposition. More precisely we consider only
ellipsoidal uncertainty. This means that the perturba-
tion consists of block vectors, each being subject to an
Euclidean-norm bound, more precisely

� = fdiag(Æ1Ir1 ; � � � ; ÆlIrl ); (Æ1; : : : ; Æl)
0 2 Dg ; (19)

where D is equal to

8><
>:

0
B@

Æ1
...
Æl

1
CA 2 Rlj Æ =

0
B@

Æ1

...
ÆN

1
CA ;

Æk 2 Rnk;

jÆkk2 � �;

1 � k � N

9>=
>; ;

where � � 0 is a given parameter that determines the
\size" of the uncertainty, the integers nk denote the
lengths of each block vector Æk (we have of course n1+
� � �+ nN = l) and r1; : : : ; rl are given integers.

3.2 The robust SDP problem

We consider here a robust semide�nite programming
problem of the form:

minimize c0F� subject to F(�;�) � 0 ; (20)

where cF 2 Rm � f0g, � is a \perturbation matrix"
that is only known to belong to a set �F, and F is a
map from R

n � �F to Sn, the set of the symmetric
matrices in Rn�n. We assume that F is given by a
\linear-fractional representation" (LFR):

F(�;�) = F (�) + LF(�)�(I �HF�)�1RF
+R0

F
(I ��0H0

F
)�1�0LF(�)

0 ;
(21)

where F is an aÆne function like (5), LF(:) is an aÆne
mapping taking values in Rn�p; RF 2 R

q�n and HF 2
R
q�p are given matrices, while � 2�F, where �F is a

bounded set of matrices. We will assume that the LFR
is well-posed over � meaning that we have 8� 2 �,
det(I � HF�) 6= 0. We consider only SDP problem
with ellipsoidal perturbation sets �F equal to

fdiag(Æ1Ir1F ; � � � ; ÆlFIrlFF ); (Æ1; : : : ; ÆlFF)
0 2 DFg ;

(22)
where DF is equal to

8><
>:

0
B@

Æ1
...

ÆlFF

1
CA 2 RlF j Æ =

0
B@

Æ1

...
ÆNF

1
CA ;

Æk 2 RnkF;

kÆkk2 � �F;

1 � k � NF

9>=
>; ;

where �F � 0 is a given parameter that determines
the \size" of the ellipsoidal uncertainty in the function
F, the integers nkF denote the lengths of each block
vector Æk (we have of course n1F + � � � + nNFF = lF)
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and r1F; : : : ; rlFF are given integers. But the following
Theorem 3.1 is available in a large class of set � (see
[4]). Let Jk be the set of indices �k�1 + 1; : : : ; �k with

�0 = 0, �k =
Pk

i=1 niF. The following theorem can be
shown with Lagrangian relaxations techniques see [4]:

Theorem 3.1 Consider the uncertain semide�nite
program with rational perturbation described by the
LFR (21), where the perturbation matrix � lies in the
set �F de�ned by (22) and assume the LFR is well-
posed over �F. Consider the semide�nite program

minimize c0
F
� subject to S � 0;�

F (�) LF(�)
LF(�)0 0

�
�

�
RF HF
0 I

�0
�

T 0
0 �S

��
RF HF
0 I

�
;

where S = diag(S1; : : : ; SNF), with each Sk of sizeP
i2Jk

riF, and T is the block-diagonal matrix formed
with the block-diagonal riF � riF blocks of S. Then the
above semide�nite program in variables �; S is an ap-
proximation of the robust counterpart (20), i.e. the
projection of the feasible set of (20) on the space of
�-variables is contained in the set of robust feasible so-
lutions.

3.3 Construction of a SDP-problem solving the

problem subject to structured uncertainty.

We have Theorem 2.1 in the following robust form:

Theorem 3.2 We can build a vector cF and an aÆne
function F such that the SDP problem (5) and the
discrete-time problem (16)-(18) are equivalent.

Proof: Following the proof of Theorem 2.1 to com-
pute the LFR of the generalized output matrix of the
equation (7), we obtain an SDP problem which is given
by an LFR depending of the generalized input vector U
de�ned by U = (u00; : : : ; u

0
T )
0. So we can make a La-

grangian relaxation and use Theorem 3.1 to build an
SDP problem (5) equivalent to (16)-(18). 2

3.4 An example

We consider now a second-order, continuous-time con-
trolled system with uncertainty in the data:

�
x00 + a1(t)x

0 + a2(t)x = a2(t)u
y = x

(23)

where the uncertain, time-varying parameters ai; i =
1; 2 are subject to bounded variation of given relative
amplitude �, more precisely ai(t) = anomi (1 + �Æi(t));
i = 1; 2, t � 0, where �1 � Æi(t) � 1 for every t, and
anomi ; i = 1; 2, is the nominal value of the parame-
ters. We want to �nd u(t) such that, for all t � 0,
u(t) � u(t) � u(t) , and such that the output of the

system (23), for any unknown function Æi(t), i = 1; 2
such that �1 � Æi(t) � 1 for every t, satisfy, for all
t � 0, y(t) � y(t) � y(t). By discretizing this system
using a forward-Euler scheme with discretization pe-
riod h, we obtain a system of the form (15), with the
following LFR:�

A(�) B(�)
C(�) D(�)

�
=

�
A B

C D

�
+ L�R ;

where � = diag(Æ1; Æ2) and

�
A B

C D

�
=

0
@ 1 h

�hanom2 �hanom1

0
hanom2

1 0 0

1
A ;

L = �h�

0
@ 0 0

anom1 anom2

0 0

1
A ; R =

�
0 1 0
1 0 �1

�
:

With this choice of C and D, we have yk = y(kh) and
we take, for all 0 � k � T , y

k
= y(kh), yk = y(kh).

We look for a control such that the state converges to
the equilibrium in less than 10 iterations of (15). More
precisely, let de�ne the following problem:

Find a controller u such that, for all t � 0, �10 �
u(t) � 10 and such that the state x in (23) veri�es, for
all 0 � t � 4h, 0 � x(t) � 2, for all 4h � t � 6h,
0:4 � x(t) � 1:6 and, for all t � 6h, 0:7 � x(t) � 1:3.

The discrete-time equivalent problem is the following:

Find a control sequence (u0; : : : ; uT ) such that the out-
put of the system (23) satis�es:

8k = 0; : : : ; 3; (0; �10)0 � yk � (2; 10)0 ; (24)

8k = 4; 5; (0:4; �10)0 � yk � (1:6; 10)0 ; (25)

8k = 6; : : : ; T; (0:7; �10)0 � yk � (1:3; 10)0 : (26)

We can build as in the proof of Theorem 3.2 an aÆne
function F so that the problem (24), (25) and (26) and
the SDP problem (5) are equivalent, and then we solve
the corresponding SDP problem to obtain the control
sequence (u0; : : : ; uT ) and the output y satisfying (24),
(25) and (26) for a time horizon T = 7 steps as shown in
Figure 4. Note that the initial value u0 is large with re-
spect to the others values. As explained in the nominal
case in section 2.4, it may be essential to add the new
constraints (13)-(14) where maxvar is a new parame-
ter which makes the control sequence smoother and the
value of u(0) smaller. In Figure 4, the maximal varia-
tion (maxvar) of u is 4.5. But we can compute a new
control sequence (u0; : : : ; uT ) even smoother such that
the maximal variation is less than maxvar = 1. We
can build as in the proof of Theorem 3.2 an aÆne func-
tion F so that the problem (24)-(26), (13)-(14) with
maxvar = 1 and the SDP problem (5) are equivalent.
The �gure 5 shows the result of the computation of a
possible control. Note that this new constraint makes
the output much smoother.
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Figure 4: The output and the optimal input of the dis-

crete dynamical system with uncertainty.
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Figure 5: The output and the optimal \smoother" input

of the discrete dynamical system with uncer-

tainty.

4 Conclusion

An optimization-based control technique has been de-
veloped to de�ning feasible input trajectories with re-
spect to operating constraints. This constrained prob-
lem is cast in an equivalent semide�nite programming
(SDP) problem. When the system is subject to struc-
tured uncertainty, the nominal SDP problem is ex-
tended to account for uncertain parameters evolving
in a certain ellipsoidal set. To illustrate the use of
this technique, a constrained control problem involving
a second order system is solved numerically with and
without structured uncertainty. The simulations show
that the constraints are satis�ed. Furthermore, the re-
sults demonstrate that the control can be quite smooth
when an additional constraint is used. This could be a
crucial aspect from a practical prospective. This tech-
nique seems more appropriate to predict trajectories
over a long range horizon. In the latter case, the com-
putation is completed o� line, but measurement cannot
be used and a feedback controller is needed to guar-
antee stability along the trajectory. An application
of such approach using the proposed technique is cur-
rently underway [3].
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