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7KH .DOPDQ�%XF\ nOWHU LV ZLGHO\ XVHG LQ PRGHUQ LQGXV�
WU\� 'HVSLWH LWV XVHIXOQHVV� KRZHYHU� WKH .DOPDQ�%XF\
nOWHU LV QRW SHUIHFW� 2QH RI WKH ZHDNQHVV LV WKDW LW
QHHGV D *DXVVLDQ DVVXPSWLRQ IRU WKH LQLWLDO GDWD� 7KH
RWKHU ZHDNQHVV LV WKDW LW UHTXLUHV WKH GULIW WHUP I�[�
EH D OLQHDU IXQFWLRQ� %URFNHWW >%U@� %URFNHWW DQG &ODUN
>%U�&O@� DQG 0LWWHU >0L@ SURSRVHG LQGHSHQGHQWO\ XVLQJ D
/LH DOJHEUDLF PHWKRG WR VROYH 'XQFDQ�0RUWHQVHQ�=DNDL
HTXDWLRQ IRU QRQOLQHDU nOWHULQJ� 7KLV PHWKRG UHTXLUHV
RQO\ Q VXpFLHQW VWDWLVWLFV� ZKHUH Q LV WKH VWDWH VSDFH
GLPHQVLRQ� DQG LW DOORZV WKH LQLWLDO FRQGLWLRQ EH PRG�
HOHG E\ DQ DUELWUDU\ GLVWULEXWLRQ� 7KH LGHD ZDV ZRUNHG
RXW LQ GHWDLO E\ 7DP�:RQJ�<DX >7:<@ DQG <DX ><D�@
><D �@� +RZHYHU� LQ WKH /LH DOJHEUDLF PHWKRG� RQH KDV
WR NQRZ H[SOLFLWO\ WKH VWUXFWXUH RI WKH HVWLPDWLRQ DO�
JHEUD� ,Q ����� %URFNHWW SURSRVHG WR FODVVLI\ DOO nQLWH
GLPHQVLRQDO nOWHUV� ,Q WKLV SDSHU� ZH UHSRUW WKH UHFHQW
UHVXOWV RQ FODVVLnFDWLRQ RI nQLWH GLPHQVLRQDO PD[LPDO
UDQN HVWLPDWLRQ DOJHEUDV ZLWK DUELWUDU\ VWDWH VSDFH GL�
PHQVLRQ�
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,Q ����� .DOPDQ DQG %XF\ SXEOLVKHG D KLVWRULFDOO\ LP�
SRUWDQW PDWKHPDWLFV SDSHU RQ nOWHULQJ� 6LQFH WKHQ�
WKH .DOPDQ�%XF\ nOWHULQJ KDV SURYHG XVHIXO LQ PDQ\
DUHDV VXFK DV QDYLJDWLRQDO DQG JXLGDQFH V\VWHPV� UDGDU
WUDFNLQJ� VRODU PDSSLQJ� DQG VDWHOOLWH RUELW GHWHUPLQD�
WLRQ� 'HVSLWH LWV XVHIXOQHVV� KRZHYHU� WKH .DOPDQ�%XF\
nOWHU LV QRW SHUIHFW� 2QH RI LWV ZHDNQHVVHV LV WKDW LW
QHHGV *DXVVLDQ DVVXPSWLRQ IRU WKH LQLWLDO GDWD� 7KH
VLWXDWLRQ LV PXFK PRUH FRPSOH[ ZKHQ WKH VWDWLVWLFV RI
WKH LQLWLDO FRQGLWLRQ DUH PRGHOHG E\ DQ DUELWUDU\ GLV�
WULEXWLRQ� ,QGHHG� WKH nOWHULQJ TXHVWLRQ EHFRPHV RQH
RI QRQOLQHDU nOWHULQJ� DQ DUHD LQ ZKLFK IHZ UHVXOWV KDYH
EHHQ REWDLQHG�

�5HVHDUFK SDUWLDO VXSSRUWHG E\ 8�6� $UP\ 5HVHDUFK *UDQW�

,Q WKH ����V 'XFDQ >'X@� 0RUWHQVHQ >0R@� DQG =DNDL
>=D@ LQGHSHQGHQWO\ GHULYHG WKH VR�FDOOHG '0= HTXDWLRQ
IRU WKH QRQOLQHDU nOWHULQJ SUREOHP� ZKLFK WKH XQQRUPDO�
L]HG FRQGLWLRQDO SUREDELOLW\ GHQVLW\ RI WKH VWDWH [�W��
JLYHQ WKH REVHUYDWLRQ
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LVI\� 7KH .DOPDQ�%XF\ nOWHU FDQ EH GHGXFHG LPPHGL�
DWHO\ IURP WKH '0= HTXDWLRQ � 8QIRUWXQDWHO\� VLQFH
WKH '0= HTXDWLRQ LV D VWRFKDVWLF GLmHUHQWLDO HTXDWLRQ�
WKHUH LV QR HDV\ ZD\ WR GHULYH D UHFXUVLYH DOJRULWKP IRU
VROYLQJ WKLV HTXDWLRQ�

7KH LGHD RI XVLQJ HVWLPDWLRQ DOJHEUDV WR FRQVWUXFW
nQLWH�GLPHQVLRQDO QRQOLQHDU nOWHUV ZDV nUVW SURSRVHG
E\ %URFNHWW DQG &ODUN >%U�&O@� %URFNHWW >%U@� DQG 0LW�
WHU >0L@� 7KH PRWLYDWLRQ FDPH IURP WKH :HL�1RUPDQ
DSSURDFK >:H�1R@ RI XVLQJ /LH DOJHEUDLF LGHDV WR VROYH
D OLQHDU WLPH�YDU\LQJ GLmHUHQWLDO HTXDWLRQ� 7KH DGYDQ�
WDJH RI WKLV DSSURDFK LV WKDW DV ORQJ DV WKH HVWLPD�
WLRQ DOJHEUD LV nQLWH GLPHQVLRQDO� ZH ZLOO JHW D nQLWH�
GLPHQVLRQDO UHFXUVLYH nOWHU� WKHUH LV QR QHHG WR PDNH
DQ\ DVVXPSWLRQ LQ WKH LQLWLDO GDWD� 0RUHRYHU� WKH DS�
SURDFK DSSOLHV ZHOO WR QRQOLQHDU G\QDPLFDO V\VWHPV�
7KLV DSSURDFK KDV EHHQ ZRUNHG RXW LQ GHWDLO LQ >7�:�
<@ DQG HVSHFLDOO\ LQ WKH VR�FDOOHG <DX nOWHULQJ V\VWHP
GHVFULEHG LQ >&K@ �FI� ><D �@ DQG ><D�@�� ,Q ><D �@� LW
ZDV VKRZQ WKDW RQO\ Q VXpFLHQW VWDWLVWLFV DUH QHHGHG
WR VROYH WKH '0= HTXDWLRQ H[SOLFLWO\ �VHH VHFWLRQ � EH�
ORZ�� )RU D OLQHDU nOWHULQJ V\VWHP� LW LV TXLWH HDV\ WR VHH
WKDW WKH FRUUHVSRQGLQJ HVWLPDWLRQ DOJHEUD LV nQLWH GL�
PHQVLRQDO� 6R ZH FDQ DSSO\ WKH :HL�1RUPDQ DSSURDFK
WR FRQVWUXFW D nQLWH�GLPHQVLRQDO UHFXUVLYH nOWHU ZLWK
DUELWUDU\ LQLWLDO GDWD� +RZHYHU� LQ WKH :HL�1RUPDQ
DSSURDFK� RQH KDV WR NQRZ H[SOLFLWO\ WKH EDVLV DV YHF�
WRU VSDFH RI WKH HVWLPDWLRQ DOJHEUD LQ RUGHU WR UHGXFH
WKH '0= HTXDWLRQ WR D nQLWH V\VWHP RI RUGLQDU\ GLI�
IHUHQWLDO HTXDWLRQV� .ROPRJRURY HTXDWLRQ� DQG VHYHUDO
nUVW�RUGHU OLQHDU SDUWLDO GLmHUHQWLDO HTXDWLRQ� &ODVVL�
FDOO\� RQH NQRZV WKH H[SOLFLW EDVLV IRU WKH HVWLPDWLRQ
DOJHEUD RQO\ LQ WKH FDVH WKDW WKH OLQHDU V\VWHP LV FRQ�
WUROODEOH DQG REVHUYDEOH�



,Q >&K�<D@ &KLRX DQG <DX LQWURGXFHG WKH FRQFHSW RI DQ
HVWLPDWLRQ DOJHEUD RI PD[LPDO UDQN� 7KH\ ZHUH DEOH
WR FODVVLI\ DOO nQLWH GLPHQVLRQDO HVWLPDWLRQ DOJHEUDV RI
PD[LPDO UDQN ZLWK VWDWH VSDFH GLPHQVLRQ Q  �� ,Q
>&�<�/ �@ DQG >&�<�/ �@� &KHQ� /HXQJ DQG <DX FODVVL�
nHG DOO nQLWH�GLPHQVLRQDO HVWLPDWLRQ DOJHEUDV RI PD[L�
PDO UDQN ZLWK VWDWH VSDFH GLPHQVLRQ Q  �� � UHVSHF�
WLYHO\� 5HFHQWO\ +X DQG <DX >+X�<D@ KDYH VXFFHHGHG
LQ FODVVLI\LQJ DOO nQLWH GLPHQVLRQDO HVWLPDWLRQ DOJHEUDV
RI PD[LPDO UDQN ZLWK VWDWH VSDFH GLPHQVLRQ Q � ��
7KH QRYHOW\ RI WKHLU WKHRUHP LV WKDW WKHUH LV QR D SULRUL
DVVXPSWLRQ RQ WKH GULIW WHUP RI WKH QRQOLQHDU nOWHU�
LQJ V\VWHP� 2Q WKH RWKHU KDQG� LI WKH GULIW WHUP KDV
D SRWHQWLDO IXQFWLRQ �L�H� WKH GULIW WHUP LV D JUDGLHQW
YHFWRU nHOG�� WKH FRUUHVSRQGLQJ HVWLPDWLRQ DOJHEUD LV
FDOOHG H[DFW� ,Q >7�:�<@ DQG >'�7�:�<@� 'RQJ� 7DP�
:RQJ DQG <DX FODVVLnHG DOO nQLWH GLPHQVLRQDO H[DFW HV�
WLPDWLRQ DOJHEUDV RI PD[LPDO UDQN ZLWK DUELWUDU\ VWDWH
VSDFH GLPHQVLRQ� ,Q WKLV SDSHU� ZH ZRXOG OLNH WR UHSRUW
WKH UHVXOW RI WKH FODVVLnFDWLRQ RI nQLWH GLPHQVLRQDO HV�
WLPDWLRQ DOJHEUD RI PD[LPDO UDQN ZLWK DUELWUDU\ VWDWH
VSDFH GLPHQVLRQ ZLWKRXW DQ\ DVVXPSWLRQ RQ WKH GULIW
WHUP�
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7KH nOWHULQJ SUREOHP FRQVLGHUHG KHUH LV EDVHG RQ WKH
IROORZLQJ VLJQDO REVHUYDWLRQ PRGHO�|
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LQ ZKLFK [� Y� \� DQG Z DUH� UHVSHFWLYHO\� 5Q� 5S� 5P�
DQG 5P YDOXHG SURFHVVHV� DQG Y DQG Z KDYH FRPSR�
QHQWV WKDW DUH LQGHSHQGHQW� VWDQGDUG %URZQLDQ SUR�
FHVVHV� :H IXUWKHU DVVXPH WKDW Q  S� I � K DQG &�

VPRRWK DQG WKDW J LV DQ RUWKRJRQDO PDWUL[� :H ZLOO
UHIHU WR [�W� DV WKH VWDWH RI WKH V\VWHP DW WLPH W DQG
\�W� DV WKH REVHUYDWLRQ DW WLPH W�

/HW |�W� [� GHQRWH WKH FRQGLLRQDO SUREDELOLW\ GHQVLW\ RI
WKH VWDWH JLYHQ WKH REVHUYDWLRQ
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,W LV ZHOO NQRZQ WKDW |�W� [� LV JLYHQ E\ QRUPDOL]LQJ
D IXQFWLRQ }�W� [� WKDW VDWLVnHV WKH IROORZLQJ 'XQFDQ�
0RUWHQVHQ�=DNDL HTXDWLRQ���
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DQG IRU L  �� � � � �P� /L LV WKH ]HUR�GHJUHH GLmHUHQ�
WLDO RSHUDWRU RI PXOWLSOLFDWLRQ E\ KL� WKH L�WK FRPSR�
QHQW RI K� }� LV WKH SUREDELOLW\ GHQVLW\ RI WKH LQLWLDO

SRLQW� [�� (TXDWLRQ ��� LV D VWRFKDVWLF SDUWLDO GLmHU�
HQWLDO HTXDWLRQ� ,Q UHDO DSSOLFDWLRQV� ZH DUH LQWHUHVWHG
LQ FRQVWUXFWLQJ UREXVW VWDWH HVWLPDWRUV IURP REVHUYHG
VDPSOH SDWKV ZLWK VRPH SURSHUW\ RI UREXVWQHVV� 8VLQJ
WKH WUDQVIRUPDWLRQ�
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ZH UHGXFH ��� WR WKH IROORRZLQJ WLPH�YDU\LQJ SDUWLDO
GLmHUHQWLDO HTXDWLRQ� ZKLFK LV FDOOHG WKH UREXVW '0=
HTXDWLRQ��!!!!!�
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ZKHUH >c� c@ LV WKH /LH EUDFNHW DV GHVFULEHG E\ WKH IROORZ�
LQJ GHnQLWLRQ�

'HnQLWLRQ� ,I ; DQG < DUH GLmHUHQWLDO RSHUDWRUV� WKH
/LH EUDFNHW RI ; DQG < � >;�< @� LV GHnQHG E\

>;�< @�  ;�< ��b < �;��

IRU DQ\ &� IXQFWLRQ ��

7KH REMHFWLYH RI FRQVWUXFWLQJ D UREXVW nQLWH�GLPHQVLQDO
nOWHU WR ��� LV HTXLYDOHQW WR nQGLQJ D VPRRWK PDQLIROG
0 DQG FRPSXWLQJ &� YHFWRU nHOGV xL RQ 0 DQG &�

IXQFWLRQV y RQ 0 d 5 d 5Q DQG �L RQ 5P� VXFK WKDW
z�W� [� FDQ EH UHSUHVHQWHG LQ WKH IRUP
�!�
!�

G]

GW
�W�  

N;
L �

xL
b
]�W�

c
�L
b
\�W�

c
� ]��� �0

z�W� [�  y
b
]�W�� W� [

c
�

���

)ROORZLQJ >&K�0L@� ZH VD\ WKDW V\VWHP ��� KDV D UR�
EXVW XQLYHUVDO nQLWH�GLPHQVLRQDO nOWHU LI IRU HDFK LQLWLDO
SUREDELOLW\ GHQVLW\ }� WKHUH H[LVWV D ]� VXFK WKDW ���
KROGV LI ]���  ]�� DQG xL� �L DUH LQGHSHQGHQW RI }��

7KH :HL�1RUPDQ DSSURDFK >:H�1R@ RI XVLQJ /LH DOJH�
EUDLF LGHDV WR VROYH WLPH�YDU\LQJ OLQHDU GLmHUHQWLDO HTXD�
WLRQV LV URXJKO\ DV IROORZV� &RQVLGHU WKH HTXDWLRQ
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ZKHUH ; DQG $�LV DUH QdQ PDWULFHV DQG D�LV DUH VFDODU�
YDOXHG IXQFWLRQV� /HW%�� � � � � 'C EH D EDVLV RI WKH /LH DO�
JHEUD JHQHUDWHG E\ $�� � � � � $P� 7KHQ WKH :HL�1RUPDQ
WKHRUHP VWDWHV WKDW ORFDOO\ LQ W� ;�W� KDV D UHSUHVHQWD�
WLRQ RI WKH IRUP
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ZKHUH EL
V VDWLVI\ DQ RUGLQDU\ GLmHUHQWLDO HTXDWLRQ RI
WKH IRUP

GEL

GW
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IRU DOO L� 7KH IXQFWLRQV FL LQ WKH DERYH HTXDWLRQ DUH
GHWHUPLQHG E\ WKH VWUXFWXUH FRQVWDQWV RI WKH /LH DO�
JHEUD �JHQHUDWHG E\ WKH $L
V� UHODWLYH WR WKH EDVLV
I%�� � � � � %CJ�

7KH H[WHQVLRQ RI WKH :HL�1RUPDQ DSSURDFK WR WKH QRQ�
OLQHDU nOWHULQJ SUREOHP LV PXFK PRUH FRPSOLFDWHG� ,Q�
VWHDG RI DQ RUGLQDU\ GLmHUHQWLDO HTXDWLRQ� ZH KDYH WR
VROYH WKH UREXVW '0= HTXDWLRQ� ZKLFK LV D WLPH�YDU\LQJ
SDUWLDO GLmHUHQWLDO HTXDWLRQ� )RU WKLV SXUSRVH� ZH LQWUR�
GXFH WKH FRQFHSW RI WKH HVWLPDWLRQ DOJHEUD RI ��� DQG
H[DPLQH LWV DOJHEUDLF VWUXFWXUH�

'HnQLWLRQ� 7KH HVWLPDWLRQ DOJHEUD ( RI D nOWHULQJ
SUREOHP ��� LV GHnQHG WR EH WKH /LH DOJHEUD JHQHUDWHG
E\ I/�� /�� � � � � /PJ� ( LV DQ HVWLPDWLRQ DOJHEUD RI
PD[LPDO UDQN LI IRU DQ\ L� WKHUH LV D FRQVWDQW FL VXFK
WKDW [L � FL LV LQ (�

5HPDUN ���� ,I K�[� LQ ��� LV RI WKH IRUP +[ � .�
ZKHUH + LV DQ Pd Q PDWUL[ RI PD[LPDO UDQN� P w Q�
DQG . LV DQ Pd � PDWUL[� WKHQ WKH HVWLPDWLRQ DOJHEUD
( LV RI PD[LPDO UDQN�

7KH IROORZLQJ WKHRUHP ZDV DQQRXQFHG LQ ><D �@ DQG
SURYHG LQ GHWDLO LQ ><D �@� ZKLFK LQFOXGHV .DOPDQ�%XF\
nOWHULQJ V\VWHP DV D VSHFLDO FDVH�

7KHRUHP ���� ><D �@� /HW ( EH DQ HVWLPDWLRQ DOJHEUD

RI ��� VDWLVI\LQJ
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b #IL
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 FLM � ZKHUH FLM 
V DUH FRQ�

VWDQWV IRU DOO � � L� M � Q� 6XSSRVH WKDW ( LV D nQLWH�
GLPHQVLRQDO HVWLPDWLRQ DOJHEUD RI PD[LPDO UDQN� 7KHQ
( KDV D EDVLV RI WKH IRUP �� [�� � � � � [Q� '�� � � � � 'Q� DQG
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7KH UREXVW '0= HTXDWLRQ ��� KDV D VROXWLRQ IRU DOO
W w � RI WKH IRUP
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5HPDUN ���� ,Q YLHZ RI ����� 7 �W� FDQ EH H[SUHVVHG
H[SOLFLWO\ LQ WHUPV RI UL�W� DQG VL�W�� � � L � Q� WKXV�
WKH FKDUDFWHUL]DWLRQ JLYHQ LQ ��� UHTXLUHV �Q VXpFLHQW
VWDWLVWLFV� ,Q IDFW� E\ LQVSHFWLQJ ��� DQG ���� RQH HDVLO\
VHHV WKDW WKH FKDUDFWHUL]DWLRQ LQ ��� UHDOO\ UHTXLUHV Q
VXpFLHQW VWDWLVWLFV� WKH VDPH FRPSOH[LW\ DV WKH FODVVLFDO
.DOPDQ�%XF\ nOWHU ZLWK *DXVVLDQ LQLWLDO FRQGLWLRQ�
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&KHQ DQG <DX >&K�<D�@ PDGH LPSRUWDQW SURJUHVV LQ
WKH SURJUDP RI FODVVLnFDWLRQ RI nQLWH�GLPHQVLRQDO HV�
WLPDWLRQ DOJHEUDV RI PD[LPDO UDQN� 7KH\ VWXG\ WKH
TXDGUDWLF IRUPV LQ ( DQG VKRZ WKDW WKH l�PDWUL[ LV
OLQHDU LQ WKH VHQVH WKDW DOO �LM DUH GHJUHH RQH SRO\QR�
PLDOV�

'HnQLWLRQ� /HW 4 EH WKH VSDFH RI TXDGUDWLF IRUPV
LQ Q YDULDEOHV� QDPHO\� UHDO\ YHFWRU VSDFH VSDQQHG E\
[L[M � � � L � M � Q� /HW ;  �[�� � � � � [Q�

7 � )RU DQ\
TXDGUDWLF IRUP S � 4� WKHUH H[LVWV D V\PPHWULF PDWUL[
$ VXFK WKDW S�[�  ;7$; � 7KH UDQN RI WKH TXDGUDWLF
IRUP S LV GHQRWHG E\ U�S� DQG LV GHnQHG WR EH WKH UDQN
RI WKH PDWUL[ $� $ IXQGDPHQWDO TXDGUDWLF IRUP RI WKH
HVWLPDWLRQ DOJHEUD ( LV DQ HOHPHQW S� � ( ? 4 ZLWK
WKH JUHDWHVW SRVLWLYH UDQN� WKDW LV� U�S�� w U�S� IRU DQ\
S � (?4� 7KH PD[LPDO UDQN RI TXDGUDWLF IRUPV LQ WKH
HVWLPDWLRQ DOJHEUD ( LV GHnQHG WR EH N  U�S�� DQG LV
FDOOHG WKH TXDGUDWLF UDQN RI (�

$IWHU DQ RUWKRJRQDO WUDQVIRUPDWLRQ� S� FDQ EH ZULWWHQ
DV
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)URP S��[�� ZH FDQ FRQVWUXFW D VHTXHQFH RI TXDGUDWLF
IRUPV LQ ( ?4 DV IROORZV�

T��[�  S��[�
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,Q YLHZ RI WKH LQHUWLELOLW\ RI WKH 9DQGHUPRQGH PDWUL[�
ZH FDQ DVVXPH WKDW

S��[�  [�� � [�� � c c c� [�N � (� ����

/HPPD ���� �&KHQ DQG <DX� >&K�<D �@� ,I S LV D
TXDGUDWLF IRUP LQ WKH HVWLPDWLRQ DOJHEUD ( RI ���� WKHQ
S LV LQGHSHQGHQW RI [M IRU M w N� ZKHUH N  U�S�� LV

WKH TXDGUDWLF UDQN RI (� ,Q RWKHU ZRUGV� #S

#[M
 � IRU

N � � � M � Q�

/HW S� � ( ? 4 EH DQ HOHPHQW ZLWK OHDVW SRVLWLYH
UDQN� WKDW LV� � � U�S�� � U�T� IRU DQ\ QRQ]HUR
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