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Abstract

The Kalman-Bucy filter is widely used in modern indus-
try. Despite its usefulness, however, the Kalman-Bucy
filter is not perfect. One of the weakness is that it
needs a Gaussian assumption for the initial data. The
other weakness is that it requires the drift term f(z)
be a linear function. Brockett [Br], Brockett and Clark
[Br-Cl], and Mitter [Mi] proposed independently using a
Lie algebraic method to solve Duncan-Mortensen-Zakai
equation for nonlinear filtering. This method requires
only n sufficient statistics, where n is the state space
dimension, and it allows the initial condition be mod-
eled by an arbitrary distribution. The idea was worked
out in detail by Tam-Wong-Yau [TWY] and Yau [Ya 1]
[Ya2]. However, in the Lie algebraic method, one has
to know explicitly the structure of the estimation al-
gebra. In 1983, Brockett proposed to classify all finite
dimensional filters. In this paper, we report the recent
results on classification of finite dimensional maximal
rank estimation algebras with arbitrary state space di-
mension.

1 INTRODUCTION

In 1961, Kalman and Bucy published a historically im-
portant mathematics paper on filtering. Since then,
the Kalman-Bucy filtering has proved useful in many
areas such as navigational and guidance systems, radar
tracking, solar mapping, and satellite orbit determina-
tion. Despite its usefulness, however, the Kalman-Bucy
filter is not perfect. One of its weaknesses is that it
needs Gaussian assumption for the initial data. The
situation is much more complex when the statistics of
the initial condition are modeled by an arbitrary dis-
tribution. Indeed, the filtering question becomes one
of nonlinear filtering, an area in which few results have
been obtained.
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In the 1960s Ducan [Du], Mortensen [Mo], and Zakai
[Za] independently derived the so-called DMZ equation
for the nonlinear filtering problem, which the unnormal-
ized conditional probability density of the state x(¢),
given the observation {y(s) : 0 < s < ¢}, has to sat-
isfy. The Kalman-Bucy filter can be deduced immedi-
ately from the DMZ equation . Unfortunately, since
the DMZ equation is a stochastic differential equation,
there is no easy way to derive a recursive algorithm for
solving this equation.

The idea of using estimation algebras to construct
finite-dimensional nonlinear filters was first proposed
by Brockett and Clark [Br-Cl], Brockett [Br], and Mit-
ter [Mi]. The motivation came from the Wei-Norman
approach [We-No] of using Lie algebraic ideas to solve
a linear time-varying differential equation. The advan-
tage of this approach is that as long as the estima-
tion algebra is finite dimensional, we will get a finite-
dimensional recursive filter; there is no need to make
any assumption in the initial data. Moreover, the ap-
proach applies well to nonlinear dynamical systems.
This approach has been worked out in detail in [T-W-
Y] and especially in the so-called Yau filtering system
described in [Ch] (c¢f. [Yal] and [Ya2]). In [Ya2], it
was shown that only n sufficient statistics are needed
to solve the DMZ equation explicitly (see section 2 be-
low). For a linear filtering system, it is quite easy to see
that the corresponding estimation algebra is finite di-
mensional. So we can apply the Wei-Norman approach
to construct a finite-dimensional recursive filter with
arbitrary initial data. However, in the Wei-Norman
approach, one has to know explicitly the basis as vec-
tor space of the estimation algebra in order to reduce
the DMZ equation to a finite system of ordinary dif-
ferential equations, Kolmogorov equation, and several
first-order linear partial differential equation. Classi-
cally, one knows the explicit basis for the estimation
algebra only in the case that the linear system is con-
trollable and observable.



In [Ch-Ya] Chiou and Yau introduced the concept of an
estimation algebra of maximal rank. They were able
to classify all finite dimensional estimation algebras of
maximal rank with state space dimension n = 2. In
[C-Y-L1] and [C-Y-L2], Chen, Leung and Yau classi-
fied all finite-dimensional estimation algebras of maxi-
mal rank with state space dimension n = 3,4 respec-
tively. Recently Hu and Yau [Hu-Ya] have succeeded
in classifying all finite dimensional estimation algebras
of maximal rank with state space dimension n < 5.
The novelty of their theorem is that there is no a priori
assumption on the drift term of the nonlinear filter-
ing system. On the other hand, if the drift term has
a potential function (i.e. the drift term is a gradient
vector field), the corresponding estimation algebra is
called exact. In [T-W-Y] and [D-T-W-Y], Dong, Tam,
Wong and Yau classified all finite dimensional exact es-
timation algebras of maximal rank with arbitrary state
space dimension. In this paper, we would like to report
the result of the classification of finite dimensional es-
timation algebra of maximal rank with arbitrary state
space dimension without any assumption on the drift
term.

2 THE LIE ALGEBRAIC METHOD IN DMZ
EQUATION

The filtering problem considered here is based on the
following signal observation model:

dz(t) = f(z(t))dt + g(x(t))dv(t) =(0) =0 (1)
dy(t) = h(z(t))dt + dw(t) y(0)=0

in which x,v,y, and w are, respectively, R™, RP, R™,
and R™ valued processes, and v and w have compo-
nents that are independent, standard Brownian pro-
cesses. We further assume that n = p, f, h and C*°
smooth and that g is an orthogonal matrix. We will
refer to z(t) as the state of the system at time ¢ and
y(t) as the observation at time ¢.

Let p(t, ) denote the condiional probability density of
the state given the observation {y(s) 0 < s < t}.
Tt is well known that p(t,z) is given by normalizing
a function o(t,z) that satisfies the following Duncan-
Mortensen-Zakai equation:

do(t,x) = Loo(t,z)di + é Lio(ha)du(t)

o(0,2) =09
where
1 02 "0 "0f; 1
Lo==Y =— -y fi— - S
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and for ¢ = 1,...,m, L; is the zero-degree differen-
tial operator of multiplication by h;, the i-th compo-
nent of h. o0g is the probability density of the initial

point, xg. Equation (2) is a stochastic partial differ-
ential equation. In real applications, we are interested
in constructing robust state estimators from observed
sample paths with some property of robustness. Using
the transformation,
= hi(@)wa(t)
€(t>m) =e =t U<t>m)>

we reduce (2) to the folloowing time-varying partial
differential equation, which is called the robust DMZ
equation:

() = Laglta)+ £ (0lLo Lg(t.o)
+ Z yz y] L07L }7LJ]€(t7x)
0 o

(3)
where [-, -] is the Lie bracket as described by the follow-
ing definition.

Definition: If X and Y are differential operators, the
Lie bracket of X and Y, [X,Y], is defined by

[X,Y]¢ = X(Y¢) - V(X¢)
for any C'*° function ¢.

The objective of constructing a robust finite-dimensinal
filter to (1) is equivalent to finding a smooth manifold
M and computing C'*° vector fields p; on M and C*°
functions v on M x R x R™ and w; on R™, such that
&(t,x) can be represented in the form

k
; (y(t)), 2(0) € M )
=v(z(1) )

Following [Ch-Mi], we say that system (1) has a ro-
bust universal finite-dimensional filter if for each initial
probability density g there exists a zg such that (4)
holds if z(0) = zo, and p;, w; are independent of og.

The Wei-Norman approach [We-No] of using Lie alge-
braic ideas to solve time-varying linear differential equa-
tions is roughly as follows. Consider the equation

d m
—X(1) = A = ;al )

X0) =X

where X and Als are n x n matrices and as are scalar-
valued functions. Let By,..., D, be a basis of the Lie al-
gebra generated by Aq, ..., A, Then the Wei-Norman
theorem states that locally in ¢, X (¢) has a representa-
tion of the form

X(t)= 1B 1B x (6)



where b;’s satisfy an ordinary differential equation of
the form

b)), b(0)=0

for all 7. The functions ¢; in the above equation are
determined by the structure constants of the Lie al-
gebra (generated by the A;’s) relative to the basis
{Bi,..., B}

The extension of the Wei-Norman approach to the non-
linear filtering problem is much more complicated. In-
stead of an ordinary differential equation, we have to
solve the robust DMZ equation, which is a time-varying
partial differential equation. For this purpose, we intro-
duce the concept of the estimation algebra of (1) and
examine its algebraic structure.

Definition: The estimation algebra E of a filtering
problem (1) is defined to be the Lie algebra generated
by {Lo,L1,...,Ln}. E is an estimation algebra of
maximal rank if for any 4, there is a constant ¢; such
that z; +¢; is in F.

Remark 2.1: If h(x) in (1) is of the form Hx + K,
where H is an m X n matrix of maximal rank, m > n,
and K is an m X 1 matrix, then the estimation algebra
F is of maximal rank.

The following theorem was announced in [Yal] and
proved in detail in [Ya2], which includes Kalman-Bucy
filtering system as a special case.

Theorem 2.2: [Ya2]. Let E be an estimation algebra
of (1) satisfying g—g — 3_112 = ¢i;, where ¢;;’s are con-
stants for all 1 < i, j < n. Suppose thal E is a finite-
dimensional estimation algebra of mazimal rank. Then

E has a basis oftheform 1, xq,.. » T D1, .. Dn, and
Lo, whereD; = 57=— [, andn := Z +Z f2+z h2

1s a degree two polynomial Z ai; T + Z biz; +d.
1,7=1

The robust DMZ equation (3) has a solutzon for all

t >0 of the form

€(t7 .1') — eT(t)erTz (t)T’n L erl(t)fﬂl esn(t)Dn L

(7)
where T(t), r1(t),...,rn (1), s1(t), ..., s,(t) satisfies the
following ordinary differential equations: For 1 < i <

n7
drq
=3 Z 5;(t

Ci;: (t) =ri(t) + Z s;(t)esi + Z hayi() (9)
g=1 k=1

Naij + ajq) (8)

651(1’)D1 etLoo-(),

n

> kg +eg, for 1 <k <m, hy; and
Jj=1

ex are constant; and

dTr 1 — 1« 2
E(t) = -3 > r?(t)iz:s%(t)(Zc?ja“)

where hy(x) =

3
3
3

i=1 j=2i=1 ij=1
= 1
+ Z si()si(t) ) cijein + 5lain + akz‘)
i<i<k<n j=1
+5 3 si(t)bi + 5 1-]21 yi(t)y; (t Z hirhfd0)

Remark 2.3: In view of (10), T(¢) can be expressed
explicitly in terms of r;(¢t) and s;(¢), 1 < i < n. thus,
the characterization given in (7) requires 2n sufficient
statistics. In fact, by inspecting (8) and (9), one easily
sees that the characterization in (7) really requires n
sufficient statistics, the same complexity as the classical
Kalman-Bucy filter with Gaussian initial condition.

3 QUADRATIC STRUCTURE OF
EXTIMTION
ALGEBRA AND CONSTANT STRUCTURE
OF WONG MATRIX

Chen and Yau [Ch-Ya1] made important progress in
the program of classification of finite-dimensional es-
timation algebras of maximal rank. They study the
quadratic forms in F and show that the {2-matrix is
linear in the sense that all w;; are degree one polyno-
mials.

Definition: Let () be the space of quadratic forms
in n variables, namely, realy vector space spanned by
rirj, 1 <i<j<n Let X = (z1,...,2,)T. For any
quadratic form p € @, there exists a symmetric matrix
A such that p(x) = XTAX. The rank of the quadratic
form p is denoted by r(p) and is defined to be the rank
of the matrix A. A fundamental quadratic form of the
estimation algebra FE is an element po € F N Q with
the greatest positive rank, that is, r(pg) > r(p) for any
p € ENQ. The maximal rank of quadratic forms in the
estimation algebra E is defined to be k = r(po) and is
called the quadratic rank of E.

After an orthogonal transformation, po can be written
as

po(@) = craitearit - epy, ¢ #0,
From po(x), we can construct a sequence of quadratic
forms in £ N Q as follows:

q(r) = po(r)

0<k<n.



k

q(x) = [[L0>ij1],%]:z4jcg+1mf.

i=1

In view of the inertibility of the Vandermonde matrix,
we can assume that

po(z)=al +a3+---+ai € E. (11)

Lemma 3.1: (Chen and Yau) [Ch-Yal]. Ifp is a
quadratic form in the estimation algebra E of (1), then
p is independent of x; for j > k, where k = r(po) is
the quadratic rank of E. In other words, %’j =0 for
E+1<5<n.

Let p; € EF N be an element with least positive
rank, that is, 0 < r(p1) < r(q) for any nonzero
g € ENQ. After an orthogonal transform that fixes
Zk41,.-., T, variables (i.e. an orthogonal transform on
Z1,T9,...,T), and the Vandermonde matrix procedure
as above, we can assume

k1
pr=> 2}€B, 1<k <k (12)
i=1
Notice that the orthogonal transform on zi,...,zg

leaves po invariant. In summary, we deduce that pg =

k ks
>~ 22 has the greatest positive rank and p; = > 22
i=1 i=1
as the least positive rank. Define

S =1{1,2,....,ka} CS={1,2,....k}  (13)

and @1 = real vector space spanned by {z;z; : k1 +1 <
i< j<k}CQ Ik <k then @ NE and is a
nontrivial space, since p —pgp € E N Q. In a similar
procedure as above, there exist ko > k1 and

k2
pm= Y #?eEnQ (14)

i=k1+1

with the least positive rank in FN Q. By induction, we
can construct a series of S;, ¢; and p; such that

Si - {k’i71+1> ceey kq},

(15)
()i = real vector space spanned by — zz; : ki+1 <4<
(16)
ki
pi= Yy i=>a  i>0 (17
j=ki_1+1 JES;

and p; has the least positive rank in ENQ;_1, for i > 0.

Lemma 3.2: (Chen and Yau) [Ch-Yal]. If p € ENQ,

then there exists a constant A\ such that

p(0,...,0,2k, 41552k, 0,...,0) = Ap;,

ko=0<ky < - <hki<--

j < k}iv) ;;2 + i+ e =0

fori>0

Lemma 3.3: (Chen and Yau) [Ch-Yal]. Ifp € ENQ,
then

p@1, T 4+1,0, 00,0, 28y, 2n) €F

Lemma 3.4: (Chen and Yau) [Ch-Yal]. Letp= >
iESel
Y. 24,77 € E, where a;; € R and {1 < f5. Then
JES,
|Se, | = |Se,| and A = (a;;) = VT where b is a constant
and T is an orthogonal matriz.

The following theorem is the main result of Chen and

Yau in [Ch-Yal].

Theorem 3.5: [Chen-Yau]. If E is a finite-
dimensional estirmation algebra of maximal rank, than
all the entries wi; = g"ﬁ — gﬂ’:? of Q1 are degree one poly-
nomials. Let k be the quadm;f,ic rank of . Then there
exists an orthogonal change of coordinates such that wy;
are constants for 1 <1, j < k, wi; be degree one poly-
nomials in x1,...,x, for 1 < i < korl < j <k;
and w;; are degree one polynomials in Tiy1,...,2T, for
E+1<i,5<n.

ofi  ofs
Let Q = (w;;), where w;; = %f %,

troduced by Wong [Wo]. For finite dimensional estima-
tion algebra of maximal rank, it is casy to see that wy;
isin E. In view of Ocone’s theorem, w;; is a polynomial
of degree 2. Let wg),wg) and wg.)) be the homogeneous
part of degree 2, 1 and 0 of w;; respectively.

be the matrix in-

Lemma 3.6: ([Ch-Yall]). Suppose that E is a finite
dimensional estimation algebra of mazximal rank. Then

(i) u,g) depends only onx1,...,z fori <k orj <k

(i) w? =0, VEk+1<i,j<n

j

(2) (2) (2)
Ly Ow:s Ow Ow'? L.
ij it £ —
(iil) o2, T ow T i 0 V1<ijl<n

E) (1) aw(l) a\déi)

V1<i,jl<n.

The following lemma was observed in [Ya2].

Lemma 3.7: Let E be a finite-dimensional estima-
tion algebra with mazxzimal rank. Then < 1,x1,...,2,,
Dy,....Dp, Lo >C E.

In [WYH], a weak Hessian non-decomposition theorem
was proved.

for i > 0.



Theorem 3.8: [WYH]. Let na(z1,...,2,) be a ho-

mogeneous polynomial of degree 4 in x1,...,2,. Let
2

H = (ﬂ“—) be the Hessian matriz o

(774) Ow;0x 1<i,j<n f

n4. Then H(ny) cannot be decomposed as AAT where
A = (Bij)1<ij<n 18 an anti-symmelric matric with en-
tries in homogeneous polynomial of degree one satisfy-
ing the cyclic relation

6/81']' aﬁﬁi a/6]2

=0forall 1<i,5,£<n

unless ng and A are trivial, i.e. H(ns) = AAT implies
A=0.

As a consequence of Theorem 3.8 and Theorem 3.5, we
have the following theorem.

Theorem 3.9: Let E be a finite-dimensional estima-
tion algebra of maximal rank, k be the maximal rank
of quadratic forms in E and n be the dimension of the
state space. Then w;; are constants for 1 < 4,5 < k,
or k+1<14,7 < n; wy are degree one polynomials in
Tl T for1 <i<k k+1<j<nork+l<i<n,
1<j<kh

4 CLASSIFICATION THEOREM

In view of the theory developed in section 3 above, Yau
and Hu [Ya-Hu] have proved the following propositions.

Proposition 4.1: If mip,l+1 I IZP is a basic

quadratic form in E (cf. (17)) and %L;f = 0 for all
E+1< <, k1+1<4,5 <k, andi # j, the

Gt — 0 for all ky—1 +1 <7 <k

Proposition 4.2: Let x%p71+1+- cday andxy 4+
---+x} be the basic forms in E (cf. (17)) where k, 1 <
n
by < keq < ks. Let & = Y %#Dg. Suppose
e=k4+1

ks
E gpquj :OfOT all kr71+1§P>QSka7§(J-

j=ks—1+1
Then S48 =0 for all k+1 <0 <n, kp—1 +1 < < ky,

and ke_1 + 1< j < ks.

Proposition 4.3: 27 . + -+ andaj ., +
<-4 @} be the basic quadratic forms in E (cf. (17)),

n
where ky_q < ky < ks_y <ks. Let&; = 3 %L_[Dg.
L=k+1 "

ks
Then >,  &,&; = 0 forall k.1 +1 < p,g <

Jj=ks—1+1

ks
kr,p # qif and only if >3 ab, al, =0 for all

j=ks_1+1
E+1<b,8<n, kp1+1<pqg< k., p#q, where
p _ Owie;
aj[]_ - sz

Proposition 4.4: Let m%riﬁl +-- -—«—xir and mzkﬁl"’
--- 4 ap  be the basic quadratic forms in E (cf. (17))

where kp_1 < kyr < ks_1 < ks. Assume that Qp =
k.. k. _
>, ayriry € B forallk+1 < £ < mn,
i=kr_1+1j=ks_1+1

ke
i Ow; =
[ 4 p q —
where a3, = B Then _ kE Haﬂlaﬂ2 = 0 for all
j=ks_1

k_"lgglagZSn; kr—1+1SpaQSkr-

Proposition 4.5: Let mzpﬁl +-- —4—3:2 and miklﬂ—k
<-4 xp be the basic quadratic forms in E (cf. (17))

where ky_1 < ky < ke_q1 < ks. Then %“;ﬂ =0 for all

k+1<l<n, kyo1+1<i<ky and ke +1< 5 < ks.

Proposition 4.6: Let xirilﬂ + 4 m% be a basic

quadratic form in E (cf. (17)). Then %L;f =0 for all
k+1<t<n ke 1+1<i,j<k. andi+#j.

Theorem 3.9 together with Proposition 4.1 to Proposi-
tion 4.6 imply the following theorem.

Theorem 4.7: Suppose that E is a finite-dimensional
estimation algebra of mazimal rank. Then @ = (w;;) is
a matriz with constant coefficients.

The following is the classification theorem of finite di-
mensional estimation algebra of maximal rnak, which
is a solution to the Brockett problem mentioned above.
It follows from Theorem 2.2 and Theorem 4.7.

Theorem 4.8: Suppose that the state space of the
filtering system. (2.1) is of dimension n. If F is
the finite-dimensional estimation algebra with mazimal
rank, then E is a real vector space of dimension 2n + 2
with basis given by 1,21,...,2,, D1,..., D, and Lg.
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