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Abstract
The purpose of this paper is to investigate the possibil-
ities o�ered by multi-objective control in performing a
systematic trade-o� between performance and robust-
ness issues in the control design of a CD player. In this
control design problem the main goal is to keep the time
domain amplitude of a tracking error signal bounded in
the presence of disturbances and norm bounded uncer-
tainties. Since these two requirements are con
icting,
it is interesting to investigate what are the achievable
trade-o�s between them. Using the mixed objective ap-
proach [1], we construct Pareto optimal curves for this
control problem, in correspondence to di�erent choices
of norms to represent the speci�cations. In this way
we gain a considerable insight on what is achievable
in this design. The resulting controllers are digitally
implemented on the real system and validated on the
basis of experimental results.
Keywords: Multi-objective control, Linear Matrix In-
equalities (LMIs), Pareto optimality, Compact Disc
Player.
Notation Due to the lack of a standard notation, we
use kTk2!1 to represent the generalized H2 norm of
the system T . This notation re
ects the fact that this
norm is the induced gain of the system from L2 to L1.

1 Introduction
It is well-known that classical norm-based control de-
sign (e.g. H1, H2, L1) is not able to handle sepa-
rate performance/uncertainty channels of the general-
ized plant in an independent way. All exogenous inputs
and performance outputs must be stacked in two vec-
tors and the norm of the overall transfer matrix should
be minimized. This can result in a conservative design
procedure, since the cross-terms among di�erent chan-
nels play an undesirable role in the minimization of the
objective function. Furthermore, once the weighting
functions have been selected, the trade-o� among speci-
�cations on di�erent channels is automatically done by
the algorithm in a way that cannot be in
uenced by
the designer. To the contrary, multi-objective control
techniques allow in principle to treat separate channels
in an independent way. The generic multi-objective
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Figure 1: Schematic view of the CD mechanism

control problem amounts to the minimization of a cer-
tain norm of one channel while the other channels are
subject to di�erent norm constraints. Hence, the 
exi-
bility of the method clearly results in the free possibil-
ity of selecting channels and handling di�erent kinds of
norms at the same time. Furthermore, by varying the
values of the constraints the designer can achieve dif-
ferent trade-o�s without modifying the weighting func-
tions. Unfortunately, so far there are no synthesis algo-
rithms that allow to solve the multi-objective problems
in its full generality. In this paper we use the mixed
objective approach proposed in [3], [1] that reduces the
problem to the solution of an LMI system at the price
of introducing an arti�cial dependence among the dif-
ferent objectives. Our main interest is to investigate
to which extent mixed objectives techniques are useful
in enlightening the intrinsic relation between perfor-
mance and robustness in the control problem of the
CD player and in allowing to choose the desired com-
promise among the two requirements. However, the
conservatism of the mixed objectives approach can play
a role in preventing the assessment of the best trade-o�.
A sub-goal of this research is, hence, to try to estimate
the e�ects of this conservatism. Finally, this article
aims to evaluate the eÆciency of the LMI techniques,
generally tested on academic examples, in a real control
problem and through experimental results.

2 System description and modeling
In �gure 1 a schematic view of the CD mechanism is
shown. The information to be read is contained in a
spiral-shaped track on the surface of a re
ective disc,
which rotates by e�ect of a turn-table DC-motor. Track
following is performed by a radial arm at the end of
which an optical element is mounted. Through a pro-
jected laser beam, this optical element retrieves the
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Figure 2: Block diagram of the CD mechanism
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Figure 3: Measured frequency response (solid line) and
�tted model (dashed line)

information signal together with the position error of
the track following. A controller is needed for accurate
radial and focus positioning of the projected laser on
the track. In this work we consider only the control of
the radial positioning, since the LMI design techniques
that we use require very long computational times (of-
ten longer than 100 hours) to solve the full MIMO prob-
lem, which is not manageable when we want to compare
several of these designs. On the other hand, the control
of the radial positioning is the most challenging in the
CD player, since the model of the focus servomecha-
nism is much simpler (see e.g. [4]).
In �gure 2 a block diagram of the CD mechanism is
shown. H(s) is the transfer function of the mechani-
cal actuator which is controlled by the current i and
generates the laser spot l on the disc. Gopt is the gain
of the optical pick-up mechanism which converts the
radial displacement � between track and laser spot in
an error signal e. The controller K processes this error
signal and generates the current i. The only transfer
function that can be identi�ed is the one between i and
e, that is P (s) = �GoptH(s). The actual track position
r is not measured; we will regard it as an equivalent dis-
turbance signal d = Goptr acting at the output of the
plant P (s).
Through closed-loop experiments a frequency response
of the plant has been identi�ed. On this data a
continuous-time state-space 9th order nominal model
has been �tted. For this purpose we used the Mat-
lab toolbox Freqid [7], a graphical user interface to
perform curve �tting with user-de�ned weighting func-
tions. The measured frequency response and the �t-
ted model are shown in �gure 3. At low frequencies,
the plant behaves like a double integrator, due to the
rigid body mode of the radial arm. At higher frequen-
cies, parasitic dynamics appear due to mechanical reso-
nances of the arm construction and to 
exible modes of
the disc. We chose to model only the �rst two resonant

modes, at about 2.8 and 4.3 kHz, since the others are
well beyond the closed-loop relevant frequency range.
The main sources of uncertainty we want to account
for are the unstructured di�erence between model and
measurements and the variation in the locations of the
parasitic resonances. The latter is an e�ect of manu-
facturing tolerances in mass production which manifest
themselves as variations in the frequency response from
player to player. Although this sort of uncertainty can
be better described as real parametric, in order to not
increase the complexity of the design we will consider it
as unstructured norm bounded additive perturbation.

3 Performance speci�cation

The main issue in the control of a CD player is to
guarantee a hard bound on the time domain amplitude
of the position error signal. To avoid loosing track,
the maximum allowable error should be 0:1�m. This
bound should be attained in the presence of distur-
bances. The major disturbance sources are the devi-
ation of the track from the ideal spiral shape and the
eccentric rotation of the disc, both related to manufac-
turing tolerances. As prescribed by the standardization
of Compact Discs, the track inaccuracy cannot exceed
100�m. These data imply that a time domain distur-
bance attenuation of a factor 1000 should be achieved.
Due to the geometry of the structure and to the ro-
tating movement, the disturbance signal has predomi-
nantly a periodic nature, with fundamental frequency
equal to the rotational frequency of the disc. Generally,
the approach that is followed to tackle the control prob-
lem is to translate the time domain requirement into
a frequency domain speci�cation on the shape of the
sensitivity function S = (I +PK)�1 (see e.g. [5]). Ex-
perience showed that, in order to meet the time domain
speci�cation for the error, the sensitivity should stay
below �60dB up to the highest value of the rotational
frequency and should increase to one with a slope pos-
sibly not larger than 40dB=dec: Obviously, this distur-
bance attenuation requirement puts a lower bound on
the achievable closed-loop bandwidth. High bandwidth
is undesirable for several reasons: it implies high power
consumption (critical especially in portable use), am-
pli�cation of audible noise and, last but not least, poor
robustness against variations in the resonance peaks
and unmodeled high frequency dynamics. As a conse-
quence, the wish is for the lowest possible bandwidth,
compatibly with the required disturbance suppression.
As already mentioned, in the audio application the ro-
tational speed of the disc varies from 4 Hz to 8 HZ,
while more advanced applications (like CD-ROM or
DVD-ROM) require higher speeds to obtain faster data
readout and shorter access time. As a result, the spec-
trum of the track disturbance is shifted towards higher
frequencies, demanding an increase of the bandwidth
of the mechanical servosystem in order to achieve the
desired suppression. To avoid performance deteriora-
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Figure 4: S/KS control scheme.
tion due to the resonance peaks, in these applications
the quality of the mechanical construction is improved
by sti�ening the actuators and shifting the parasitic
phenomena to higher frequencies. This obviously de-
termines an increase of the manufacturing costs. In
this work we want to explore in how far we can guar-
antee correct operations of the CD mechanism in an
increased range of rotational frequencies only through
control design, without any plant improvement.

4 Control design
4.1 Single-objective H1 design

In this subsection we design a controller for the plant
through the use of standard H1 minimization. To
this end we adopt the so called S=KS control scheme,
plotted in �gure 4. As already mentioned, the dis-
turbance suppression speci�cation can be imposed by
suitably shaping the transfer function of the channel
T1 : w ! z1 with a suitable weighting W1. The choice

W1(s) = 2
s2 + 1:2 � 2� � 850s+ (2� � 850)2

(s+ 10)2((2� � 2 � 104)�1s+ 1)

aims to guarantee a satisfactory disturbance suppres-
sion for values of the rotational frequency up to 25 Hz
and limits the peak of the Sensitivity by 2. The channel
T2 : w ! z2 admits the interpretation of uncertainty
channel. As well known from the small gain theorem,
if the closed loop system of �gure 4 is nominally sta-
ble, then it is also robustly stable against all full-block
additive LTI uncertainties � such that

k�k1 < kW2KSk�1
1
:

The �lter

W2(s) = 0:1
s2 + 2� � 0:6 � 103s+ (2� � 2 � 103)2

s2 + 1:4 � 2� � 20 � 103s+ (2� � 20 � 103)2

represents the behaviour of the uncertainty over fre-
quencies. It has low gain at low frequencies, indicat-
ing good system knowledge, and it increases at high
frequencies where the knowledge about the system is
poorer. These choices for the weighting functions W1

and W2 will be used for all the designs in this paper.
As a limitation of the standard H1 approach, the two
channels T1 and T2 cannot be handled independently,
but they must be grouped in an overall performance
channel �

z1
z2

�
=

�
W1S
W2KS

�
w (1)

whose H1 norm has to be minimized. Once the con-
troller has been synthesized, one can compute the ob-
tained values for kW1Sk1 and kW2KSk1 and check
what is the compromise between performance and ro-
bustness realized by the algorithm. For our design the
obtained values are kW1Sk1 = 1:34 and kW2KSk1 =
1:26.

4.2 H1 performance for various levels of robust-

ness

In this subsection we study the problem

inf
K stabilizing


p = kW1Sk1

subject to kW2KSk1 � 
r (2)

for several values of 
r. This problem has the natural
interpretation of �nding the best performance level 
p
that can be obtained for di�erent prescribed values of
the robustness margin 1


r
. We recall that the robust-

ness margin is de�ned as the norm of the smallest un-
structured additive perturbation that destabilizes the
closed-loop system. Since we are using two H1 norms,
problem (2) can be interpreted in loopshaping terms:
the bound in the constraint represents the amount of
violation of the desired shape of KS that can be toler-
ated in order to enforce the desired shape for S.
In order to solve problem (2), we apply the mixed ob-
jectives techniques of [1]. Due to the conservatism in-
troduced by these techniques we do not obtain the op-
timal value 
p, but only an upper bound, which is de-
noted by �
p. In the sequel, we will refer to �
p as the
synthesis value. A lower bound on the di�erence �
p�
p
can be obtained by analysis of the obtained closed-loop
system. In fact, if we close the loop with the synthe-
sized mixed objectives controller, the calculated values
for kW1Sk1 and kW2KSk1 will be smaller than or
equal to �
p and 
r, respectively. As the reason, in the
analysis the two norms are calculated independently,
without the constraint of a common Lyapunov matrix
that is necessary for synthesis (see [1]). Figure 5 shows
the trade-o� curves for the synthesis and the analysis
values of problem (2) that have been obtained for dif-
ferent values of the bound 
r. The �gure shows that
the di�erence between synthesis and analysis values of
kW1Sk1 (along the vertical axis) is pretty small in all
the cases and it decreases for increasing values of the
constraint 
r. This does not mean that the method
is not conservative, since the curve of the optimal val-
ues of problem (2) is unknown. We only know that it
should lie below (or, at most, coincide with) the curve
of the analysis values. The conservatism can be esti-
mated only through lower bound computations (as sug-
gested in [9]) or the use of Youla techniques to approx-
imate the optimal value [2], [8]). Unfortunately, these
techniques are both computationally expensive what
makes them not suited for large applications. Figure 5
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Figure 5: Trade-o� curves for problem (2) for the values

r = 1 (A), 
r = 1:26 (B),
r = 2 (C), 
r = 3 (D), 
r = 5

(E). The stars indicate the synthesis values and the circles
the analysis values. The pentagon represents the trade-o�
achieved by the single-objective H1 design.

also shows that in the cases A and B the analysis value
of kW2KSk1 is equal to 
r, meaning that the room
left by the constraint is fully used in order to minimize
the objective function. In the cases C, D and E, to
the contrary, there is an increasing di�erence between

r and the analysis value of kW2KSk1. As a possible
interpretation, it seems that there is no advantage in
further loosening the constraint, since the best perfor-
mance level allowed by this method has been achieved.
Of course, this phenomenon may be just a consequence
of the conservatism of the method.
Another interesting observation can be made be com-
paring the position of the pentagon in �gure 5 with
the case B. The pentagon represents the values of
kW1Sk1 and kW2KSk1 that are obtained by the
single-objective S=KS H1 design. The case B is the
outcome of problem (2) when 
r is equal to 1.26, the
value of kW2KSk1 of the single-objective design. The
�gure shows that the trade-o� achieved by the stan-
dard H1 design lies on the Pareto optimal curve of
the mixed objectives method. As a consequence, the
mixed objectives design does not allow to obtain bet-
ter performance for the same robustness level. It is also
interesting to notice that the trade-o� achieved by the
single-objective design lies in a region where synthesis
and analysis values for the mixed objectives method
are close to each other.
In �gures 6 and 7 the behaviors of the S and the KS
functions corresponding to the mixed designs are plot-
ted. According to the behavior of the trade-o� analy-
sis curve, the shape of the sensitivity function is pushed
more towards the inverse of the weighting function for
increasing values of 
r. However, it is also visible that
in the region below 1 kHz the Sensitivity tends to a
limiting shape and no more suppression can be gained.
On the other hand this improvement on the shape of S
is counterbalanced by an increase of the amplitude of
KS in the region of the plant resonances which causes
robustness problems.
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Figure 6: Behaviors of S for problem (2). The arrows
indicate the direction in which 
r increases. The dashed
line is the inverse of the weight W1.
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Figure 7: Behaviors of KS for problem (2). The arrow
indicates the direction in which 
r increases. The dashed
line is the inverse of the weight W2.

4.3 Generalized H2 performance for various lev-

els of robustness

In this subsection we analyze a mixed objective prob-
lem that admits the same interpretation of the previous
one. As the only di�erence, we use now the gener-
alized H2 norm to characterize performance. We re-
call that this norm represents the energy-to-peak gain
of the system and, thus, it allows to handle the per-
formance bound for the tracking error directly in the
time-domain. The formulation of the problem is

inf
K stabilizing


p = kW1Sk2!1

subject to kW2KSk1 � 
r (3)

for several values of 
r.
The resulting synthesis and analysis trade-o� curves
are plotted in �gure 8. For small values of 
r, the
di�erence between synthesis and analysis values of
kW1Sk2!1 is rather large. As already observed in the
previous case, this di�erence decreases for increasing

r. Again it should be stressed that this does not give
any indication about the conservatism of the method.
However, it is interesting to note that even in situation
A, where the conservatism of the mixed method in the
determination of an upper bound of 
p is quite large,
the performance e�ectively achieved by the designed
controller is rather good . Actually, the di�erence in
the achieved performance in all the cases is quite small.
As another analogy with the previous problem, the gap
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Figure 9: Behaviors of S for problem (3). The arrows
indicate the direction in which 
r increases. The dashed
line is the inverse of the weight W1.

between 
r and the analysis value of kW2KSk1 in-
creases with 
r.
In �gures 9 and 10 the behaviors of the S and the
KS functions corresponding to these mixed designs are
plotted. As a con�rmation of the fact that the gen-
eralized H2 norm is not a suitable tool for frequency
domain shaping, we observe that the sensitivity func-
tion deviates much more from the shape of the inverse
of the weight than in the H1 case previously treated.
Also in the present case, however, the Sensitivity is
pushed downwards in the region below 1 kHz for in-
creasing values of 
r.
In contrast, the behavior of KS is quite di�erent. In
fact, the curves stay substantially below the inverse of
the weight up to 4.5 kHz, while in the previous case
this held only up to 2.5 kHz. This is a favorable as-
pect, since at higher frequencies our uncertainty model
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Figure 10: Behaviors of KS for problem (3). The arrow
indicates the direction in which 
r increases. The dashed
line is the inverse of the weight W2.
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Figure 11: Trade-o� curves for problem (4) for the values

p = 1 (A), 
p = 1:34 (B),
p = 2 (C), 
p = 3 (D), 
p = 5

(E). The stars indicate the synthesis values and the circles
the analysis values. The synthesis value in case A is about
600, out of scale. The pentagon represents the trade-o�
achieved by the single-objective H1 S=KS design.

is very conservative and an increase of KS at 4.5 kHz
may have no importance in practice. Figure 10, when
compared with �gure 7, shows also that the minimiza-
tion of the generalized H2 norm of W1S requires less
control e�ort than the minimization of the correspond-
ing H1 norm.

4.4 Achievable robustness for a prescribed per-

formance level

The trade-o� between performance and robustness
with mixed objectives methods can be analyzed also
from a di�erent point of view. Instead of looking what
performance can be achieved for di�erent robustness
levels, one can think of imposing the desired perfor-
mance level and determining the achievable robustness
margin. This is particularly interesting in view of �g-
ure 6, since it seems not possible to push the sensitiv-
ity function below the inverse of the weight. A natural
question that arises, hence, is whether we are asking
a feasible performance speci�cation or, in other words,
whether the performance speci�cation represented by
W1 compatible with reasonable robustness properties.
Hence, we consider here the mixed problem

inf
K stabilizing


r = kW2KSk1

subject to kW1Sk1 � 
p (4)

for several values of 
p. The resulting synthesis and
analysis trade-o� curves are plotted in �gure 11. The
most interesting phenomenon is the dramatic decrease
of 
r in passing from the constraint value 
p = 1 to the
value 
p = 1:34, which corresponds to kW1Sk1 ob-
tained by the single-objective design. When the shape
of the sensitivity function is imposed "brute force" to
lie below the inverse of the weight, the required control
e�ort blows up destroying the robustness of the design.

5 Implementation results
As explained in section 3, the main goal of our control
design is to guarantee correct tracking for increased ro-
tational frequencies. To this end we speeded the veloc-
ity of the turn-table motor up to 25 Hz, which is a value
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