A Time-frequency Domain Fault Detection Approach
Based on Parity Relation and Wavelet Transform
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Abstract: In this paper, problems related to the de-
sign of robust residual generators have been studied.
The main objective of our study is to make use of
the simple time domain design form of the parity rela-
tion based approach and the frequency domain analysis
known by the Hs-optimization approach, in order to
improve the system performance without an essential
increase in computation. We establish a relationship
between the parity relation based and the Hs optimal
residual generators and show that the optimal parity
vector vs converges to the Hs-optimal post-filter with
s — oo. Making use of the fact that the Hs-optimal
post-filter is a narrow band filter and the well known
time-frequency domain properties of Wavelet Trans-
form, a time-frequency domain approach is developed,
which allows us to design a residual generator based on
Wavelet Transform. The significant property of such
kind of residual generators is its simple form, low order
and high performance. The main results are illustrated
by examples.
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1 Introduction

Robustness problem is one of most important topics in
the field of model based fault diagnosis. Among a num-
ber of existing methods, the so-called parity relation
based optimization approach and the Hs-optimization
proposed in the late 80’er by Frank and his co-workers

e-mail: wgz-dau@tsinghua.edu.cn

[10], [5] are widely accepted as one of the standard so-
lutions to the optimal design of fault detection systems

(11, 18], [7].

The main objective of this paper is an integrated use of
the parity relation based and the Hs-optimization ap-
proaches. As known, the parity relation based approach
is a time domain design whose realization involves only
solutions of algebraic equations and thus requires no in-
volved computation in design and implementation. In
comparison, the Hs-optimization is a frequency domain
approach which may provide us with a better system
performance due to the use of frequency domain anal-
ysis, and requires, on the other side, a strong mathe-
matical and control engineering background in order to
achieve the desired performance. The essential idea of
this work is to make use of the simple time domain de-
sign form of the parity relation based approach and the
frequency domain analysis in order to improve the sys-
tem performance without an essential increase in com-
putation.

The main work to realize the above-mentioned idea
consists of the following studies: (i)establishing a rela-
tionship between the parity relation based and the Hy
optimization approaches; (ii)using Wavelet Transform
technique, which is well known for its power in solving
time-frequency domain problems, to integrate the both
approaches.

2 Characteristics of parity vector v,

In this section, we first briefly review the parity space
approach and Hs-optimization of observer-based resid-
ual generator [6], [8], [7], [9], [10], followed by estab-
lishing a relationship between the optimal solutions of
these two approaches, which builds the theoretical basis
for the further study.



2.1 A brief review
Consider linear time-invariant discrete systems de-
scribed by

o(k+ 1) = Az(k) + Bu(k) + Eqd(k) + E; (k) (1)
y(k) = Cx(k) + Du(k) + Fad(k) + Fr f(k)  (2)

where € R" is the state vector, u € R the vector of
control signals, y € R™ the output vector, d € R*¢ the
unknown disturbance vector and f € R*/ the vector of
faults to be detected. A, B,C, D, E¢, Eq, Fy and Fy are
known and of appropriate dimensions.

2.1.1 parity space approach: A parity rela-
tion based residual generator is expressed by

Ts(k) = Us(ys(k) - Hu,sus(k)) (3)

whose dynamics is governed by
7s(k) = vs(Ho,sx(k — 8) + Ha,sds(k) + Hy,s fs(k)) (4)

where vector v = [vs 0 Us;1 -+ Uss] € R+ i called
parity vector which should be selected from the parity
space Py defined by P, = {v,| vsHp s =0}, s is the
order of the parity relation, and

ys(k) = [y7(k —s) yT(k—s+1)---yT(k)]"
us(k) = [ul(k—s) u(k—s+1)---uT(k)]"
dy(k) = [d"(k—s) d"(k—s+1)---d"(k)]"
T
fs(b) =[f"(k—s5) ff(k—s+1)---f7 (k)]
T
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In the case that a perfect decoupling from d(k) is im-
possible, a robust residual generator is designed under
a certain optimization sense becomes necessary. Frank
and Wiinnenberg [10], [11] proposed the following per-
formance index

T T
. . vstyst,svs
min J = min ———

05 EPs v5EPs vstySH}“SvST

(5)

Recently, Ding et al. [4] proved that

T ,T
vst,SHd,svs

min ———>"—
05 € Py vst,SHfTSvg

T T
Us+1Hd,s+1Hd,s+1vs+1
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Thus, we can claim that

lim min J = min min J (6)
5§—00 v5C Py s vs€EPs

2.1.2 Hs-optimization of residual genera-
tors: It is now well known that all linear residual gen-
erator can be expressed by [7]

whose dynamics is governed by

r(k) = q(2)(Ga(2)d(k) + G¢(2)f (k) (8)

where ¢(z) € RH,,, the so-called post-filter, is the pa-
rameterization vector which also ensures the stability
of the residual generator, G4(z) = C(2I — A)"'E,; +
Fy4,Gf(2) = C(2I — A)"LE; + Ff. Hs-optimal design
of observer-based residual generators is an optimization
problem related to the following performance index

27 jw jw * (o JW\ 4% [ pJw
e T ()G ) Gy ()
= o ; - - -

W) ) [T g(e)G () G (e°)q (97 do

9)

where * denotes the conjugate transpose of matrix,
which is carried out when a perfect decoupling from
d(k) is not realizable.

According to the work by Ding and Frank [5], the op-
timal solution of ¢(z) to problem (9) is a narrow band
limited filter.

2.2 Relationship between two approaches

Let g4(i), i = 0 ---s, be the impulse response of the
system (1)-(2) to the unknown inputs d. It can be easily
proved that

9a(0) = Fy, ga(1) = CEy, -+, ga(s) = CA*'E,

Let v be the flip of vy, i.e. Uy = [Us,5 Vs 51 Vs,0] =
[P0 p1 -+ pg, With p; = v 54, @ = 0---s. It then



turns out
veHg s
9a(0) 0 0
— (b pacs - pol | ) 940)
: .. .. 0
ga(s) -+ ga(l) g4(0)

= [¥(s) ¥(s —1)--- (0)]
with

i)=Y pig9all) = p; * ga(i) = 27 [Vo(2)Ga(2)]
1=0

where % denotes convolution, V,(z) denotes the Z-
Transform of U5 = [pg---p; - ps] With ¢ as the time
independent variable. According to the Parseval Theo-
rem, we have

lim v,Hy SHd.s K Z1/J
1 2
~or

Va(€)Ga(e/) GV, (¢7)dw  (10)

and thus the following theorem.

Theorem 1 Given optimization problems

. 'Ust s(vst -S)T
UI%I}I}S ! vrsrglr’ls ’Usts(vst, )T ( )
27 w w SAY
| 27 ge) Gl G ()
min Jo =
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(12)
and let Vs,opt = ['Us,opt,o Us,opt,1 "~ * ’US,OPT/:S} and q"pt(z)

are the optimal solutions of (11) and (12) respectively,
J1,0pt and J2 opr are the corresponding optimal value
respectively, then

sli{go Jl,opt = J2,opt (13)
qopt (2) = ‘7s—>00,0pt(z) (14)

where \Zvopt(z) is the Z-Transform of Vs opt, which is
the flip of vs,opt, i.€.

Us,opt,0)  (15)

Vs,opt = ['Us,opt,s Us,opt,s—1 """

Proof: If vs_o00p is the optimal solution to problem
(11) when s — oo, then from (10) and (6), we know
that for gop(2) in the form of (14) and (15) it holds

|'Us:'Us~>oo,opl

J2 |q(z):‘IOpl (Z): J1

= lim min J; = min min Jy
8—00 vy EP, s ws€Ps

from which we can further draw the conclusion that
Qopt(z) makes the performance index Jo achieving its
minimum. Otherwise suppose that g¢.(z) instead of
Qopt(2) is the optimal solution to problem (12), i.e

T2 lao)=ac(5)= 0 T2 < Ja laz) =0y ()= 0 min Jy

According to (10), for this g.(z) we can find a corre-
sponding vs. whose components are just the flip of
Z7qe(2)] and Jy |o,—v,e= T2 |g(2)=q. (2)- Following
this, Jy |y,—v,. < ming min,,_cp, J1, which is apparently
contradictory. Thus gop:(2) corresponding to vs— oo, opt
in the form of (14) and (15) is the optimal solution
of optimization problem (12), and vice versa.Therefore
(13), (14) and (15) hold.

Remark 1 The above theorem gives a deeper in-
sight into the relationship of parity space method
and observer-based approach: (i)The optimal perfor-
mance index Ji ope converges to a limit which is just
the optimal performance index Ja,opi; (11)The flip of
Us—soo,0pt AT€ Just the inverse Z-Transform of qopi(2);
(1) Since qopt(2) is a narrow band filter, the frequency
TeSPONSe Of Vs—soo opt 15 alS0 narrow band-limited.

In order to illustrate the above results, we observe the
following example.

Ezxample 1: Consider system model

1 -13
A= ,B=[2 1", c=10 1]
025 —0.25
Eq=1[04 05", E;=[06 01", D=F;=F;=0.

It is easily to prove that Jo opr = 0.4444 and gope(2) is
a narrow band filter at w = 0. Fig. 1 demonstrates
that the optimal performance index Jj,op¢ converges to
J2,0pt With s — oo. Fig. 2 shows that the frequency
band of v, becomes narrower with the increase of s.

3 Wavelet Transform of vector and matrix

Wavelet Transform is a powerful time-frequency analy-
sis tool for signal. It can be regarded as a bank of filters
in different frequency bands, which are well localized
both in time and frequency domain. That means on
one hand, these filters can provide good frequency se-
lectors, but on the other hand, the length of the filters
can keep short simultaneously. In this paper, Wavelet
Transform is used as a bridge between time and fre-
quency domain approach.
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Figure 2: the frequency response of parity vector v,

3.1 Wavelet Transform of signal

The orthonormal Wavelet Transform (WT) of a sig-
nal z(k),k = 1---1, is calculated using Mallat algo-
rithm and includes the detail coefficients WT2(j, k), j =
1---jm, k=1---n,, and the approximation coeflicients
WTE(jm, k), k =1---n; [3][2]. WT has the following
useful characteristics: (i)For a given scale j, WT2(j, k)
is equivalent to the output of z(k) through a bandpass
filter F'P; which is well localized both in time and fre-
quency domain, and with the increase of j, the central
frequency of F'P; moves from high frequency band to
low. WT%(jm, k) is equivalent to the output of z(k)
through a lowpass filter F'L;,, which is also well local-
ized both in time and frequency domain; (ii)The effi-
ciency of Mallat algorithm is very high; (iii) For each
scale j, the length of WT of (k) is n; ~ ; (iv) The
inner product of two signals z(k) and y(k) in time
domain is equal to the inner product of their WT in
time-frequency domain, namely

l jwn 5
D wlk)y(k) => > WG, k)W (j, k)
k=1 j=1k=1
+ 3 WL G YW TG (i, k) (16)
k=1

3.2 Wavelet Transform of vector and matrix

When i is regarded as the time independent variable,
the parity vector vs = [vs0- - Vs Us,s| can be re-
garded as a signal and its WT can be calculated. In

this paper, we use the detail WT vector WTai,j and
approximation WT vector WT ,  to denote all of the
detail WT coefficients of vs at scale j and all of the
approximation WT coefficients of vy at j,, respectively,
ie.

Wy ;= W (G 1) - WIS (G.ng)l, G =1 jm
wry - [WT;;IS (jma 1) T WT;;IS (jmy njm)}

VssIm

Let h, denote the g, column of Hys, ¢ = 1---(s +
1)k4, then the WT vectors I/VT,jlmj7 j=1---j,, and
WT& jm Of hg can be defined in the same way as those
of vs, the only difference is they are column vectors.
Furthermore, we can define the WT matrices WTI‘_lId

j=1---7,, and WTgId,syjm for Hy s as

,5507

d — d d e d .
WTHd,syj - |:WTh1,j WThz,j WTh(.g+],)k-(iy.7:|
a@ — a a e a .
WTHd,s,jm - |:WTh1 yJm WThz,jm WTh(.s+],)k'd1.77rl,:|

WT vectors of ys(k) and WT matrices for Hy s, Hy,s
and Ho s can be defined in the same way.

The WT vectors and matrices can be calculated with
Mallat Algorithm, but for the convenience of theory
analysis, it can be expressed by matrix operation, i.e.

WTE =, (MO, WTe =, (M)

Us,J Vs Im Im

d __ agd a __aga
WTHd,syj - ]\/[] Hd?S’ WTHd,sijn - Ij‘m Hd,S
where
—d —d
Moo xIm -+ M;gs*xInp
d __ . .
M; = :
—d —d
M 0% I o M, % I
Vs e
M, 00 % Im o My, 05 % Im
ra . .
Im .
VAl =78
/ Jm T 0 x I"L LGN, »5 X IWL
—d ; —a
— J T — a .
J\/[] - WTIS+17 ]\[]m, - WTIs+ly]1n

. ., =—d A
in which M; , ., p=0---n;,9g=0---s, and ‘M?m.,p,q’

—d
p=0---n; ,q=0---5, are the element of M, and
M?m at the pyp row and gy column respectively, I,
and [, are unit matrices with dimension m and s+ 1

respectively.

4 Fault detection approach based on parity
space and Wavelet Transform

4.1 Basic idea and problem formulation
Recall that in Section 2 we have shown that the Hj-
optimal post-filter can be approximated by a parity



vector with an arbitrary accuracy. Although we can
make use of this fact to simply the optimization and
implementation of residual generators, since using par-
ity space approach only solving algebraic equations is
needed, a large s implies heavy on-line computation.

On the other hand, the results achieved in Section 2
show that the optimal parity vector vs converges to the
Hs-optimal post-filter with s — co and moreover ma-
trices Hq s, Hy s contain information of Ga(z), Gf(2).
Motivated by this fact, we use Wavelet Transform as a
tool to get and use frequency domain information pro-
vided by vs, Hq,s and Hy,s.

Since the optimal parity vector v, with high order is
a narrow band filter in the frequency domain, when vy
is expressed in time-frequency domain using Wavelet
Transform, only a part of the coefficients are none zero
and all the other coefficients should be equal to zero
or very small. If we only use these non-zero WT coef-
ficients of v, as a new parity vector, since they carry
almost all the information of v , the performance index
J1,0pt in this case will be approximately equal to Jq ope
in the infinite order case. So the Hs optimal perfor-
mance index Ja o, can be approximately obtained by
using parity space method with a very low order parity
vector.

4.2 WT-based residual generator

Let WT,, = [WTZ ,---WTZ ;  WTZ ; ], then ac-
cording to (3),(4) and (16), the parlty relatlon based
residual generator can be written as

rs(k) = WT,,
WT, 1 WTh, .
X : — d' us(k)
WT s (k) dm WT, Huy,s:0m
jlls(k);]m, W Hu syJm

(17)

and the dynamic of the residual generator becomes

WTI(:iI(J 57
Ts(k) = WT’US .I'(]{? — 8) +

WTgo,s;jm,
WT;L{O,sajm,

Wng’S,l V[/Tg%1

WT, ' ds (k) + fo(k)
s d d
W Hd ssJm WTHf ssJm
wT Ha, s,dm THf s:Jm

(18)

When order s is high, the optimal vs; must be a nar-
row band filter. If v, is bandpass in frequency domain,
then there must be a scale jop € [1,2,- jm] which can

ensure that the frequency band of WT - jope COVETS the

frequency band of the optimal vs and WTi, ot has rel-
atively large modulus, while all the other WT vectors
are nearly equal to zero. Similarly, if the optimal vy is
lowpass in frequency domain, then WT7 ; must have
relatively large modulus and all the other WT vectors
are nearly equal to zero. So among the j,,, +1 WT vec-
tors of optimal v, only one has large modulus, and all
the others are almost zeros. Suppose this special WT
vector is WTad""t)t, where jopt € [1,2,- - jm] , and adyp
can be a or d to include the two different cases. In this
section, suppose ad,y: and jop: are already known , but

. ad,
the coefficients of WT,,_ ;’101‘[ are unknown.
,

Since the main information is included in the frequency
band of WT;Z d;”o ;[ , removing of the other WT vectors
from the residual generator will only slightly influence
the dynamic of residual generator. Then the WT-based
residual generator can be given by:

Tt (k) = Vit (WT“d‘”“" W gj"gfmus(k)) (19)

ys (k) Jopt

in which v,; = WT"  and the dynamic of the resid-

Vs,;Jopt’
ual generator becomes

rui(k) = Vgt WTELort x(k —s)+

Ho ,syJopt

Vot (WT?Iio:[]Om S( ) + WTM;o::JWt fs(k:))
(20)

Since the length of v, is about nj, , = ;j:rzi , the
order of the parity vector is decreased much more. But
because the dynamic of r; in (18) and 7, in (20) are
almost equal to each other, the optimal performance

index will be similar.

4.3 Design of WT-based parity vector

WTjsd;”” can be obtained from the WT of traditional
optimal parity vector vs. But in order to get an optimal
Uyt, We directly design v,,; using the same method as
in parity space approach. Designing of v, is equal to
designing the W' coeflicients of v, under scale jqp;.

Using the matrix form of WT, (20) becomes
Twt(k) = thqudeo sT(k —s) +
Vet (M 0 Hy oda(k) + MO Hy fs(k))

Jopt Jopt

Similarly as in traditional parity space approach, let
Nyt basis be the orthonormal basis of the left null space
of AIZiT"HO,S, and let vy = DuwiNuwe basis, then the
dynamic of 7., (k) is

th(k) = Pwt (Fd,wtd.s(k) + Ff,wtfs(k)) (21)
where

IT7 dopt
Hd,wt = Nwt baszsA[ ! H

Jopt

Ff,wt - Nwt,basisM(‘Idom Hf,s (22)

Jopt



Define the optimization objective as

— — T
. PuwtHawr (Hawt) DLy
Jwt = min

— (23)
Put pthf,wt (Hf,wt)Tpgt

then the optimal parity vector p,; can be found using
the same method in traditional parity space approach
[11].

4.4 Choose the optimal scale and calculate the
WT-based residual signal

There are two kinds of method for choosing jon: and
adype: (1) Design the optimal vy using traditional par-
ity space approach, analyze the frequency band of v,
and choose jop: and adgy; to make the frequency band
of WT:S d;”o ;[ cover the frequency band of the optimal
vs; (i) Design j,, + 1 parity vectors under different fre-
quency bands (scales), and use the scale corresponding
to the minimal performance index as jop: and adep:.

According to (19), residual signal 7,,.(k) can be calcu-

lated in the following steps: (i)Calculate v, WT;Ii"i’ ot

off-line; (ii)Calculate WT;sd(‘;é’)’ jop[on—line using Mallat
algorithm ; (iii)Calculate 7, (k) on-line.

4.5 Example
In order to illustrate the proposed approach and show
its efficiency, we consider the following example.

Ezample 2: Consider the same system as given in Ex-
ample 1. Daubechies wavelet filter is used in WT-based
method.

When traditional parity space method is used,
J1,0pt =0.44580 for s = 256, and Jq opr = 1.55834 when
s = 9, while in WT-based method, an optimal v,
with length 10 can make the optimal performance in-
dex Jyt,opt Teach 0.44585. The simulation results show
that, WT based parity space approach results in an op-
timal parity vector with a very low order which delivers
a performance almost equal to the one obtained by us-
ing the traditional parity space approach with a much
more higher order parity vector.

5 Conclusion

In this paper, problems related to the design of robust
residual generators have been studied. The main ob-
jective of our study is an integrated use of the parity
relation based and the Hy-optimization approaches, in
order to make use of the simple time domain design
form of the parity relation based approach and the fre-
quency domain analysis for improving the system per-
formance without an essential increase in computation.

We have first established a relationship between the

parity relation based and the Ho optimal residual gener-
ators and demonstrated that the optimal parity vector
vg converges to the Hs-optimal post-filter with s — oc.
Making use of the fact that the Hs-optimal post-filter is
a bandpass and the well known time-frequency domain
properties of Wavelet Transform, we have then devel-
oped a time-frequency domain approach which allows
us to design a residual generator based on WT, which
is presented in the form similar to the parity relation
based residual generator. The significant property of
such kind of residual generators is its low order and
high performance. The main results have been illus-
trated by examples.
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