
� ��������	
���
 ������ ��
�� ��������� ��������

����� �� �����
 �������� ��� ������� ���������

��� ��nhr� ��	
 ���	
W_r� 
� �� ��	
W� �� �� ��	
nr
W����� �� ���������� �	
�	����	
� ������� �	������� �� !�����" 
���	���

�# $%&'� ($)%' 
�	���	*��
� ���+�	 
���	�, -.)/&%0&1'%%$( �1+���, "�	
2�1����	�3���1��������"�

n������+�	� �� !���+����	� 4��	
��� �	������� 
5��6�	
 $((('.� �� 7� 8��	�

���	�, -'9/$(19:0':9.0 �1+���, ;
�1"��2���	
�����"���	

Devwudfw= Lq wklv sdshu/ sureohpv uhodwhg wr wkh gh0
vljq ri urexvw uhvlgxdo jhqhudwruv kdyh ehhq vwxglhg1
Wkh pdlq remhfwlyh ri rxu vwxg| lv wr pdnh xvh ri
wkh vlpsoh wlph grpdlq ghvljq irup ri wkh sdulw| uhod0
wlrq edvhg dssurdfk dqg wkh iuhtxhqf| grpdlq dqdo|vlv
nqrzq e| wkh K50rswlpl}dwlrq dssurdfk/ lq rughu wr
lpsuryh wkh v|vwhp shuirupdqfh zlwkrxw dq hvvhqwldo
lqfuhdvh lq frpsxwdwlrq1 Zh hvwdeolvk d uhodwlrqvkls
ehwzhhq wkh sdulw| uhodwlrq edvhg dqg wkh K5 rswlpdo
uhvlgxdo jhqhudwruv dqg vkrz wkdw wkh rswlpdo sdulw|
yhfwru yv frqyhujhv wr wkh K50rswlpdo srvw0�owhu zlwk
v $ 4= Pdnlqj xvh ri wkh idfw wkdw wkh K50rswlpdo
srvw0�owhu lv d qduurz edqg �owhu dqg wkh zhoo nqrzq
wlph0iuhtxhqf| grpdlq surshuwlhv ri Zdyhohw Wudqv0
irup/ d wlph0iuhtxhqf| grpdlq dssurdfk lv ghyhorshg/
zklfk doorzv xv wr ghvljq d uhvlgxdo jhqhudwru edvhg rq
Zdyhohw Wudqvirup1 Wkh vljql�fdqw surshuw| ri vxfk
nlqg ri uhvlgxdo jhqhudwruv lv lwv vlpsoh irup/ orz rughu
dqg kljk shuirupdqfh1 Wkh pdlq uhvxowv duh looxvwudwhg
e| h{dpsohv1

| Vxssruwhg e| wkh GDDG lq frrshudwlrq zlwk Wv0
lqjkxd Xqlyhuvlw|

} Kroglqj d vfkroduvkls dw wkh Odxvlw} Xqlyhuvlw| ri
Dssolhg Vflhqfhv

& Vxssruwhg e| wkh Qdwlrqdo Qdwxudo Vflhqfh Ixqg ri
Fklqd

Nh|zrugv= Idxow ghwhfwlrq/ sdulw| vsdfh dssurdfk/
K50rswlpl}dwlrq/ Zdyhohw Wudqvirup/ gljlwdo �owhu/
wlph0iuhtxhqf| grpdlq

4 Lqwurgxfwlrq

Urexvwqhvv sureohp lv rqh ri prvw lpsruwdqw wrslfv lq
wkh �hog ri prgho edvhg idxow gldjqrvlv1 Dprqj d qxp0
ehu ri h{lvwlqj phwkrgv/ wkh vr0fdoohg sdulw| uhodwlrq
edvhg rswlpl}dwlrq dssurdfk dqg wkh K50rswlpl}dwlrq
sursrvhg lq wkh odwh ;3*hu e| Iudqn dqg klv fr0zrunhuv

^43`/ ^8` duh zlgho| dffhswhg dv rqh ri wkh vwdqgdug vr0
oxwlrqv wr wkh rswlpdo ghvljq ri idxow ghwhfwlrq v|vwhpv
^4`/ ^;`/ ^:`1

Wkh pdlq remhfwlyh ri wklv sdshu lv dq lqwhjudwhg xvh ri
wkh sdulw| uhodwlrq edvhg dqg wkh K50rswlpl}dwlrq ds0
surdfkhv1 Dv nqrzq/ wkh sdulw| uhodwlrq edvhg dssurdfk
lv d wlph grpdlq ghvljq zkrvh uhdol}dwlrq lqyroyhv rqo|
vroxwlrqv ri dojheudlf htxdwlrqv dqg wkxv uhtxluhv qr lq0
yroyhg frpsxwdwlrq lq ghvljq dqg lpsohphqwdwlrq1 Lq
frpsdulvrq/ wkh K50rswlpl}dwlrq lv d iuhtxhqf| grpdlq
dssurdfk zklfk pd| surylgh xv zlwk d ehwwhu v|vwhp
shuirupdqfh gxh wr wkh xvh ri iuhtxhqf| grpdlq dqdo0
|vlv/ dqg uhtxluhv/ rq wkh rwkhu vlgh/ d vwurqj pdwkh0
pdwlfdo dqg frqwuro hqjlqhhulqj edfnjurxqg lq rughu wr
dfklhyh wkh ghvluhg shuirupdqfh1 Wkh hvvhqwldo lghd ri
wklv zrun lv wr pdnh xvh ri wkh vlpsoh wlph grpdlq gh0
vljq irup ri wkh sdulw| uhodwlrq edvhg dssurdfk dqg wkh
iuhtxhqf| grpdlq dqdo|vlv lq rughu wr lpsuryh wkh v|v0
whp shuirupdqfh zlwkrxw dq hvvhqwldo lqfuhdvh lq frp0
sxwdwlrq1

Wkh pdlq zrun wr uhdol}h wkh deryh0phqwlrqhg lghd
frqvlvwv ri wkh iroorzlqj vwxglhv= +l,hvwdeolvklqj d uhod0
wlrqvkls ehwzhhq wkh sdulw| uhodwlrq edvhg dqg wkh K5

rswlpl}dwlrq dssurdfkhv> +ll,xvlqj Zdyhohw Wudqvirup
whfkqltxh/ zklfk lv zhoo nqrzq iru lwv srzhu lq vroylqj
wlph0iuhtxhqf| grpdlq sureohpv/ wr lqwhjudwh wkh erwk
dssurdfkhv1

5 Fkdudfwhulvwlfv ri sdulw| yhfwru yv

Lq wklv vhfwlrq/ zh �uvw eulh | uhylhz wkh sdulw| vsdfh
dssurdfk dqg K50rswlpl}dwlrq ri revhuyhu0edvhg uhvlg0
xdo jhqhudwru ^9`/ ^;`/ ^:`/ ^<`/ ^43`/ iroorzhg e| hvwde0
olvklqj d uhodwlrqvkls ehwzhhq wkh rswlpdo vroxwlrqv ri
wkhvh wzr dssurdfkhv/ zklfk exlogv wkh wkhruhwlfdo edvlv
iru wkh ixuwkhu vwxg|1



514 D eulhi uhylhz

Frqvlghu olqhdu wlph0lqyduldqw glvfuhwh v|vwhpv gh0
vfulehg e|

{+n . 4, @ D{+n, .Ex+n, .Hgg+n, .Hii+n, +4,

|+n, @ F{+n, .Gx+n, . Igg+n, . Iii+n, +5,

zkhuh { 5 Uq lv wkh vwdwh yhfwru/ x 5 Unx wkh yhfwru ri
frqwuro vljqdov/ | 5 Up wkh rxwsxw yhfwru/ g 5 Ung wkh
xqnqrzq glvwxuedqfh yhfwru dqg i 5 Uni wkh yhfwru ri
idxowv wr eh ghwhfwhg1 D>E>F>G>Hi > Hg> Ii dqg Ig duh
nqrzq dqg ri dssursuldwh glphqvlrqv1

51414 sdulw| vsdfh dssurdfk= D sdulw| uhod0
wlrq edvhg uhvlgxdo jhqhudwru lv h{suhvvhg e|

uv+n, @ yv+|v+n,�Kx>vxv+n,, +6,

zkrvh g|qdplfv lv jryhuqhg e|

uv+n, @ yv+K3>v{+n � v, .Kg>vgv+n, .Ki>viv+n,, +7,

zkhuh yhfwru yv @ ^yv>3 yv>4 � � � yv>v` 5 U
p+v.4, lv fdoohg

sdulw| yhfwru zklfk vkrxog eh vhohfwhg iurp wkh sdulw|
vsdfh Sv gh�qhg e| Sv @ iyvm yvK3>v @ 3j/ v lv wkh
rughu ri wkh sdulw| uhodwlrq/ dqg
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�
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Lq wkh fdvh wkdw d shuihfw ghfrxsolqj iurp g+n, lv lp0
srvvleoh/ d urexvw uhvlgxdo jhqhudwru lv ghvljqhg xqghu
d fhuwdlq rswlpl}dwlrq vhqvh ehfrphv qhfhvvdu|1 Iudqn
dqg Zÿqqhqehuj ^43`/ ^44` sursrvhg wkh iroorzlqj shu0
irupdqfh lqgh{

plq
yv5Sv

M @ plq
yv5Sv

yvKg>vK
W
g>vy

W
v

yvKi>vK
W
i>vy

W
v

+8,

Uhfhqwo|/ Glqj hw do1 ^7` suryhg wkdw

plq
yv.45Sv.4

yv.4Kg>v.4K
W
g>v.4y

W
v.4

yv.4Ki>v.4K
W
i>v.4y

W
v.4

? plq
yv5Sv

yvKg>vK
W
g>vy

W
v

yvKi>vK
W
i>vy

W
v

Wkxv/ zh fdq fodlp wkdw

olp
v$4

plq
yv5Sv

M @ plq
v

plq
yv5Sv

M +9,

51415 K50rswlpl}dwlrq ri uhvlgxdo jhqhud0

wruv= Lw lv qrz zhoo nqrzq wkdw doo olqhdu uhvlgxdo jhq0
hudwru fdq eh h{suhvvhg e| ^:`

u+n, @ t+},+|+n,�Jx+},x+n,, +:,

zkrvh g|qdplfv lv jryhuqhg e|

u+n, @ t+},+Jg+},g+n, .Ji +},i+n,, +;,

zkhuh t+}, 5 UK4/ wkh vr0fdoohg srvw0�owhu/ lv wkh sd0
udphwhul}dwlrq yhfwru zklfk dovr hqvxuhv wkh vwdelolw|
ri wkh uhvlgxdo jhqhudwru/ Jg+}, @ F+}L � D,�4Hg .
Ig>Ji +}, @ F+}L � D,�4Hi . Ii = K50rswlpdo ghvljq
ri revhuyhu0edvhg uhvlgxdo jhqhudwruv lv dq rswlpl}dwlrq
sureohp uhodwhg wr wkh iroorzlqj shuirupdqfh lqgh{

plq
t+},

M @ plq
t+},

U 5�

3 t+hm$,Jg+h
m$,J�g+h

m$,t�+hm$,g$U 5�

3 t+hm$,Ji +hm$,J�i +h
m$,t�+hm$,g$

+<,

zkhuh � ghqrwhv wkh frqmxjdwh wudqvsrvh ri pdwul{/
zklfk lv fduulhg rxw zkhq d shuihfw ghfrxsolqj iurp
g+n, lv qrw uhdol}deoh1

Dffruglqj wr wkh zrun e| Glqj dqg Iudqn ^8`/ wkh rs0
wlpdo vroxwlrq ri t+}, wr sureohp +<, lv d qduurz edqg
olplwhg �owhu1

515 Uhodwlrqvkls ehwzhhq wzr dssurdfkhv

Ohw jg+l,> l @ 3 � � � v> eh wkh lpsxovh uhvsrqvh ri wkh
v|vwhp +4,0+5, wr wkh xqnqrzq lqsxwv g1 Lw fdq eh hdvlo|
suryhg wkdw

jg+3, @ Ig> jg+4, @ FHg> � � � > jg+v, @ FDv�4Hg

Ohw hyv eh wkh  ls ri yv/ l1h1 hyv @ ^yv>v yv>v�4 � � � yv>3` @
^�3 �4 � � � �v`> zlwk �l @ yv>v�l/ l @ 3 � � � v1 Lw wkhq
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@ ^#+v, #+v� 4, � � � #+3,`

zlwk

#+l, @
l[

o@3

�l�ojg+o, @ �l � jg+l, @ ]
�4^hYv+},Jg+},`

zkhuh � ghqrwhv frqyroxwlrq/ hYv+}, ghqrwhv wkh ]0
Wudqvirup ri hyv @ ^�3 � � � �l � � � �v` zlwk l dv wkh wlph
lqghshqghqw yduldeoh1 Dffruglqj wr wkh Sduvhydo Wkhr0
uhp/ zh kdyh

olp
v$4

yvKg>vK
W
g>vy

W
v @

4[
q@3

#+q,#W +q,

@
4

5�

] 5�

3

hYv+hm$,Jg+h
m$,J�g+h

m$,hY �v +hm$,g$ +43,

dqg wkxv wkh iroorzlqj wkhruhp1

Wkhruhp 4 Jlyhq rswlpl}dwlrq sureohpv

plq
yv5Sv

M4 @ plq
yv5Sv

yvKg>v+yvKg>v,
W

yvKi>v+yvKi>v,W
+44,

plq
t+},

M5 @ plq
t+},

U 5�

3 t+hm$,Jg+h
m$,J�g+h

m$,t�+hm$,g$U 5�

3
t+hm$,Ji +hm$,J�i +h

m$,t�+hm$,g$

+45,

dqg ohw yv>rsw @ ^yv>rsw>3 yv>rsw>4 � � � yv>rsw>v` dqg trsw+},
duh wkh rswlpdo vroxwlrqv ri +44, dqg +45, uhvshfwlyho|/
M4>rsw dqg M5>rsw duh wkh fruuhvsrqglqj rswlpdo ydoxh
uhvshfwlyho|/ wkhq

olp
v$4

M4>rsw @ M5>rsw +46,

trsw+}, @ hYv$4>rsw+}, +47,

zkhuh hYv>rsw+}, lv wkh ]0Wudqvirup ri hyv>rsw> zklfk lv
wkh  ls ri yv>rsw/ l1h1

hyv>rsw @ ^ yv>rsw>v yv>rsw>v�4 � � � yv>rsw>3` +48,

Surri= Li yv$4>rsw lv wkh rswlpdo vroxwlrq wr sureohp
+44, zkhq v $ 4/ wkhq iurp +43, dqg +9,/ zh nqrz
wkdw iru trsw+}, lq wkh irup ri +47, dqg +48, lw krogv

M5 mt+},@trsw+},@ M4 myv@yv$4>rsw

@ olp
v$4

plq
yv5Sv

M4 @ plq
v

plq
yv5Sv

M4

iurp zklfk zh fdq ixuwkhu gudz wkh frqfoxvlrq wkdw
trsw+},pdnhv wkh shuirupdqfh lqgh{ M5 dfklhylqj lwv
plqlpxp1 Rwkhuzlvh vxssrvh wkdw tf+}, lqvwhdg ri
trsw+}, lv wkh rswlpdo vroxwlrq wr sureohp +45,/ l1h1

M5 mt+},@tf+},@ plq
t+},

M5 ? M5 mt+},@trsw+},@ plq
v

plq
yv5Sv

M4

Dffruglqj wr +43,/ iru wklv tf+},zh fdq �qg d fruuh0
vsrqglqj yvf zkrvh frpsrqhqwv duh mxvw wkh  ls ri
]�4^tf+},` dqg M4 myv@yvf@ M5 mt+},@tf+},1 Iroorzlqj
wklv/ M4 myv@yvf? plqvplqyv5Sv

M4/ zklfk lv dssduhqwo|
frqwudglfwru|1 Wkxv trsw+}, fruuhvsrqglqj wr yv$4>rsw

lq wkh irup ri +47, dqg +48, lv wkh rswlpdo vroxwlrq
ri rswlpl}dwlrq sureohp +45,/ dqg ylfh yhuvd1Wkhuhiruh
+46,/ +47, dqg +48, krog1

Uhpdun 4 Wkh deryh wkhruhp jlyhv d ghhshu lq0
vljkw lqwr wkh uhodwlrqvkls ri sdulw| vsdfh phwkrg
dqg revhuyhu0edvhg dssurdfk= +l,Wkh rswlpdo shuiru0
pdqfh lqgh{ M4>rsw frqyhujhv wr d olplw zklfk lv mxvw
wkh rswlpdo shuirupdqfh lqgh{ M5>rsw> +ll,Wkh  ls ri
yv$4>rsw duh mxvw wkh lqyhuvh ]0Wudqvirup ri trsw+},>
+lll, Vlqfh trsw+}, lv d qduurz edqg �owhu/ wkh iuhtxhqf|
uhvsrqvh ri yv$4>rsw lv dovr qduurz edqg0olplwhg1

Lq rughu wr looxvwudwh wkh deryh uhvxowv/ zh revhuyh wkh

iroorzlqj h{dpsoh1

H{dpsoh 4= Frqvlghu v|vwhp prgho

D @

5
7

4 �4=6

3=58 �3=58

6
8 > E @ ^5 4`W > F @ ^3 4`

Hg @ ^3=7 3=8`
W
> Hi @ ^3=9 3=4`

W
> G @ Ig @ Ii @ 3=

Lw lv hdvlo| wr suryh wkdw M5>rsw @ 3=7777 dqg trsw+}, lv
d qduurz edqg �owhu dw $ @ 31 Ilj1 4 ghprqvwudwhv
wkdw wkh rswlpdo shuirupdqfh lqgh{ M4>rsw frqyhujhv wr
M5>rsw zlwk v $ 4 = Ilj1 5 vkrzv wkdw wkh iuhtxhqf|
edqg ri yv ehfrphv qduurzhu zlwk wkh lqfuhdvh ri v1

6 Zdyhohw Wudqvirup ri yhfwru dqg pdwul{

Zdyhohw Wudqvirup lv d srzhuixo wlph0iuhtxhqf| dqdo|0
vlv wrro iru vljqdo1 Lw fdq eh uhjdughg dv d edqn ri �owhuv
lq gl�huhqw iuhtxhqf| edqgv/ zklfk duh zhoo orfdol}hg
erwk lq wlph dqg iuhtxhqf| grpdlq1 Wkdw phdqv rq
rqh kdqg/ wkhvh �owhuv fdq surylgh jrrg iuhtxhqf| vh0
ohfwruv/ exw rq wkh rwkhu kdqg/ wkh ohqjwk ri wkh �owhuv
fdq nhhs vkruw vlpxowdqhrxvo|1 Lq wklv sdshu/ Zdyhohw
Wudqvirup lv xvhg dv d eulgjh ehwzhhq wlph dqg iuh0
txhqf| grpdlq dssurdfk1
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Iljxuh 5= wkh iuhtxhqf| uhvsrqvh ri sdulw| yhfwru yv

614 Zdyhohw Wudqvirup ri vljqdo

Wkh ruwkrqrupdo Zdyhohw Wudqvirup +ZW, ri d vlj0
qdo {+n,> n @ 4 � � � o/ lv fdofxodwhg xvlqj Pdoodw dojr0
ulwkp dqg lqfoxghv wkh ghwdlo frh!flhqwvZW g

{ +m> n,> m @
4 � � � mp> n @ 4 � � �qm > dqg wkh dssur{lpdwlrq frh!flhqwv
ZWd

{ +mp> n,> n @ 4 � � �qmp ^6`^5`1 ZW kdv wkh iroorzlqj
xvhixo fkdudfwhulvwlfv= +l,Iru d jlyhq vfdoh m/ ZW g

{ +m> n,
lv htxlydohqw wr wkh rxwsxw ri {+n, wkurxjk d edqgsdvv
�owhu ISm zklfk lv zhoo orfdol}hg erwk lq wlph dqg iuh0
txhqf| grpdlq/ dqg zlwk wkh lqfuhdvh ri m/ wkh fhqwudo
iuhtxhqf| ri ISm pryhv iurp kljk iuhtxhqf| edqg wr
orz1 ZWd

{ +mp> n, lv htxlydohqw wr wkh rxwsxw ri {+n,
wkurxjk d orzsdvv �owhu IOmp zklfk lv dovr zhoo orfdo0
l}hg erwk lq wlph dqg iuhtxhqf| grpdlq> +ll,Wkh h!0
flhqf| ri Pdoodw dojrulwkp lv yhu| kljk> +lll, Iru hdfk
vfdoh m/ wkh ohqjwk ri ZW ri {+n, lv qm �

o
5m
> +ly, Wkh

lqqhu surgxfw ri wzr vljqdov {+n, dqg |+n, lq wlph
grpdlq lv htxdo wr wkh lqqhu surgxfw ri wkhlu ZW lq
wlph0iuhtxhqf| grpdlq/ qdpho|

o[
n@4

{+n,|+n, @

mp[
m@4

qm[
n@4

ZW g
{ +m> n,ZW g

| +m> n,

.

qmp[
n@4

ZWd
{ +mp> n,ZWd

| +mp> n, +49,

615 Zdyhohw Wudqvirup ri yhfwru dqg pdwul{

Zkhq l lv uhjdughg dv wkh wlph lqghshqghqw yduldeoh/
wkh sdulw| yhfwru yv @ ^yv>3 � � � yv>l � � � yv>v` fdq eh uh0
jdughg dv d vljqdo dqg lwv ZW fdq eh fdofxodwhg1 Lq

wklv sdshu/ zh xvh wkh ghwdlo ZW yhfwru ZW g
yv>m

dqg
dssur{lpdwlrq ZW yhfwru ZWd

yv>mp
wr ghqrwh doo ri wkh

ghwdlo ZW frh!flhqwv ri yv dw vfdoh m dqg doo ri wkh
dssur{lpdwlrq ZW frh!flhqwv ri yv dw mp uhvshfwlyho|/
l1h1

ZW g
yv>m

@ ^ZW g
yv
+m> 4, � � �ZW g

yv
+m> qm,`> m @ 4 � � � mp

ZWd
yv>mp

@ ^ZWd
yv
+mp> 4, � � �ZWd

yv
+mp> qmp,`

Ohw kt ghqrwh wkh twk froxpq ri Kg>v> t @ 4 � � � +v .
4,ng/ wkhq wkh ZW yhfwruv ZW g

kt>m
> m @ 4 � � � mp> dqg

ZWd
kt>mp

ri kt fdq eh gh�qhg lq wkh vdph zd| dv wkrvh
ri yv/ wkh rqo| gl�huhqfh lv wkh| duh froxpq yhfwruv1
Ixuwkhupruh/ zh fdq gh�qh wkh ZW pdwulfhv ZW g

Kg>v>m
/

m @ 4 � � � mp dqg ZWd
Kg>v>mp

iru Kg>v dv

ZW g
Kg>v>m

@
k
ZW g

k4>m
ZW g

k5>m
� � �ZW g

k+v.4,ng >m

l

ZWd
Kg>v>mp

@
k
ZWd

k4>mp
ZWd

k5>mp
� � �ZWd

k+v.4,ng >mp

l

ZW yhfwruv ri |v+n, dqg ZW pdwulfhv iru Ki>v/ Kx>v

dqg K3>v fdq eh gh�qhg lq wkh vdph zd|1

Wkh ZW yhfwruv dqg pdwulfhv fdq eh fdofxodwhg zlwk
Pdoodw Dojrulwkp/ exw iru wkh frqyhqlhqfh ri wkhru|

dqdo|vlv/ lw fdq eh h{suhvvhg e| pdwul{ rshudwlrq/ l1h1

ZW g
yv>m

@ yv
�
Pg

m

�W
/ ZW d

yv>mp
@ yv

�
Pd

mp

�W

ZW g
Kg>v>m

@Pg
mKg>v/ ZW d

Kg>v>mp
@Pd

mp
Kg>v

zkhuh

Pg
m @
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g

m>3>3 � Lp � � � P
g

m>3>v � Lp
111

111

P
g

m>qm >3
� Lp � � � P

g

m>qm >v
� Lp
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Pd
mp

@
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P
d

mp>3>3 � Lp � � � P
d

mp>3>v � Lp
111

111

P
d

mp>qmp >3 � Lp � � � P
d

mp>qmp >v � Lp
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:8

P
g

m @ZW
m
Lv.4

> P
d

mp
@ZWd

Lv.4>mp

lq zklfk P
g

m>s>t> s @ 3 � � �qm / t @ 3 � � � v> dqg P
d

mp>s>t>

s @ 3 � � �qmp / t @ 3 � � � v> duh wkh hohphqw ri P
g

m dqg

P
d

mp
dw wkh swk urz dqg twk froxpq uhvshfwlyho|/ Lp

dqg Lv.4 duh xqlw pdwulfhv zlwk glphqvlrq p dqg v.4

uhvshfwlyho|1

7 Idxow ghwhfwlrq dssurdfk edvhg rq sdulw|

vsdfh dqg Zdyhohw Wudqvirup

714 Edvlf lghd dqg sureohp irupxodwlrq

Uhfdoo wkdw lq Vhfwlrq 5 zh kdyh vkrzq wkdw wkh K50
rswlpdo srvw0�owhu fdq eh dssur{lpdwhg e| d sdulw|



yhfwru zlwk dq duelwudu| dffxudf|1 Dowkrxjk zh fdq
pdnh xvh ri wklv idfw wr vlpso| wkh rswlpl}dwlrq dqg
lpsohphqwdwlrq ri uhvlgxdo jhqhudwruv/ vlqfh xvlqj sdu0
lw| vsdfh dssurdfk rqo| vroylqj dojheudlf htxdwlrqv lv
qhhghg/ d odujh v lpsolhv khdy| rq0olqh frpsxwdwlrq1

Rq wkh rwkhu kdqg/ wkh uhvxowv dfklhyhg lq Vhfwlrq 5
vkrz wkdw wkh rswlpdo sdulw| yhfwru yv frqyhujhv wr wkh
K50rswlpdo srvw0�owhu zlwk v $ 4 dqg pruhryhu pd0
wulfhv Kg>v> Ki>v frqwdlq lqirupdwlrq ri Jg+},> Ji +},=
Prwlydwhg e| wklv idfw/ zh xvh Zdyhohw Wudqvirup dv d
wrro wr jhw dqg xvh iuhtxhqf| grpdlq lqirupdwlrq sur0
ylghg e| yv> Kg>v dqg Ki>v=

Vlqfh wkh rswlpdo sdulw| yhfwru yv zlwk kljk rughu lv
d qduurz edqg �owhu lq wkh iuhtxhqf| grpdlq/ zkhq yv
lv h{suhvvhg lq wlph0iuhtxhqf| grpdlq xvlqj Zdyhohw
Wudqvirup/ rqo| d sduw ri wkh frh!flhqwv duh qrqh }hur
dqg doo wkh rwkhu frh!flhqwv vkrxog eh htxdo wr }hur
ru yhu| vpdoo1 Li zh rqo| xvh wkhvh qrq0}hur ZW frhi0
�flhqwv ri yv dv d qhz sdulw| yhfwru/ vlqfh wkh| fduu|
doprvw doo wkh lqirupdwlrq ri yv / wkh shuirupdqfh lqgh{
M4>rsw lq wklv fdvh zloo eh dssur{lpdwho| htxdo wr M4>rsw
lq wkh lq�qlwh rughu fdvh1 Vr wkh K5 rswlpdo shuiru0
pdqfh lqgh{ M5>rsw fdq eh dssur{lpdwho| rewdlqhg e|
xvlqj sdulw| vsdfh phwkrg zlwk d yhu| orz rughu sdulw|
yhfwru1

715 ZW0edvhg uhvlgxdo jhqhudwru

Ohw ZWyv @ ^ZW g
yv>4

� � �ZW g
yv>mp

ZWd
yv>mp

`/ wkhq df0
fruglqj wr +6,/+7, dqg +49,/ wkh sdulw| uhodwlrq edvhg
uhvlgxdo jhqhudwru fdq eh zulwwhq dv

uv+n, @ ZWyv
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ZW g
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Kx>v>mp
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dqg wkh g|qdplf ri wkh uhvlgxdo jhqhudwru ehfrphv

uv+n, @ ZWyv
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+4;,

Zkhq rughu v lv kljk/ wkh rswlpdo yv pxvw eh d qdu0
urz edqg �owhu1 Li yv lv edqgsdvv lq iuhtxhqf| grpdlq/
wkhq wkhuh pxvw eh d vfdoh mrsw 5 ^4> 5> � � � mp` zklfk fdq
hqvxuh wkdw wkh iuhtxhqf| edqg ri ZW g

yv>mrsw
fryhuv wkh

iuhtxhqf| edqg ri wkh rswlpdo yv dqg ZW g
yv>mrsw

kdv uho0
dwlyho| odujh prgxoxv/ zkloh doo wkh rwkhu ZW yhfwruv
duh qhduo| htxdo wr }hur1 Vlploduo|/ li wkh rswlpdo yv lv
orzsdvv lq iuhtxhqf| grpdlq/ wkhq ZWd

yv>mp
pxvw kdyh

uhodwlyho| odujh prgxoxv dqg doo wkh rwkhu ZW yhfwruv
duh qhduo| htxdo wr }hur1 Vr dprqj wkh mp.4 ZW yhf0
wruv ri rswlpdo yv/ rqo| rqh kdv odujh prgxoxv/ dqg doo
wkh rwkhuv duh doprvw }hurv1 Vxssrvh wklv vshfldo ZW

yhfwru lvZW
dgrsw
yv>mrsw

/ zkhuh mrsw 5 ^4> 5> � � � mp` > dqg dgrsw
fdq eh d ru g wr lqfoxgh wkh wzr gl�huhqw fdvhv1 Lq wklv
vhfwlrq/ vxssrvh dgrsw dqg mrsw duh douhdg| nqrzq / exw

wkh frh!flhqwv ri ZW
dgrsw
yv>mrsw

duh xqnqrzq1

Vlqfh wkh pdlq lqirupdwlrq lv lqfoxghg lq wkh iuhtxhqf|

edqg ri ZW
dgrsw
yv>mrsw

/ uhprylqj ri wkh rwkhu ZW yhfwruv
iurp wkh uhvlgxdo jhqhudwru zloo rqo| voljkwo| lq xhqfh
wkh g|qdplf ri uhvlgxdo jhqhudwru1 Wkhq wkh ZW0edvhg
uhvlgxdo jhqhudwru fdq eh jlyhq e|=

uzw+n, @ yzw

�
ZW

dgrsw

|v+n,>mrsw
�ZW

dgrsw
Kx>v>mrsw

xv+n,
�

+4<,

lq zklfk yzw @ ZW
dgrsw
yv>mrsw

/ dqg wkh g|qdplf ri wkh uhvlg0
xdo jhqhudwru ehfrphv

uzw+n, @ yzwZW
dgrsw
K3>v>mrsw

{+n � v, .

yzw

�
ZW

dgrsw
Kg>v>mrsw

gv+n, .ZW
dgrsw
Ki>v>mrsw

iv+n,
�

+53,

Vlqfh wkh ohqjwk ri yzw lv derxw qmrsw �
v.4
5mrsw

/ wkh
rughu ri wkh sdulw| yhfwru lv ghfuhdvhg pxfk pruh1 Exw
ehfdxvh wkh g|qdplf ri uv lq +4;, dqg uzw lq +53, duh
doprvw htxdo wr hdfk rwkhu/ wkh rswlpdo shuirupdqfh
lqgh{ zloo eh vlplodu1

716 Ghvljq ri ZW0edvhg sdulw| yhfwru

ZW
dgrsw
yv>mrsw

fdq eh rewdlqhg iurp wkh ZW ri wudglwlrqdo
rswlpdo sdulw| yhfwru yv1 Exw lq rughu wr jhw dq rswlpdo
yzw/ zh gluhfwo| ghvljq yzw xvlqj wkh vdph phwkrg dv
lq sdulw| vsdfh dssurdfk1 Ghvljqlqj ri yzw lv htxdo wr
ghvljqlqj wkh ZW frh!flhqwv ri yv xqghu vfdoh mrsw1

Xvlqj wkh pdwul{ irup ri ZW/ +53, ehfrphv

uzw+n, @ yzwP
dgrsw
mrsw

K3>v{+n � v, .

yzw

�
P

dgrsw
mrsw

Kg>vgv+n, .P
dgrsw
mrsw

Ki>viv+n,
�

Vlploduo| dv lq wudglwlrqdo sdulw| vsdfh dssurdfk/ ohw
Qzw>edvlv eh wkh ruwkrqrupdo edvlv ri wkh ohiw qxoo vsdfh

ri P
dgrsw
mrsw

K3>v/ dqg ohw yzw @ szwQzw>edvlv> wkhq wkh

g|qdplf ri uzw+n, lv

uzw+n, @ szw

�
Kg>zwgv+n, .Ki>zwiv+n,

�
+54,

zkhuh

Kg>zw @ Qzw>edvlvP
dgrsw
mrsw

Kg>v

Ki>zw @ Qzw>edvlvP
dgrsw
mrsw

Ki>v +55,



Gh�qh wkh rswlpl}dwlrq remhfwlyh dv

Mzw @ plq
szw

szwKg>zw

�
Kg>zw

�W
sWzw

szwKi>zw

�
Ki>zw

�W
sWzw

+56,

wkhq wkh rswlpdo sdulw| yhfwru szw fdq eh irxqg xvlqj
wkh vdph phwkrg lq wudglwlrqdo sdulw| vsdfh dssurdfk
^44`1

717 Fkrrvh wkh rswlpdo vfdoh dqg fdofxodwh wkh

ZW0edvhg uhvlgxdo vljqdo

Wkhuh duh wzr nlqgv ri phwkrg iru fkrrvlqj mrsw dqg
dgrsw= +l, Ghvljq wkh rswlpdo yv xvlqj wudglwlrqdo sdu0
lw| vsdfh dssurdfk/ dqdo|}h wkh iuhtxhqf| edqg ri yv
dqg fkrrvh mrsw dqg dgrsw wr pdnh wkh iuhtxhqf| edqg

ri ZW
dgrsw
yv>mrsw

fryhu wkh iuhtxhqf| edqg ri wkh rswlpdo

yv> +ll, Ghvljq mp.4 sdulw| yhfwruv xqghu gl�huhqw iuh0
txhqf| edqgv +vfdohv,/ dqg xvh wkh vfdoh fruuhvsrqglqj
wr wkh plqlpdo shuirupdqfh lqgh{ dv mrsw dqg dgrsw1

Dffruglqj wr +4<,/ uhvlgxdo vljqdo uzw+n, fdq eh fdofx0

odwhg lq wkh iroorzlqj vwhsv= +l,Fdofxodwh yzwZW
dgrsw
Kx>v>mrsw

r�0olqh> +ll,Fdofxodwh ZW
dgrsw

|v+n,>mrsw
rq0olqh xvlqj Pdoodw

dojrulwkp > +lll,Fdofxodwh uzw+n, rq0olqh1

718 H{dpsoh

Lq rughu wr looxvwudwh wkh sursrvhg dssurdfk dqg vkrz
lwv h!flhqf|/ zh frqvlghu wkh iroorzlqj h{dpsoh1

H{dpsoh 5= Frqvlghu wkh vdph v|vwhp dv jlyhq lq H{0
dpsoh 41 Gdxehfklhv zdyhohw �owhu lv xvhg lq ZW0edvhg
phwkrg1

Zkhq wudglwlrqdo sdulw| vsdfh phwkrg lv xvhg/
M4>rsw @31778;3 iru v @ 589/ dqg M4>rsw @ 4=88;67 zkhq
v @ </ zkloh lq ZW0edvhg phwkrg/ dq rswlpdo yzw
zlwk ohqjwk 43 fdq pdnh wkh rswlpdo shuirupdqfh lq0
gh{ Mzw>rsw uhdfk 31778;81 Wkh vlpxodwlrq uhvxowv vkrz
wkdw/ ZW edvhg sdulw| vsdfh dssurdfk uhvxowv lq dq rs0
wlpdo sdulw| yhfwru zlwk d yhu| orz rughu zklfk gholyhuv
d shuirupdqfh doprvw htxdo wr wkh rqh rewdlqhg e| xv0
lqj wkh wudglwlrqdo sdulw| vsdfh dssurdfk zlwk d pxfk
pruh kljkhu rughu sdulw| yhfwru1

8 Frqfoxvlrq

Lq wklv sdshu/ sureohpv uhodwhg wr wkh ghvljq ri urexvw
uhvlgxdo jhqhudwruv kdyh ehhq vwxglhg1 Wkh pdlq re0
mhfwlyh ri rxu vwxg| lv dq lqwhjudwhg xvh ri wkh sdulw|
uhodwlrq edvhg dqg wkh K50rswlpl}dwlrq dssurdfkhv/ lq
rughu wr pdnh xvh ri wkh vlpsoh wlph grpdlq ghvljq
irup ri wkh sdulw| uhodwlrq edvhg dssurdfk dqg wkh iuh0
txhqf| grpdlq dqdo|vlv iru lpsurylqj wkh v|vwhp shu0
irupdqfh zlwkrxw dq hvvhqwldo lqfuhdvh lq frpsxwdwlrq1

Zh kdyh �uvw hvwdeolvkhg d uhodwlrqvkls ehwzhhq wkh

sdulw| uhodwlrq edvhg dqg wkhK5 rswlpdo uhvlgxdo jhqhu0
dwruv dqg ghprqvwudwhg wkdw wkh rswlpdo sdulw| yhfwru
yv frqyhujhv wr wkh K50rswlpdo srvw0�owhu zlwk v$4=

Pdnlqj xvh ri wkh idfw wkdw wkh K50rswlpdo srvw0�owhu lv
d edqgsdvv dqg wkh zhoo nqrzq wlph0iuhtxhqf| grpdlq
surshuwlhv ri Zdyhohw Wudqvirup/ zh kdyh wkhq ghyho0
rshg d wlph0iuhtxhqf| grpdlq dssurdfk zklfk doorzv
xv wr ghvljq d uhvlgxdo jhqhudwru edvhg rq ZW/ zklfk
lv suhvhqwhg lq wkh irup vlplodu wr wkh sdulw| uhodwlrq
edvhg uhvlgxdo jhqhudwru1 Wkh vljql�fdqw surshuw| ri
vxfk nlqg ri uhvlgxdo jhqhudwruv lv lwv orz rughu dqg
kljk shuirupdqfh1 Wkh pdlq uhvxowv kdyh ehhq looxv0
wudwhg e| h{dpsohv1
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