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Abstract

Recent research on dynamic pricing of multiclass loss net-
works [18] has shown that the performance of optimal static
pricing approaches that of optimal dynamic (congestion-
dependent) pricing in the many small sources limit. In our
own work with similar models, we have found it difficult
to obtain large gains over static pricing in realistic settings,
even when the many small sources assumption is violated.
In this paper we give an example which is a stochastic con-
trol model for congestion-dependent pricing of Internet ser-
vices. Our formulation captures the basic tradeoff in allocat-
ing bandwidth to two classes of users in maximizing average
net revenue. Optimal pricing requires that the ISP antici-
pate and respond to changes in bandwidth consumption. Our
goal is to quantify the gain that can be achieved through dy-
namic pricing over open loop pricing strategies which may
or may not account for time-of-day effects. We frame the
problem as a continuous-time Markov decision process for
which we numerically compute optimal solutions.

1 Introduction

We consider a stochastic control model for congestion-
dependent pricing of Internet services, involving a local In-
ternet service provider (ISP) who provides service to two
types of customers: large institutions and small dialup users.
We assume that the institutions are small in number and that
each one has paid in advance for a large amount of assured
bandwidth. As for the dialup users, we assume that there can
be many of these (subject to the number of dialup modems
operated by the ISP) and that each one consumes only a
small amount of bandwidth, when active. Our model for
Internet traffic ignores the complex dynamics of TCP and
actually assumes that all users transmit with fixed window
sizes. The effect of congestion (excedence of link capac-
ity) is packet loss which serves to modulate service times.
Quality-of-Service (QoS) is defined only in terms of loss-
rate (packet loss probability), for which we develop a very
simple model. Loss rate is assured only to the institutional
users, and this assurance is not explicit but rather takes the

1This work is supported by the National Science Foundation through
grants ECS-9875688 (CAREER) and ANI-9903001.

form of rebates proportional to the degree of excursion from
nominal loss rates. We assume that the logged-in dialup
users are charged each time they initiate an active session,
specifically each time they click on an average-sized web-
page.1 (This would be in addition to a flat subscription fee.)
We allow the “per-click” cost to be congestion-dependent,
and we assume that the ISP can communicate this price to
the dialup users in such a way that the instantaneous arrival
rate of active sessions is price-dependent. The question we
begin address in this paper is whether it’s worth it to make
the per-click price congestion (feedback) dependent, as op-
posed to just holding it fixed or perhaps varying it according
to time-of-day effects. For this study, we make the simplify-
ing, limiting-case assumption that price information can be
communicated instantaneously to the dialup users; we will
study the effect of delayed feedback in a subsequent paper.

The problem for the ISP in our model is to balance rev-
enue from dialup usage with the cost of refunding the in-
stitutional users for occasional QoS violations. We employ
a fluid model for load on the network, where the amounts
of flow from various sources are modulated according to
Markov processes that describe the number of active logged-
in users, the state of the institutional users, prevailing loss
rate, and the current price set for bandwidth consumption.
Optimal congestion-dependent pricing requires that the ISP
anticipate and respond to changes in institutional bandwidth
consumption so that the highest possible average net rev-
enue rate can be achieved. The optimal solution is a policy
that maps network state to per-click price. In general the
optimal policy is nonconstant (even with all of the parame-
ters of the model time-invariant). This view of congestion-
dependent pricing differs somewhat from other pricing mod-
els where distributed algorithms for usage-based prices are
derived from the dual optimization of astatic notion of net-
work welfare, where changes in price are always toward the
new underlying optimal solution that emerges when individ-
ual flows either commence or terminate. In our model, we
explicitly capture the stochastic/dynamic nature of resource

1In reality, of course, web use does not account for all ISP traffic, but
we make this assumption here for simplicity. The resulting optimal per-
click prices could be translated into a price per unit bandwidth per second
to account for other Internet applications. Also, for simplicity, we do not
distinguish between incoming and outgoing flow on the ISP’s link (even
though the link is likely to be full duplex).



consumption.

Background Congestion dependent pricing of network
resources has recently become an active area of research.
Prices have been used in the context of market compe-
tition [12, 16, 10], through mechanisms such as auction-
ing of (bidding for) network resources [7, 23] or the fair
pricing of pre-established priority classes for packet deliv-
ery [17, 6]. In such schemes, the user is typically an ISP
competing for resources from a bandwidth reseller, and spe-
cific pricing mechanisms are developed to maximize over-
all welfare in the use of resources and achieve (Nash) equi-
librium. Another approach, used in [9] is to reduce con-
gestion during peak hours through discounts to promote a
time shift of the demand. In [4], the authors use the effec-
tive bandwidths of flows as statistics for the characteriza-
tion of admission regions in guaranteed-services networks
and to establish fair charges for resource use that can be
applied dynamically to optimize social welfare. Other ap-
proaches [20, 5, 14, 11, 14], also turn to price optimiza-
tion to achieve high utilization, where to make optimiza-
tion feasible, and eliminate centralization of processing and
information, they show that the dual problem can be dis-
tributed to the network entities. Other studies identify price
as means of congestion control and load balancing. Par-
ticularly, in [24, 15] prices do not have the usual econom-
ical significance, but are used as signals for communicat-
ing the consumption of resources and are continuously up-
dated to convey such information to the policing entities in
the network. Other researchers [3] have focused on com-
parisons between the performance of static and congestion-
dependent schemes.

The model in this paper is closest to that in [18], where op-
timal pricing policies that maximize either average revenue
or social welfare are characterized in terms of a continuous-
time Markov decision process (MDP). Ours is a similar
MDP model, but the probabilistic structure of our model
is tuned to mimic Internet service in which congestion is
a dominant feature. The model in [18] may be character-
ized as a controlled multiclass loss network, and the elegant
structure of their model makes possible a clean theoretical
analysis. One very compelling result they have obtained
is the near optimality of (optimal) static pricing within the
class of state-dependent policies. Specifically, in the case of
“many small users” where all active flows represent a small
fraction of the total bandwidth of a link, the difference be-
tween optimal dynamic and optimal static pricing (in terms
of average revenue rate) can be made arbitrarily small. The
Internet-inspired model of this paper does not have the same
clean structure as in [18], and we do not attempt to estab-
lish an analogous result, at least for now. Rather, we have
engaged in a computational study to gain insight into a case
where the “many small users” assumption is violated. Our
model mixes both small and large users, where pricing pro-
vides a means by which the ISP can adaptively shape dialup
demand in response to changes in consumption by the large
institutional users. Our model also differs in that we as-

sume a finite and stochastically varying pool of logged-in
users, modeled as two-state fluid sources, i.e. superposi-
tion of on/off sources, as opposed to aG=M=1-type model
for call arrivals. Also, instead of enforcing a strict admis-
sion control mechanism based on the effective bandwidths
of flows in various classes, we employ a very simple packet-
loss model which modulates the services rates for individual
sources during times of congestion. Finally, we use packet
loss as a QoS measure for the large institutional users, some-
what akin to the assured service model proposed for differ-
entiated services in the Internet.

In Section 2, we give a precise formulation of our model as a
continuous time Markov decision process. In Section 3, we
define an instance of the model involving two institutional
users. By varying the average number of logged in users
and the penalty experienced by the ISP for QoS violations,
and by computing both the optimal static and congestion-
dependent pricing policies, we are able to identify cases
where feedback creates the potential for a substantial gain
over static pricing. In Section 4, we discuss our results,
make brief conclusions, and state opportunities for future
research.

2 Pricing Model

We consider an ISP which hasK institutional subscribers,
a pool ofD dialup modems, and a large base of customers
who consume dialup resources, as shown in Figure 1. Let
zk(t) be the load [in bits per second (bps)] submitted by
institution k at time t. Let z0(t) be the load (in bps) due
to dialup consumption of resources. We assume that packet
loss on the link increases with total loadz(t) =

PK
k=0 zk(t).

Let �(z(t)) denote the fraction of bits lost at timet due to
congestion, where the function� : <+ 7! [0; 1] is contin-
uous and nondecreasing. Implicitly, we assume that packet
loss is a deterministic function of the total amount of traf-
fic supported by the link. Here, we use a very simple loss
model. Namely, if the ISP’s link to it’s peer network isC
bps, then when the load submitted to the network isz the
fraction of bits lost is�(z) = maxf0; (z � C)=zg: That is,
the fraction of the traffic that exceeds the ISP’s capacity is
lost. Packet loss contributes to longer service times for both
the institutional and dialup users as described below.

We assume that the institutions have all entered into service
contracts with the ISP with the following type of QoS agree-
ment. For each institutionk = 1; : : : ;K, the ISP must as-
sure a packet loss probability ofPk , regardless of the band-
width actually being consumed. The cost of failing to de-
liver this level of service is a refund to the institution at
a rate proportional to the degree of the excursion, specifi-
cally: maxf0; Rk[�(z)�Pk ]=Pkg, whereRk is a parameter.
We assume that each institution may be modeled as a load-
dependent Markov chain, with one of three states prevailing
at any point in time: 0 (low use), 1 (medium use), 2 (high
use). We will useik(t) to denote the state of institutionk at
time t, andS = f0; 1; 2g to denote the institutional users’
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Figure 1: Model of an ISP provider. Institutional and dialup user
share the single link with capacityC.

state space. The state of each institution determines its load
(fluid flow) submitted to the link. Specifically, given that in-
stitutionk is in statei 2 S, it submitsck;i units of fluid flow
to the link. Thus, if institutionk is in statei at timet, then
zk(t) = ck;i. We assume that the time an institution remains
in a given state is an exponential random variable, and�qk;ij
denotes theloss-free instantaneous rate at which institution
k transitions from statei to j = i � 1. To capture the ef-
fects of congestion in the institutional traffic, we modulate
the transition rates as

qk;i(i+1)(z) =
�qk;i(i+1)

[1� ck;i �(z)=ck;2]
; i = 0; 1;

qk;i(i�1)(z) = �qk;i(i�1) [1� ck;i �(z)=ck;2]; i = 1; 2:

As for the dialup users, we assume that the maximum num-
ber of customers who can be logged-in simultaneously isD,
the number of modems available at the ISP’s premises. The
number of logged-in customers determines an upper bound
on the number of “active sessions” contributing to the load
on the ISP’s link. We’ll discuss this aspect of the model in
the following paragraph. We assume that the number of cus-
tomers logged-in is random, following a simple birth-death
process. Let�n(t) = �nlo + ~n(t) denote the number of cus-
tomers logged-in at timet, where�nlo is a predetermined
minimum number of logged-in users at any time (could be
zero) and~n(t) is the state of an auxiliary process defined as
the superposition ofD� �nlo on/off sources where off-times
for individual sources are exponential with rate�d and on-
times are exponential with rate
d.

The number of logged-in customers determines an upper
bound on the number of “active sessions” contributing to
the load on the ISP’s link. In this way, each logged-in
dialup user is modeled as a two-state fluid source. The
total amount of dialup flow is proportional to the num-
ber of active application-layer sessions generating traffic,
z0(t) = n(t)M; wheren(t) is the number of active dialup
sessions [with0 � n(t) � �n(t)] andM is the bandwidth as-
sociated with each active session. Our notation reflects the
implicit assumption that all individual dialup users transmit
at a common rateM (bps). We assume that when a source
is active it stays active for a random amount of time, mod-

eled by an exponential distribution with instantaneous rate

(z(t)) = M [1��(z(t))]=B. This formula reflects the time
required to download a webpage of sizeB (bits), whereM
(as above) is the rate of the connection, and(1 � �(z(t)))�
accounts for degraded service when the link’s capacity has
been exceeded. Aside from the completion of a download,
there is one other mechanism by which the number of active
sessions may decrement. Namely, if all logged-in users are
active (i.e.n(t) = �n(t) > �nlo), then if one of the logged-in
customers departs, bothn(t) and�n(t) are reduced by one.

With regard to the arrival of active dialup sessions (webpage
downloads by logged-in users), we assume that the ISP has
a means of informing dialup users of the price for the next
web click. This determines the random time that users stay
inactive before initiating another download. We assume that
this time is is exponentially distributed with rate�(u);where
u is the ISP-determined price for each newly initiated active
session. We assume that values ofu are chosen from a com-
pact (possibly finite) setU and that the demand (arrival rate)
function� : U 7! < is continuous, nonincreasing, and is
such that an arrival rate of zero can be achieved by settingu
to a maximal priceumax.

Formulation as a Continuous-Time Markov Decision
Process Given the current priceu, we only need to know
�n(t), n(t), i1(t), : : :, iK(t) to fully characterize the uncer-
tainty regarding: (1) when the next transition will occur and
(2) what that transition will be. Thus, it serves as the state
of a continuous-time Markov decision process, which we
now proceed to formulate. It will be convenient to refer to
N(t) =

�
�n(t); n(t); i1(t); : : : ; iK(t)

�
as the state of the pro-

cess, and we’ll useN to denote the (finite) set of states that
the system can assume.

The ISP seeks to maximize profit through the judicious
choice ofu out of a compact (possibly finite) set of pric-
ing optionsU . In doing this the ISP must balance ex-
pected dialup revenue with the costs associated with excur-
sions from the nominal packet loss probabilities assigned
to the institutions. We capture this as a continuous-time
Markov decision process with the average reward criterion
J�(N) = max�2M limT!1

1

T
E

�Z
T

0

[�(N(t); �(N(t))) � �(N(t))]dt

���� N(0) = N; �

�
; (1)

where

1. M is the set of all functions (stationary policies)� :
N 7! U that map statesN to dialup per-click prices
�(N),

2. �(N; u) is the average rate at which dialup revenue
comes back to the ISP under the priceu evaluated at
the stateN = (�n; n; i1; : : : ; iK):

�(N; u) = [�n� n]�(u)u;



and

3. �(N) is the rate at which the ISP must refund the insti-
tutional users for violation of the nominal packet loss
probability:

�(N) =

KX

k=1

Rkmaxf0; (�(z)� Pk)=Pkg;

wherez is the combined load on the ISP’s link when
the state of the system isN.

Characterization of Optimality The probabilistic struc-
ture of our pricing model is such that for any two states
N1;N2 2 N there is a stationary policy that makesN2

reachable fromN1. As such, the theory of communicat-
ing, average reward, semi-Markov decision processes ap-
plies (cf. [22] and the references contained therein). We start
by uniformizing the continuous-time decision process to ob-
tain an equivalent discrete-time process with self-transitions,
as in [2, 13, 21], with dynamic operatorT (see [19] for a
more detailed discussion).

From [22, 8], optimality is characterized by solutions� 2
< andH : N 7! < to the functional equation (Bellman’s
equation)

H(N) + � = TH(N); 8N 2 N : (2)

From [22] (which considers the case of compact constraint
sets), a solution to Bellman’s equation is sure to exist, and
the solution is unique up to constant shifts inH . In fact,
using�� 2 < andH� : N 7! < to denote theunique
solution such thatH�(0) = 0, we may interpret�� as the
optimal average reward for the decision process [i.e. the
optimal value in (1) for allN 2 N ] andH� as the “value
function” that describes the relative value associated with
starting the process in different statesN 2 N . Moreover,
any stationary policy�� : N 7! < such that��(N) achieves
the minimum inTH�(N) for all statesN 2 N is optimal
(i.e. achieves the optimal average value��). [8]

Note that to characterize the average reward for a fixed
(static) priceu the same analytical framework applies. We
need only define a new dynamic programming operator
Tu : N 7! < which is the same asT without the maxi-
mization overu 2 U . Then, solving for the unique�u 2 <
andHu : N 7! < such thatHu(N) + �u = TuHu(N) for
all N 2 N andHu(0) = 0, the average reward associated
with u is �u.

Computing Solutions via Relative Value Iteration Since
the state0 = (0; �nlo; 0; : : : ; 0) is recurrent under all poli-
cies it is possible to use relative value iteration [1, 21, 25] to
compute solutions to Bellman’s equation. LetH0 : N 7! <
be an initial guess for the optimal relative value function.
The algorithm proceeds iteratively, as

Hk+1(N) = T (Hk)(N)�T (Hk)(0); 8N 2 N : (3)

Note that if this algorithm converges, say to�H , then the limit
satisfies�H(N) + T ( �H)(0) = T ( �H)(N) for all N 2 N : In
other words, if the method converges, thenT (Hk)(0) con-
verges to the optimal average reward��, andHk converges
to the optimal relative value functionH�. For the case of a
finite set of pricing optionsU (i.e. a finite constraint set),
convergence is assured from [21] because of the way we
have uniformized the process. Note that relative value itera-
tion also applies in evaluating the average reward associated
with a fixed priceu, where all we need do is replaceT with
Tu in the recursion.

3 Computational Results

Setup of the Experiments In this section we describe a
set of experiments designed to gain insight into the model of
Section 2. We consider the case of two institutions and up to
190 dialup users. The capacity of the link is set toC = 10
Mbps, approximately one quarter of a T3 link. The load
that an institution pumps into the link depends on its state.
For this experiment, institutional users have three possible
states, corresponding to low (542.5 kbps), medium (2.17
Mbps), and high (4.34 Mbps) loads. The transition rates
for the institutions were set as:�qk;01 = :05, �qk;12 = :05,
�qk;10 = :01, and�qk;21 = :1. Notice that when both insti-
tutions reach the high load state, the combined institutional
load is86:8% of the link’s capacity. We set the nominal QoS
levels to beP1 = P2 = :001. Dialup users log in according
to the birth death process for~n (described in Section 2), with
parameters�d = :025 and
d = :025. Once logged in, users
click on webpage links at rates that depend on the price set
by the ISP. For this experiment, we set� to decrease lin-
early from a free rate of�(0) = :1 (clicks per second) to
a rate of�(1) = 0 when the price reaches its maximum of
umax = 1 monetary unit. We assume an average webpage
size ofB = 640 kb and that all users log in withM = 56
kbps modems. To get an idea of how these numbers add up,
consider the case where the price per-click is set tou = :6:
if one monetary unit equals $.01, this yields a net usage-
based revenue of roughly $16000 per month assuming (1)
an average of 100 logged-in users for 18 hours a day and (2)
QoS penalty factorsR1 = R2 = :1. In the following, one
monetary unit= $:01.

To investigate the impact of dialup user load and the effect
of the QoS penalty factorsR1 andR2, we have constructed
a matrix of scenaria as shown in Table 1. In the experi-
ments we have setR1 = R2 = R 2 f:01; :1; 1g, and
for each value ofR there are different values for the min-
imum and maximum numbers of logged-in users,�nlo and
D respectively. For each case, we evaluate each possible
static price in the setUs = f:5; :51; :52; : : : ; 1:0g by rela-
tive value iteration. (Prices belowu = :5 never turn out
to be optimal.) After identifying the optimal state priceu�

in this way, we then compute the dynamic optimal policy
over the setU = fu�; :5; :6; :7; :8; :9; 1:0 g, again using rel-



Experiment Light (R = :01) Moderate (R = :1) Heavy (R = 1)
1 90-110 50-70 10-30
2 130-150 90-110 50-70
3 170-190 130-150 90-110

Table 1: Definition of the experiments in which different load
ranges and penalty factors are tested.

ative value iteration. In a given instance of the problem, the
number of states depends on the numbers of logins allow-
able. Specifically, the number of states is lower bounded
by 9�nlo(D� �nlo), and each relative value iteration involves
a maximization overU for each state. Generally, between
3000 and 10000 iterations are required for convergence to
within 10�6 in the sup-norm of the difference between suc-
cessive iterates. Thus, the computational burden, even for
this very simple formulation, can be quite large.

Computational Results Table 2 summarizes the results
of our study. The table lists for each value of the QoS
penalty factor and associated range of logged-in users the
static optimal price inUs, the associated average net rev-
enue, and the dynamic optimal average net revenue for the
associated constraint setU along with the percentage im-
provement that the dynamic optimal policy affords. Note
that in some cases, particularly when the number of logged-
in users is small (relative to the penalty factorR), the per-
centage improvement with the dynamic optimal policy is
quite small. However, as the number of logged-in users
is increased (and the demands on the network become ex-
cessive), the value of the dynamic optimal policy becomes
apparent, with up to22:5% improvement over the optimal
static price. The question remains, however, whether real-
time congestion-dependent pricing is worth the effort and
expense for its implementation. It is interesting to note that
the optimalstatic price is generally strongly dependent on
the number of logged-in users, suggesting that it is still rea-
sonable to vary price in accordance with time-of-day vari-
ations in traffic. As an alternative presentation of our re-
sults, Figure 2 shows average instantaneous revenue for each
possible static price compared to the optimal dynamic rev-
enue (shown in each case as a horizontal line). The opti-
mal policies (not shown) are nonconstant, generally increas-
ing monotonically from some low price to the cutoff price
umax = 1 (monetary units) as a function of the number of
active dialup sessions for each possible combination of in-
stiution states.

4 Discussion

In the computational study of the preceding section we were
able to identify scenaria where congestion-dependent pric-
ing has the potential to substantially increase average net
revenue for the hypothetical ISP. On a more philosophical
level, we have shown through an example (admittedly some-
what contrived) that real-time feedback through pricingcan

Low Penalty (R = :01)
# Logged-in Opt. Static Revenue Dynamic Rev. % improv.

90-110 .63 1.5782 1.5938 0.99
130-150 .64 2.1087 2.1424 1.59
170-190 .65 2.6226 2.6728 1.91

Medium Penalty (R = :1)
# Logged-in Opt. Static Revenue Dynamic Rev. % improv.

50-70 .62 .9772 .9863 0.93
90-110 .75 1.3555 1.4953 10.31
130-150 .82 1.5267 1.8405 20.55

Heavy Penalty (R = 1:0)
# Logged-in Opt. Static Revenue Dynamic Rev. % improv.

10-30 .59 .3305 .3305 0
50-70 .69 .9343 .9797 4.86
90-110 .82 1.1485 1.4074 22.54

Table 2: Summary of the optimal performance for static and dy-
namic pricing schemes for the three sets of experiments.
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Figure 2: Comparison of the performance of all possible static
prices for the low penalty case (R = :01), medium
penalty (R = :1), and heavy penalty case (R = 1:0).
The performance levels associated with the dynamic
optimal policies are shown as horizon lines.



have enough “control authority” to significantly impact the
utilization of network resources. This contrasts to some de-
gree the finding in [18] of the near optimality of static pric-
ing in the case of “many small users.” However, a gain of
roughly20% seems low, given the degree to which we have
rigged the model, through mixing small and large users.

Further investigation is required to determine whether the
gain associated with congestion dependent pricing is sub-
stantial enough to warrant an implementation of the model.
Many details of the model are set completely arbitrarily. For
example, the loss model (the equation that defines�) from
Section 2 and the linear model for demand in Section 3 are
highly suspect and should be refined. The way in which
QoS violations are penalized through the definition of� also
bears further scrutiny. Of course the assumption of exponen-
tial switching times in the on/off traffic model requires val-
idation, and perhaps other distributions, perhaps with heavy
tails, may be more descriptive of real Internet traffic. Fi-
nally, our continuous-time pricing model assumes that price
information can be communicated instantaneously to the set
of logged-in users. In a real network, there would be a sig-
nificant delay in conveying price information, and it would
be essential to resolve the impact of this delay before con-
tinuing with an implementation. Without question, the delay
will result in some reduction of achievable performance, but
how much remains to be determined.
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