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Abstract

We study the problem of stability analysis for certain
nonlinear systems. Our contributions are new tools to
guarantee uniform global asymptotic stability (UGAS)
of nonlinear time-varying (NLTV) systems. Firstly,
we provide new de�nitions of persistency of excitation

(PE). In particular, we give here a new de�nition of uni-
form �-PE (u�-PE) which, though conceptually equiva-
lent to the original one introduced [7], is mathematically
less conservative. We also provide with some properties
of �-PE pairs and contribute with a result which estab-
lishes UGAS of NLTV systems under u�-PE.

Notations. We denote the open ball Br := fx 2
R
n : kxk < rg. A continuous function � : R�0 !
R�0 is of class K (� 2 K), if �(s) is strictly increasing
and �(0) = 0; � 2 K1 if in addition, �(s) ! 1 as
s ! 1. A continuous function � : R�0�R�0 ! R�0

is of class KL if �(�; t) 2 K for each �xed t � 0 and
�(s; t) ! 0 as t ! 1 for each s � 0. _V(#)(t; x) is the
time derivative of the Lyapunov function V (t; x) along
the solutions x(t; t�; x�) of the di�erential equation (#).
By kxkp we mean (

R1
t�
kx(t)kp dt)1=p for p 2 [1;1) and

kxk1 := supt�t� kx(t)k.

1 Introduction

Time-varying nonlinear systems of the form

_x = f(t; x) x(t�) = x� (1)

arise in many problems including the study of trajectory
tracking control for nonlinear systems and stabilization
of nonholonomic systems by continuous (time-varying)
feedback. For such problems, a common objective is to
establish uniform (global) asymptotic stability of the
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origin. The simplest way to guarantee uniform asymp-
totic stability is to �nd a uniformly positive de�nite,
decrescent (Lyapunov) function having a uniformly neg-
ative de�nite derivative along trajectories. Unfortu-
nately, the latter condition is often hard to meet. Over
the years, many authors have provided su�cient condi-
tions for UAS when the derivative of the Lyapunov func-
tion is only negative semide�nite (see e.g. [15, 4, 10, 3]
and references therein).

This paper is another contribution in that direction.
Speci�cally, we focus on conditions related to the notion
of persistency of excitation, �rst introduced in [1] and
known in the literature of identi�cation and adaptive
control for many years now. For our purposes, an illus-
trative application is the stability analysis of the linear
time-varying system

_x =

�
A B�(t)>

��(t)C> 0

�
x : (2)

This and other related problems were studied in the
concurrent papers [2, 8, 5, 18] where the concept of PE
was employed to establish various stability results. The
conclusion for (2), which is nicely summarized in many
textbooks is that the origin is uniformly (globally) ex-
ponentially stable if the triple (A;B;C) is strictly pos-
itive real, i.e., satis�es the Kalman-Yakubovich-Popov
(KYP) lemma (see e.g. [4]) and: (c1) �(t) is bounded
(and absolutely continuous); (c2) _�(t) is bounded al-
most everywhere, and (c3) �(t) is PE, i.e., there exist
�; T > 0 such that

�I �

Z t+T

t

�(� )�(� )>d� ; 8 t � 0 : (3)

In the context of model reference adaptive control,
the following nonlinear version of the system (2) is en-
countered:

_x =

�
A B�(t; x)>

��(t; x)C> 0

�
x (4)

i.e., the regressor depends also on the state and hence it
is not possible to apply directly the classical result men-
tioned above. Some authors (see [13] for a detailed lit-
erature review) use a PE condition on the time function



~� := �(t; x(t; t�; x�)) where x(t; t�; x�) is a trajectory of
the system. This technique has two main disadvantages:
1) no uniformity can be guaranteed since ~� depends on
the initial conditions t�; x�; 2) if the regressor �(t; x)
is such that �(t; 0) � 0 then the PE property is lost
near the origin. In [7] we provided a UGAS result for
the system (4) and, to overcome these two di�culties
we introduced the introduced the concept of (uniform)
�-PE.

In this paper we study the class of systems considered
in [20, 19, 11], namely given by

_x1 = H(t; x) + B(t; x)>x2 (5a)

_x2 = D(t; x) ; (5b)

with state x = col(x1; x2), where x1 2 Rn, x2 2 R
m,

all the functions are at least locally Lipschitz continu-
ous and the system is UGS. In [20, 19] only exponen-
tial convergence for each trajectory is established. In
[11], uniform global asymptotic (rather than exponen-
tial) stability is asserted; however, the proof is via Bar-
balat's lemmawhich does not give uniform convergence
directly.

With respect to [7], we will present a mathemat-
ically less conservative (though conceptually equiva-
lent) de�nition of uniform �-persistency of excitation for
state-dependent functions �(t; x) and use it to establish
UGAS for (5). Also, we will formulate properties for
u�-PE pairs, similar to those for time-dependent func-
tions �(t) which can be found in adaptive control books
(see e.g. [16, 10, 3]).

Remark 1 It is interesting to remark that, in [9]
the authors pointed out that, for a nonlinear system
_x = f(t; x) where the time variations are due to an
external input u(t), the persistency of excitation con-
dition (3) is neither su�cient nor necessary to assure
uniform asymptotic stability. As a possible alternative,
in [9, p. 157], the authors comment on the idea of
de�ning a new persistency of excitation condition for
the vector u(�), with respect to the di�erential equation
_x = f(t; x).

2 (Uniform) �-persistency of ex-
citation

2.1 De�nitions

Consider the system

_x = f(t; x); x := col[x1; x2]; (6)

where f : R�0 � Rn+m ! R
n+m is such that (6) is

forward complete. Let � : R�0 � Rn+m ! R
p�q be

such that �(t; x(t; t�; x�)) is locally integrable for each
(t�; x�).

For the pair (�; f) we introduce the following de�nitions
and properties.

De�nition 1 (�-Persistency of excitation)
The pair (�; f) is said to be �-PE with respect to x1 if,
for each (t�; x�) 2 R�0�R

n+m there exists a constant
T (t�; x�) > 0 and for each � > 0, there exist a constant
�(t�; x�; �) such that for all t � t�,�

min
s2[t; t+T ]

kx1(s)k � �

�
)(Z t+T

t

�(�; x(�; t�; x�))�(�; x(�; t�; x�))
>d� � �I

)
:

(7)

De�nition 2 (u�-Persistency of excitation)
The pair (�; f) is called uniformly �-PE (u�-PE) with
respect to x1 if, for each r > 0 there exists T (r) > 0 and
for each � > 0, there exists a constant �(r; �) > 0 such
that (7) holds for all (t�; x�) 2 R�0�Br and all t � t�.

With an abuse of notation we may call the function
�(t; x), �-PE (resp. u�-PE) with respect to x1 if the
pair (�; f) is �-PE (resp. u�-PE) with respect to x1.

In words, we say that a pair (�; f) is �-PE if the time
signal �(t; x(t)) is PE in the usual sense whenever the
trajectories x(t), generated by the ODE _x = f(t; x),
are away from a �-neighborhood of the origin on a time
window of length T . If this property holds with the
same parameters � and T for all initial conditions in
a compact set, then we say that the pair is uniformly

�-PE.

Example 1 Let v : R�0! Rbe locally integrable and
consider the system (6), where x = col(x1; x2) 2 R

2,

f(t; x) =

�
�x1 + v(t)(x1

2 + x2
2)x2

�v(t)(x1
2 + x2

2)x1

�

where v(t) is PE in the usual sense. De�ne

�(t; x) = v(t)(x1
2 + x2

2); (8)

then the pair (�; f) is u�-PE with respect to x1. Also,
it is u�-PE with respect to x2 and with respect to x.

2.2 Properties of u�-PE pairs

Below we present some properties of u�-PE pairs, which
are analogous to properties of time signals which are PE
in the usual sense. The proofs of these properties are
provided in [13].

Lemma 1 (Properties of u�-PE pairs) The fol-
lowing properties hold true for u�-PE pairs (�; f).

P1. Let e : R�0�Rn+m! R
p�q be such that, for each

r > 0 there exist Me > 0 and 
 2 K such that,



for all (t�; x�) 2 R�0� Br , either of the following
holds:

(i)

Z 1

t�

ke(�; x(�; t�; x�))k
2
d� � 
(r) ; (9)

(ii) for all t � t�, ke(t; x(t; t�; x�))k � Me andZ 1

t�

ke(�; x(�; t�; x�))k d� � 
(r) : (10)

Then, the pair (�f ; f) where �f (t; x) = �(t; x) +
e(t; x), is u�-PE.

P2. Let e(t; x) be uniformly bounded and uniformly
convergent, that is, assume that for each r; " > 0
there exist Me and Te � 0, such that, for all
(t�; x�) 2 R�0 � Br and all t � t� we have

ke(t; x(t; t�; x�))k
2 �Me and

ke(t; x(t; t�; x�))k � " 8 t � t� + Te : (11)

Then the pair (�f ; f) where �f (t; x) = �(t; x) +
e(t; x), is u�-PE.

P3. Let �i(t; x) 2 Rp be the i-th column of �(t; x),
i = 1; : : : ; q and consider the system

_x� =:

2
6664

_x
_�f1
...
_�fq

3
7775 =

2
6664

f(t; x)
�a�f1 + �1(t; x)

...
�a�fq + �q(t; x)

3
7775 =: F (t; x�)

with state x� := col[x; �f1; : : : ; �fq], and a con-
stant a > 0. If �(�; �) is an absolutely continuous
function of its arguments and if for every r > 0
there exists a constant M�(r) > 0 such that for all
initial conditions (t�; x�) 2 R�0�Br , we have

max

�
k�(t; x(t; t�; x�))k ;





d�(t; x(t; t�; x�))dt






�
�M�

for almost all t � t�, then the pair (�f ; F ) where
�f := [�f1; : : : ; �fq ], is u�-PE with respect to x.

Remark 2 Property P3 above is analogous to the
well known property of time functions which are PE in
the usual sense, which { roughly speaking { states that
the output of a strictly proper and strictly stable �lter,
driven by a PE input signal, is also PE.

2.3 Verifying the u�-PE property

It may be clear from Example 1, that in order for a
pair (�; f) to satisfy De�nition 2, it is not necessary
in general, to know a priori the solutions of the sys-
tem. The following proposition states the u�-PE prop-
erty for a fairly general class of pairs (�; f), based on
conditions imposed on �(t; x) and stability conditions
on _x = f(t; x). The proof makes use of P1 and is given
in [13].

Proposition 1 (Class of u�-PE pairs) Let �(t; x) be
locally Lipschitz in both arguments. Consider the sys-
tem (6) and assume that there exists:

(i). a number 
 > 0 such that

maxfkxk1 ; kx1k2g � 
 kx�k ;

(ii). a nondecreasing function � : R�0! R�0 such that

max

�



@�(t; x)@xj





 ;




@�(t; x)@t






�
� �(kxk); a.e.;

(12)

(iii). a function �� : R�0! R
n+m and constants �b, Mb

and Tb > 0, such thatZ t+Tb

t

��(� )��(� )> � �bI 8t � 0 (13)

max
t�0

n

��(t)

 ; 


 _��(t)


o �Mb a.e.; (14)

(iv). a nondecreasing function  : R�0! R�0, and two
constants c1, c2 � 0 such that c1+ c2 > 0 and such
that for any unitary vector � 2 Rm,

�0(t; x)>�

 � [c1 + c2 (kx2k) kx2k]



��(t)>�


where �0(t; x) := �(t; x)jx1�0.

Then, the pair (�; f) is u�-PE with respect to x.

3 UGAS of NLTV systems

In this section we present our main stability result for a
particular class of nonlinear time-varying systems using
our u�-PE property. We will formulate our results for
systems of the form

_x = F (t; x); x� = x(t�); t� � 0; (15)

with state x = col(x1; x2), where x1 2 Rn, x2 2 Rm,
and

F (t; x) :=

�
H(t; x) + B(t; x)>x2

D(t; x)

�
(16)

where H : R�0� R
n+m ! R

n, D : R�0�R
m and B :

R�0�R
n+m ! R

m�n are locally Lipschitz continuous
in both arguments. We assume further that the system
(15) satis�es the following hypotheses.

A1. There exist nondecreasing functions �1, �2, �3 :
R�0! R�0, such that

maxfkH(t; x)k ; kD(t; x)kg � �1(kxk) kx1k (17)

kB(t; x)k � �2(kxk) (18)

max

�



@B(t; x)@xj





 ;




@B(t; x)@t






�
� �3(kxk); a.e.;(19)



A2. There exist a function 
1 2 K1, a locally bounded
function 
2 : R�0 ! R�0 and a positive de�nite
continuous function 
3 : R�0! R�0 such that

kxk1 � 
1(kx�k) (20)

k
3(kx1k)k1 � 
2(kx�k) (21)

Remark 3 In particular, assumption A2 is satis�ed if
there exist a continuously di�erentiable function V (t; x)
and two functions ��(s); �(s) 2 K1 such that

�(kxk) � V (t; x) � ��(kxk);
_V(16)(t; x) � �
3(kx1k) : (22)

Systems of the form above include applications in
adaptive control of linear time varying and nonlinear
systems (see e.g. [4, 3, 10, 16]). Indeed, notice that
if there exists V (t; x) satisfying (22) with 
3(s) = s2

the system _x = F (t; x) + v, with external input
v := col[v1; 0], v1 2 Ln

2 , and output y = x1, is output
strictly passive. Systems belonging to this class of-
ten include Euler-Lagrange systems (see e.g. [6, 12].) �

In addition to the system (15) let us consider the
following system

_x = F1(t; x) :=

�
�x1 +B(t; x)>x2
�B(t; x)x1

�
: (23)

The reason for introducing this `simpli�ed' system is
the following. It is easy to see that system (15) can
be considered as a system (23) with \output" injection
K(t; x) = F (t; x)�F1(t; x) which, under the assumption
A1 satis�es the bound

kF (t; x)� F1(t; x)k � �4(kxk) kx1k : (24)

where �4 : R�0 ! R�0 is a nondecreasing function.
Then, if the system (23) is UGAS, assumption A2 and
(24) imply that all conditions of Lemma 3 presented
in the Appendix, are satis�ed. Hence UGAS of (15)
follows from UGAS of (23).

Theorem 1 (UGAS under u�-PE) If A1, A2 hold
and the pair (B;F1) is u�-PE with respect to x2 the
system (15), (16) is UGAS.

Proof. As mentioned above the proof of UGAS for
(15) follows invoking Lemma 3. We start with proving
that (23) is UGAS, for which we will use Lemma 2. For

this, let us de�ne V�(t; x) :=
1
2 kxk

2, taking the time
derivative along the solutions of (23) and integrating
from t� to 1 we obtain that

kxk1 � kx�k (25)

kx1k
2
2 �

1

2
kx�k

2
: (26)

In the next part of the proof we will show that (38)
holds for x2(t), which together with (25) and (26) allows
to conclude UGAS of (23). Towards this end, de�ne

V1(t; x) := �x>1 B
>(t; x)x2 and for all t and x, where

B(t; x) is di�erentiable, de�ne

M (t; x) := B(t; x)�
�
�x1 +B>(t; x)x2

�> @B>(t; x)

@x1
+

x>1 B
>(t; x)

@B>(t; x)

@x2
+
@B>(t; x)

@t
:

From AssumptionA1 it follows that there exists a non-
decreasing function �4 such that almost everywhere

kM (t; x)k � �5(kxk) : (27)

Since the pair (B;F1) is u�-PE for each r > 0 there
exists T (r) > 0 and for each � > 0 there exists �(r; �)
such that (7) holds. Fix r and � arbitrarily. Taking the
time derivative of V1(t; x) (wherever it exists) along the
solutions of (23), we obtain with an abuse of notation,

_V1(t; x) � �kB>(t; x)x2k
2 +

�

8T
kx2k

2 + �6(r)kx1k
2 ;

for almost all t � t�, where �6(s) :=
2T
�
�25(s) + �2(s).

Integrating the inequality above from t to t+T (for any
t � t�) we get1

V1(t+ T; x(t + T )) � V1(t; x(t)) �

�6(r)

Z t+T

t

kx1(� )k
2d� �

Z t+T

t

kB>(�; x(� ))x2(� )k
2d� +

�

8T

Z t+T

t

kx2(� )k
2d�: (28)

Using the following representation of the solutions:

x2(�; t�; x�) =

x2(t; t�; x�) +
R �
t B(s; x(s; t�; x�))x1(s; t�; x�)ds ;

completing some squares and using (18), it is straight-
forward to �nd that

kx2(� )k
2 � 2kx2(t)k

2 + 2�22(r)

Z �

t

kx1(s)k
2ds (29)

while

kB>(�; x(� ))x2(� )k2 �
1
2kB

>(�; x(� ))x2(t)k
2 � �42(r)

R �
t
kx1(s)k2ds : (30)

Substitute (30) and (29) in (28) to obtain

V1(t + T; x(t+ T )) � V1(t; x(t)) �h
�2(r)

4 +
�

4T
�2(r)

2
iZ t+T

t

Z �

t

kx1(s)k
2
dsd� �

1

2

Z t+T

t



B(�; x(� ))>x2(t)

2 d� +
�

4T

Z t+T

t

kx2(t)k
2
d� + �6(r)

Z t+T

t

kx1(� )k
2
d�

1noting that V (t; x(t)) is an absolutely continuous function of
time.



Changing the order of integration for the �rst term on
the right hand side of the inequality above, we obtain

V1(t + T; x(t+ T ))� V1(t; x(t)) � �7

Z t+T

t

kx1(� )k
2
d�

�
1

2

Z t+T

t



B(�; x(� ))>x2(t)

2 d� + �

4
kx2(t)k

2

where we de�ned �7 := T�42 + 0:25��22 + �6. Hence,

1
2

�R t+T

t



B(�; x(� ))>x2(t)

2 d� � �
2 kx2(t)k

2
�
�

�7
R t+T

t
kx1(� )k

2
d� � V1(t+ T; x(t+ T )) + V1(t; x(t)) :

(31)

De�ne T � � t� as follows: T
� := min

��t�

n
kx2(� )k

2
= �
o
,

T � = 1 if kx2(� )k
2
> � for all � � t�, and T

� = t� if

kx2(t�)k
2
< �. Let us consider two cases:

Case 1: If T � � t� + T ,Z t

t�

h
kx2(� )k

2
� �
i
d� = Z T��T

t�

+

Z T�

T��T

+

Z t

T�

!h
kx2(� )k

2 � �
i
d� ;

and it follows from (25), that kx(� )k2 � kx(T �)k2 � �

for all � � T �, therefore the last integral on the right
hand side of the inequality above is non-positive, henceZ t

t�

h
kx2(� )k

2
� �
i
d� �

Z T��T

t�

h
kx2(� )k

2
� �
i
d� +

Z T�

T��T

kx2(� )k
2
d� : (32)

We show next that there exists �r� 2 K such that the
�rst term on the right hand side above is smaller or
equal to �r�(kx�k). Using (7) and since (B;F1) is u�-PE
with respect to x2, we have that, for all t 2 [t�; T ��T ],Z t+T

t



B(�; x(� ))>x2(t)

2 d� � � kx2(t)k
2

hence using this bound in (31), we obtain that

�

4
kx2(t)k

2 � �7

Z t+T

t

kx1(� )k
2
d�

�V1(t+ T; x(t+ T )) + V1(t; x(t)) :

Integrating from t� to T � � T , we obtain thatZ T��T

t�

kx2(t)k
2
dt �

4T

�
[0:5�7 + �2] kx�k

2 =: �1(kx�k)

while for the second term on the right hand side of (32),
using (25) we have that

Z T�

T��T

kx2(� )k
2
d� �

Z T�

T��T

kx�k
2
d� � T kx�k

2
;

(33)

thus for any � > 0Z t

t�

h
kx2(� )k

2 � �
i
d� � �1(kx�k) + T kx�k

2
: (34)

Case 2: If T � < t� + T , we can use the partitionZ t

t�

h
kx2(� )k

2 � �
i
d� = Z T�

t�

+

Z t

T�

!h
kx2(� )k

2 � �
i
d� ; (35)

and the observation thatZ T�

t�

kx2(� )k
2
d� � T kx�k

2

to obtain Z t

t�

h
kx2(� )k

2 � �
i
d� � T kx�k

2
: (36)

UGAS for the system (23) follows from Lemma 2 with

(s) = s2, � = � and �r�(kx�k) := �1(kx�k) + (0:5 +

T ) kx�k
2
.

We �nish the proof of UGAS for (15) invoking Lemma
3. Let y = x1, hence (42) holds with k2(s) = s. Inequal-
ity (41) holds due to (24) with k(s) = s and k1 = �4.
Inequality (40) holds with 
 = 
3 and � = 
2. The
UGS condition is equivalent to (20). �

We close the paper with the followingCorollary which
follows directly from Proposition 1 and Theorem 1 and
illustrates that, for large classes of systems we do not
need to know the solutions a priori.

Corollary 1 The system (15) is UGAS if for this sys-
tem, items (iii) and (iv) of Proposition 1 and Assump-
tions A1 { A2 hold.

4 Conclusions

The su�cient conditions for UGAS of NLTV systems
that one can �nd in classical texts on Lyapunov theory,
are often too restrictive since they rely on �nding a
Lyapunov function with a negative de�nite derivative.
In this report we have made a step forward in the
direction of stability analysis for a determined (but
wide) class of NLTV systems. Our contributions
consist on new de�nitions of persistency of excitation,
which apply in a formal way, to nonlinear functions
depending on time and the state. Based on these tools
we have established su�cient conditions for UGAS.
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A Integral lemmas for UGAS

The lemmas below are extracted from [13]. See also
[14, 17] for extensions of these to stability of sets and
the case of di�erential inclusions.

Lemma 2 The system

_x = f(t; x) (37)

where x 2 Rn, the function f(t; x) satis�es the
Caratheodory conditions2, is UGAS if the system is
UGS and there exists continuous positive de�nite func-
tion 
 : R�0 ! R�0 and for each r; � > 0 there exists
a locally bounded function �r� : R�0! R�0, such that
for all (t�; x�) 2 R�0� Br , all solutions x(�; t�; x�) and
all t � tcircZ t

t�

[
(kx(�; t�; x�)k) � �]d� � �r�(kx�k) : (38)

Lemma 3 Assume that the system (37) is UGAS and
function f(t; x) is locally Lipschitz in x uniformly in t.
Then the system

_x = f(t; x) +K(t; x) (39)

where K(t; x) is continuous in x, measurable in t and
locally Lipschitz in x, is UGAS if the system (39) is UGS
and there exist an output y = h(t; x), nondecreasing
functions �; k1; k2 : R�0 ! R�0, continuous positive
de�nite function 
 and class K1 function k, such that
for all (t�; x�) 2 R�0�R

n

k
(kyk)k1 � �(kx�k) (40)

kK(t; x)k � k1(kxk)k(kyk) (41)

kh(t; x)k � k2(kxk) : (42)

2That is, 1) f(t;x) is continuous in x for each �xed t and
measurable in t for each �xed x; 2) For each compact set U :=
[a; b] � C � R� Rn, there exists a function mU : [a; b] ! R�0,
Lebesgue integrable on [a; b], such that kf(t; x)k � mU (t) for all
(t; x) 2 U.


