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Abstract

In this paper, a control methodology based on the
HARA utility function is presented as an alternative
to the exponential-of-an-integral approach to �nding
robust controllers. This work is inspired by the intu-
ition that HARA controllers, while being robust, may
give better performance than exponential controllers
in normal situations. The HARA problem is shown
to be equivalent to a certain di�erential game and the
asymptotic properties of the HARA problem and this
di�erential game are studied. As an example, a linear-
quadratic HARA problem is studied, where the prob-
lem of �nding a robust HARA controller is proved to be
equivalent to solving a standard linear-quadratic prob-
lem for a system with a higher noise intensity. This
reveals an interesting relationship between robustness
and uncertainty.

Key words: Risk-sensitive control, di�erential games,
HARA utility function, upper/lower Isaacs equations,
viscosity solutions.

1 Introduction

In this paper, we propose an approach based on the
HARA utility function (U(x) = 1



x
 , for x � 0 and


 > 0) as an alternative to the exponential utility
(U(x) = 
 exp (
x), for 
 � 0) approach to �nding ro-
bust controllers. This work is inspired by the intuition
that HARA controllers, while being robust, may per-
form better than exponential controllers when applied
to a system that is operating under normal conditions.

Suppose that the evolution of a given system is deter-
mined by the following stochastic di�erential equation
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(SDE):8><
>:

dx(t) = b(t; x(t); u(t)) dt

+�(t; x(t); u(t)) dB(t); t 2 [s; T ];

x(s) = x;

(1)

where (s; x) represents the initial time and state. Typ-
ically, the objective is to �nd a control input u(�) such
that the system (1) with input u(�) satis�es a given
set of performance speci�cations; for example, certain
speci�cations on the minimum rise time, constraints on
the maximum overshoot, etc., may need to be satis�ed.
In recent years, many control methodologies (e.g., PID,
LQR, H1, just to name a few) have been proposed as
alternative techniques for �nding controllers, each hav-
ing its own advantages, disadvantages and character-
istics. However, we emphasize that irrespective of the
methodology used to come up with a given controller,
the controller is designed as the input for the system
(1) and for this reason, the same set of performance
speci�cations are used to evaluate whether or not it is
suitable. For example, suppose we have two controllers
u1(�) and u2(�) such that u1(�) minimizes an H1 norm
while u2(�) minimizes an H2 norm. When evaluating
u1(�) and u2(�) and comparing their performance, the
crucial issue is the behavior of the system (1) under
each input; that is, both controllers are tested on the
same system (1) and evaluated according to how well
the original performance criteria are met (e.g., `Does
it satisfy the rise time speci�cations?' and `Does it
meet the constraints on maximum overshoot?', etc.),
and not the cost functions (e.g., H1 or H2) that may
have been used to determine it.

If the system being controlled is not too complicated,
then �nding a controller which satis�es all of the
speci�cations is reasonably straightforward. However,
things may not be so easy when dealing with more com-
plex systems (e.g., nonlinear, time-varying, stochastic).
In this case, the following simpli�cations are made.
Rather than introducing a set of performance speci�ca-
tions, one assumes that all performance speci�cations
are summarized by a single performance measure

J(s; x; u(�)) =

E
nZ T

s

f(t; x(t); u(t)) dt+ g(x(T ))
o
; (2)

and the following convention is adopted: a controller



which makes (2) small satis�es the performance spec-
i�cations better than controllers that makes (2) large.
That is, the set of performance speci�cations is re-
placed by a single performance measure and, as in the
classical case, all controllers, irrespective of how they
are determined, are evaluated using the same perfor-
mance measure (2).

The risk-sensitive methodology using the exponential
utility function is one approach to �nding robust con-
trollers for the system (1) (with performance measure
(2)). Such controllers are obtained by minimizing cri-
teria of the form

J(s; x; u(�)) =

E exp
1

�

�Z T

s

f(t; x(t); u(t)) dt+ g(x(T ))
�
:(3)

Again, we emphasize that the performance of the opti-
mal exponential controller �u(�) (which minimizes (3))
is evaluated using the cost functional (2): it is `good'
if (2) is small, and `bad' if (2) is large. One limita-
tion of the exponential approach is that optimal risk-
sensitive controllers, while being robust, may result in
poor performance under normal conditions. The sim-
plest explanation for this is that the exponential utility
emphasizes the large values of the (random) exponent

Z T

s

f(t; x(t); u(t)) dt+ g(x(T )); (4)

thus greatly amplifying the contribution of the large
values of (4) in the cost (3). That is, optimal expo-
nential controllers are conservative in that they are
designed so that the largest (or `worst case') values
of (4), should they occur, are kept small. For this
reason, however, the performance of the optimal ex-
ponential controller in a `less than worst case' envi-
ronment (which often corresponds to `normal condi-
tions') may not be satisfactory. Alternatively, one can
look at the close relationship between exponential risk-
sensitive control and the so-called H1 approach to
robust control; see [9]. H1 controllers are designed
to perform well in a `worst case disturbances' envi-
ronment. Consequently, optimal H1 controllers (and
therefore, optimal risk-sensitive controllers) may per-
form poorly, according to (2), in normal conditions.

In this paper, we study certain issues related to the
performance and robustness of controllers obtained by
minimizing the HARA utility of the cost. In particular,
for the system (1) with performance measure (2), the
HARA cost functional is given by

J(s; x; u(�)) =

E
n�Z T

s

f(t; x(t); u(t)) dt+ g(x(T ))
� 1

�

o
; (5)

where � > 0 is a parameter. Since the HARA utility
function is of polynomial rather than exponential or-
der, the resulting controllers should be still robust but
less risk-averse than optimal exponential controllers.
For this reason, HARA controllers may perform bet-
ter in normal conditions that optimal exponential con-
trollers which are obtained by minimizing (3). While
this remains to be veri�ed conclusively, certain weaker,
though related, comparisons between the value func-
tions of the HARA and exponential problems can be
obtained. (For more details, we the interested reader
should consult the paper [12]). In particular, this com-
parison may be viewed, in some sense, as a compar-
ison between the guaranteed performance of HARA
controllers and exponential controllers. In addition,
we show that the HARA problem is equivalent to a
class of stochastic di�erential games which are charac-
terized by a cost function that contains a logarithmic
term that acts like a weight on di�erent components
of the cost. The logarithmic term in the cost may be
viewed as making the disturbance player less aggres-
sive; that is, the (HARA) controller is designed in a
`less than worst case' environment. This is consistent
with the intuition that HARA controllers may perform
better than exponential controllers when operating in
normal conditions. In addition, the asymptotic prop-
erties (small noise limits) of the HARA problem and
the associated di�erential game are also studied.

Our results on the relationship between the HARA
problem and di�erential games as well as the asymp-
totic properties of the HARA problem are in line with
those presented in [9] for the exponential-of-an-integral
problem. However, there are certain di�erences which
we wish to point out. In this paper, we consider a
broader class of nonlinear systems. In particular, our
results apply to systems in which the di�usion term
may be control dependent and/or degenerate, and the
drift term may depend nonlinearly on the control. (In
fact, our analysis can be modi�ed to obtain parallel re-
sults for the exponential case for the same class of non-
linear systems that we study in this paper). These re-
sults are obtained using results from nonsmooth anal-
ysis and viscosity solutions. The inclusion of sys-
tems with control dependent di�usions in our analy-
sis has particular relevance to �nance applications; see
[6, 7, 10, 15].

On the other hand, the robust control literature has
centered, by and large, around the exponential utility
function. This is due to its relationship to di�erential
games and H1 control; see [2, 9]. However, the HARA
utility function and its associated di�erential game are
alternatives that should be kept in mind, especially
when exponential and H1 controllers are found to be
too conservative.



2 HARA stochastic optimal control

In this section, we introduce the HARA control
problem. Suppose that s 2 [0; T ) is �xed,
(
; F ; fFs

t gt�s; P ) is a �ltered probability space, and
B(�) an Rk-valued standard Brownian motion de�ned
on this space. Suppose that x 2 Rn and � > 0 are
given. We consider systems with dynamics given by
the following stochastic di�erential equation (SDE):8><

>:
dx(t) = b(t; x(t); u(t)) dt

+
p
� �(t; x(t); u(t)) dB(t); t 2 [s; T ];

x(s) = x:

(6)

The cost functional is given by:

J(s; x;u(�)) =

E
n�Z T

s

f(t; x(t); u(t)) dt + g(x(T ))
� 1

�

o
(7)

where x(�) is the solution of the SDE (6) correspond-
ing to (s; x) and u(�). Since we shall be using dynamic
programming, the weak formulation of admissible con-
trols will be used with u(�) taking values in a set U ;
see [14, Chapter 2]. In addition, it is assumed that
(6) has a unique weak solution and (7) is well de�ned
for every admissible control; see [12] for relevant as-
sumptions. In order to study (6)-(7) via dynamic pro-
gramming, we introduce the following equivalent prob-
lem: Let �y 2 (0; C), where 0 < C < 1 is a certain
constant, required for technical reasons; see [12]. For
every (s; x; y) 2 [0; T )�Rn � (��y; 1), consider the
following SDE:8>>><

>>>:

dx(t) = b(t; x(t); u(t)) dt

+
p
� �(t; x(t); u(t)) dB(t);

dy(t) = f(t; x(t); u(t)) dt; t 2 [s; T ];

x(s) = x; y(s) = y

(8)

and cost functional:

J(s; x; y; u(�)) = E
n�
y(T ) + g(x(T ))

� 1

�

o
: (9)

The Hamilton-Jacobi-Bellman (HJB) equation associ-
ated with (8)-(9) is:8>>>>>>>><

>>>>>>>>:

vt + infu2U

n
�
2 tr

h
vxx � �

0
i

+vx
0 b+ vy f

o
= 0;

(t; x; y) 2 [0; T )�Rn � (��y; 1)

v(T; x; y) = (y + g(x))
1

� ;

(x; y) 2 Rn � (��y; 1):

(10)

The following result proven in [12].

Theorem 2.1 The value function v associated with
(8)-(9) is the unique viscosity solution of (10).

3 A class of di�erential games

Let (
;F ; fFs
t gt�s; P ) be a �ltered probability space

and B(�) a standard Rk-valued Brownian motion. Let
x 2 Rn and � > 0 be given and �xed. Consider the
following SDE:

8>>><
>>>:

dx(t) =

[b(t; x(t); u(t)) + �(t; x(t); u(t))w(t)] dt

+
p
� �(t; x(t); u(t)) dB(t); t 2 [s; T ];

x(s) = x:

(11)

We consider cost functionals of the following form:

J(s; x;u(�); w(�)) =

E
n
ln
�Z T

s

f(t; x(t); u(t)) dt + g(x(T ))
�

�1

2

Z T

s

jw(t)j2 dt
o
: (12)

Intuitively, the Upper Di�erential Game associated
with (11)-(12) can be understood as follows. Player
1 goes �rst, and chooses an admissible input process
u(�) from some admissible set U [s; T ]. On the other
hand, the input process w(�) of player 2 may depend on
the choice that player 1 makes; that is, w(�) = �(u(�)),
where �(�) denotes the strategy of player 2 which is con-
strained to belonging to a set of admissible strategies,
�[s; T ]. We refer the reader to [5, 8, 9, 12] for the de�-
nitions of U [s; T ] and �[s; T ] as well as further details
of the Elliott-Kalton formulation of di�erential games.
In the deterministic case (i.e. � = 0), we denote the
admissible sets by Ud[s; T ] and �d[s; T ]. Finally, it is
assumed throughout that u(�) and w(�) take values in
subsets U and W , respectively.

In order to study (11)-(12) using dynamic program-
ming, we follow the same procedure that we used for
the HARA problem (Section 2) by considering the fol-
lowing related di�erential game. Let �y 2 (0; C) be
�xed, where C > 0 is the constant associated with
(8)-(9), and y 2 (��y; 1). Consider the SDE:8>>>>>>>>><
>>>>>>>>>:

dx(t) =

[b(t; x(t); u(t)) + �(t; x(t); u(t))w(t)] dt

+
p
� �(t; x(t); u(t)) dB(t)

dy(t) = f(t; x(t); u(t)) dt;

t 2 [s; T ];

x(s) = x; y(s) = y

(13)

with cost

J(s; x; y;u(�); w(�)) =

E
n
ln (y(T ) + g(x(T )))� 1

2

Z T

s

jw(t)j2 dt
o
:(14)



The Upper Isaacs Equation associated with (13)-(14)
is:

8>>>>>>>><
>>>>>>>>:

 t + infu2U supw2W

n
�
2 tr
h
 xx � �

0
i

+ x
0(b+ � w) +  0y f � 1

2 jwj2
o
= 0;

(t; x; y) 2 [0; T )�Rn � (��y; 1);

 (T; x; y) = ln(y + g(x));

(x; y) 2 Rn � (��y; 1):

(15)

The deterministic di�erential game associated with
(13)-(14) corresponds to setting � = 0. The corre-
sponding upper Isaacs equation is (15) with � = 0.
Under certain assumptions, we have the following re-
sult (see [12] for proofs).

Theorem 3.1 Let � � 0 be given and �xed. Then:

 (s; x; y) =

inf
u(�)2U [s; T ]

sup
�[�]2�[s; T ]

J(s; x; y; u(�); �[u(�)])(16)

is the unique viscosity solution of (15).

4 HARA problems and di�erential games

In this section, we show that (under certain conditions)
the HARA problem (8)-(9) is equivalent to the stochas-
tic di�erential game (13)-(14).

Consider the following transformation:

�(t; x; y) := � ln v(t; x; y);

8 (t; x; y) 2 [0; T ]�Rn � (��y; 1): (17)

Since v is the unique viscosity solution of (10) (Theo-
rem 2.1), it follows (from substituting (17) into (10))
that � is the unique viscosity solution of the following
PDE:

8>>>>>>>><
>>>>>>>>:

�t + infu2U supw2Rk

n
�
2 tr
h
�xx � �

0
i

+�x
0(b+ � w) + �0y f � 1

2 jwj2
o
= 0;

(t; x; y) 2 [0; T )�Rn � (��y; 1)

�(T; x; y) = ln(y + g(x));

(x; y) 2 Rn � (��y; 1):

(18)

The following result establishes the equivalence be-
tween the HARA problem and the stochastic di�er-
ential game.

Theorem 4.1 Let � > 0 be �xed, and v be the unique
viscosity solution of (10). Then � := � ln v is the

unique viscosity solution of (18). Moreover, there ex-
ists a compact subset W � Rk which is independent of
� > 0 such that � has the representation

�(t; x; y) =

inf
u(�)2U [s;T ]

sup
�[�]2�[s;T ]

J(s; x; y;u(�); �[u(�)]) (19)

where

J(s; x; y;u(�); w(�)) =

E
n
ln [y(T ) + g(x(T ))]� 1

2

Z T

s

jw(t)j2 dt
o

with (x(�); y(�)) being the solution of (13) associated
with (u(�); w(�)).

5 Asymptotic analysis

For the remainder of this paper, for any given � >
0, we shall denote the value function of the HARA
problem (8)-(9) by v(�), and �(�) := � ln v(�). In the
deterministic case of (13)-(14) with � = 0, we continue
to use  .

We have shown that with � > 0, the HARA problem
(8)-(9) is equivalent to a stochastic di�erential game of
the form (13)-(14); see Theorem 4.1. In this section,
we show that �(�) !  when � ! 0. This reveals a
relationship between the HARA problem and the de-
terministic di�erential game. The convergence proof
can be found in [12] and follows the general methods
of Barles and Perthame [1].

Theorem 5.1 For every � > 0, let v(�) be the value
function of the HARA problem (8)-(9), �(�) := � ln v(�)

and W � Rk be the compact set from Theorem 4.1.
Suppose that  is the upper value of the deterministic
di�erential game (13)-(14) associated with W . Then

lim
�#0

�(�)(t; x; y) =  (t; x; y);

8(t; x; y) 2 [0; T ]�Rn � (��y; 1);

uniformly on compact subsets.

In [9], there is a similar asymptotic result (though
proven under stronger assumptions than in [12]) for
the exponential risk-sensitive cost. In particular, non-
degeneracy of � is assumed, which guarantees the ex-
istence of classical solutions to the HJB equation as-
sociated with the �-parametrized risk-sensitive prob-
lems, whereas Theorem 5.1 is proven under assump-
tions which can only guarantee viscosity solutions.



6 LQR control with HARA utility

In this section, we study a linear-quadratic-regulator
(LQR) problem with HARA utility. This problem is
interesting because it reveals an interesting relation-
ship between robustness and uncertainty.

HARA problem:

Consider the following linear-quadratic problem with
HARA utility. (We assume throughout that H > 0) :

8>>>>><
>>>>>:

minu(�)2U [s; T ] J(s; x;u(�)) = E
n

1
2Hx(T )

2
o 1

�

;

dx(t) = [ �A(t)x(t) + �B(t)u(t)] dt

+ �D(t)u(t) dB(t); t 2 [s; T ];

x(s) = x:

(20)

Throughout this section, we shall assume that x(�)
is scalar valued and u(�) is Rm-valued, for m � 1.
For simplicity, we assume that B(�) is a scalar-valued
Brownian motion. (However, the analysis carries
through to the case when B(�) is higher-dimensional).
Also, we shall assume that �D(t)0 �D(t) > 0 for all
t 2 [s; T ), and that � 2 (0; 2) is given and �xed.
In particular, it should be noted that the model (20)
(with scalar state, but a multivariable control) is one
that arises quite frequently in �nancial applications;
see [6, 7, 15] for an example of this.

The solution of the HJB equation associated with (20)
is:

v(t; x) =
�1
2
P (t)x2

� 1

�

; (21)

where P (�) is the unique (positive) solution of the
stochastic Riccati equation1:

8>><
>>:

_P + P �A+ �AP

�P �B
h�

2
�
� 1

�
�DP �D

i�1
�BP = 0;

P (T ) = H:

(22)

Note that (22) has an explicit solution:

P (t) = H exp
nh

2 �A(t)

� �B(t)
��2

�
� 1

�
�D(t)0 �D(t)

��1
�B(t)0

i
(T � t)

o
:

The optimal feedback control for (20) is:

u(t) = �
��2

�
� 1

�
�D(t)0 �D(t)

��1
�B(t)0x(t): (23)

1Although the stochastic Riccati equation (22) is clearly de-
terministic, it is actually a special case of a Riccati-type back-
ward stochastic di�erential equation that is introduced in [3],
and is deterministic only under the assumptions of this paper.

Stochastic LQR problem:

Consider now the following stochastic LQR problem:

8>>>>><
>>>>>:

minu(�)2U [s; T ] J(s; x;u(�)) = E
n

1
2Hx(T )

2
o
;

dx(t) = [ �A(t)x(t) + �B(t)u(t)] dt

+
q

2
�
� 1 �D(t)u(t) dB(t); t 2 [s; T ];

x(s) = x:

(24)

It is easy to show (see [3]) that

V (t; x) =
1

2
P (t)x2 (25)

is the value function associated with (24), where P (�)
is determined by (22), and (23) is the optimal control.
This shows an equivalence between the HARA prob-
lem (20) and the stochastic LQR problem (24). In
particular, the �-parameter in the cost (20) has been
transferred to the state equation (24).

Discussion:

The equivalence between (20) and (24) shows an in-
teresting relationship between uncertainty and robust-
ness. Suppose that under `normal' conditions, the dy-
namics are given by the system:

8><
>:

dx(t) = [ �A(t)x(t) + �B(t)u(t)] dt

+ �D(t)u(t) dB(t); t 2 [s; T ];

x(s) = x:

(26)

In addition, suppose that the performance of any given
controller u(�) is measured by the cost functional:

J(s; x;u(�)) = E
n1
2
Hx(T )2

o
; H > 0: (27)

Note that the optimal controller associated with (26)-
(27) is given by

u(t) = �( �D(t)0 �D(t))�1 �B(t)0x(t): (28)

Suppose that we wish to �nd a controller u(�) for the
system (26) that is more robust (or risk-averse) than
the optimal controller (28). One method for �nding
such a controller is to solve the HARA problem (20)
corresponding to some � 2 (0; 1). (That is, to use the
optimal HARA controller (23), with � 2 (0; 1), in the
system (26)). On the other hand, the equivalence be-
tween (20) and (24) shows that the (robust) HARA
controller (23) corresponding to � 2 (0; 1) is also the
optimal controller for (24) with the same value of �.
Moreover, since

p
(2=�)� 1 > 1 when � 2 (0; 1), �nd-

ing this robust HARA controller corresponds to solv-
ing a standard LQR problem (since (24) is of the same
form as (26)-(27)) but with a higher noise intensity.



It should also be noted that greater robustness corre-
sponds to a controller of smaller magnitude (i.e., de-
creasing � 2 (0; 1) corresponds to the magnitude of u(t)
in (23) decreasing).

When � 2 (1; 2), the optimal controller (23) for the
HARA problem is risk-seeking. The relationship be-
tween the HARA problem (20) and the LQR problem
(24) shows that a risk-seeking controller for the system
(26) under the criterion (27) is obtained by solving an
LQR problem (24) with a smaller noise intensity (sincep
(2=�)� 1 < 1 when � 2 (1; 2)). Note also that risk-

seeking controllers have a larger magnitude than the
optimal controller (28).

7 Conclusion

In this paper, we have studied some of the proper-
ties of optimal HARA controllers. Our study of the
HARA problem was motivated by the belief that in ad-
dition to being robust, optimal HARA controllers are
less conservative than optimal exponential controllers.
We have shown that the HARA problem is equivalent
to a certain stochastic di�erential game, di�erent from
the one commonly encountered in the robust control
literature, and have studied the asymptotic properties
of both the HARA problem and the associated game
problem. One feature of this di�erential game is that it
involves a logarithmic term which acts like a weight for
the di�erent components of the cost. This weighting
has the e�ect of making the opposing (disturbance)
player less aggressive; that is, the controller in the
logarithmic-weighted game (i.e. the HARA controller)
is designed in a `less than worst case' environment.
This is consistent with the intuition that HARA con-
trollers, while being robust, may perform better than
exponential controllers (which are designed in a `worst
case environment') when applied to a system operat-
ing under normal situations. While conclusive theoret-
ical justi�cation of this intuition remains an important
open question, certain related, though weaker, compar-
isons between the value functions of the HARA expo-
nential problems can be obtained; see [12]. As an ex-
ample, we examined a particular linear-quadratic case
of the HARA problem. For this problem, we showed
that �nding a robust controller for a certain class of
linear systems with a quadratic terminal cost is equiv-
alent to solving a linear-quadratic problem of the same
form, but with a larger noise intensity. This shows an
interesting relationship between robustness and uncer-
tainty.
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