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Abstract

The problem of minimax aÆne identi�cation of the
linear uncertain-stochastic multivariate model is con-
sidered. The minimax optimization problem together
with the corresponding dual one are stated and exam-
ined. The necessary and suÆcient conditions for the
minimax aÆne estimate to exist and to be determined
analytically via the dual problem solution are given.
The algorithm of minimax stochastic estimation for the
in�nite-dimensional model given a �nite number of ob-
servations is also considered. The numerical method for
the minimax estimation is described, and the results of
computer modeling are presented.

1 Introduction

In the report, we consider a problem of linear estimation
of parametric functions in the linear multidimensional
regression model with statistically indeterminate pa-
rameters and disturbances. The practical importance
of the model under consideration is well known since
typical linear models which are usually used for the pur-
poses of parameter estimation, �ltering, and control [1{
7] can be reduced to the general uncertain-stochastic
model (US-model) [8], which is examined in this pa-
per. Our model covers several particular types of linear
stochastic models:

| models with unknown nonrandom unbounded pa-
rameters with purely random disturbances (clas-
sical regression models) [1, 7];

| static and dynamic stochastic models with ran-
dom parameters and disturbances [2];

| models with unknown nonrandom but bounded
parameters and disturbances (set-membership
models) [3];

| models with random parameters and disturbances
with partially known probabilistic characteris-
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tics (statistically indeterminate stochastic mod-
els) [4].

| dynamic models described by stochastic linear
di�erential equations in the separable Hilbert
space given a �nite number of observed function-
als [9].

Traditionally the aforementioned models are examined
separately by means of methods and approaches of dif-
ferent nature [5]. From our results it follows that there
exists a uni�ed method for linear identi�cation of US-
models based on the minimax approach and the dual-
ity theory [6{8]. In this report we state the minimax-
stochastic criterion for solving the identi�cation prob-
lem for the US-model, and provide the necessary and
suÆcient conditions for the minimax aÆne estimate to
exist. We also give the explicit expression for the mini-
max estimator and provide the necessary and suÆcient
conditions for the last to be determined analytically
via the solution of the dual optimization problem. We
also consider some numerical algorithms of the convex
nonlinear programming which make possible to solve
the dual optimization problem and hence to derive the
minimax aÆne estimate. It is shown that even in the
case, when the minimax aÆne estimating operator can
not be expressed as a function of the dual problem so-
lution, the last makes possible to simplify signi�cantly
the original minimax optimization problem. The corre-
sponding examples and the results of the numerical ex-
periments are presented. We also examine the minimax
estimation problem for the purely stochastic in�nite-di-
mensional linear model with �nite-dimensional observa-
tions. In this case, the minimax estimator is obtained
using a solution of the corresponding dual optimization
problem.

2 Model description

We shall use the following notation: EPf�g is the math-
ematical expectation with respect to the distribution P;
co[K] is the convex hull of the set K; I is the iden-
tity matrix; rgfAg and trfAg are the range and the
trace of the matrix A, respectively; A � B means



that B � A is positive-semide�nite; A+ is the Moor{
Penrose pseudoinverse [1] of A; A� is the transposed
matrix; col[x1; : : : ; xn] = (x�1; : : : ; x

�
n)
�; kxk =

p
x�x;

argmin
x2X

g(x) (argmax
x2X

g(x)) is the set of all minimum

(maximum) points of the functional g(x) on X .

Let us consider the following US-model:�
x = �0�0 +��1;
y = 	0�0 +	�1;

(1)

where x 2 Rm is the vector to be estimated in a non-
parametric way given the observation vector y 2 Rn;
� = col[�0; �1] is the vector of the model (1) param-
eters and disturbances. It is supposed that the sub-
vectors �0 2 Rp and �1 2 Rq di�er with respect to
the amount of available a priori information, namely,
�0 is unbounded unknown vector, some components of
which are unknown deterministic while the others are
random with unknown distributions; �1 is statistically
indeterminate random vector with some mean value
m� = Ef�1g and covariance matrix R� = cov(�1; �1).
It is supposed that m� 2 M and R� 2 R, where M
and R are some known sets which describe the rate of
a priori statistical uncertainty of the �1 distribution.
Concerning M and R, we assume the set M to be
compact and centrally symmetric with respect to some
known point m0 2 Rq (i.e. if u = m0 +�u 2 M then
u

0

= m0 ��u 2 M), R is supposed to be a compact
set of symmetric q�q-dimensional positive-semide�nite
matrices. The matrices �0, �, 	0, 	 are known and
have appropriate dimensions.

Let P� denote the generalized� probabilistic distribu-
tion of the vector � in (1). The stated above assump-
tions mean that P� 2 P , where P is a set of all possible
distributions:

P = fP� : � = col[�0; �1]; m� = Ef�1g 2 M;
R� = cov(�1; �1) 2 Rg: (2)

Note that model (1) possesses the following speci�c fea-
tures:

| we do not distinguish the structural model pa-
rameters (for example, parameters of the signal
model) and the disturbing parameters (such as
uncertain and random observation disturbances)
since the corresponding partitioning can be done
explicitly by an appropriate choosing of the ma-
trices �0, �, 	0, 	;

| we assume the structural model parameters and
the disturbances to be dependent in general;

| all probabilistic distributions may be singular: in
particular, any covariance matrices from R are

�i.e., it may contain singular components

not supposed to be strictly positive (this allows
us not to separate the random and deterministic
variables).

3 Problem statement

Let F be some a priori choosen class of estimators of x
given the observations y. Then for any F 2 F ex = Fy is
some admissible estimate of x. The estimate ex accuracy
is measured by the following mean-square criterion:

=(F;P�) = EP�

�jjFy � xjj2	 ; (3)

where P� is any possible distribution of � from P . Since
P� is not known, we can not calculate the exact value
of =(F;P�). Therefore, we are going to �nd the esti-

mating operator bF that is optimal in a minimax sense.

De�nition 1 The estimating operator bF and the corre-
sponding estimate x̂ = bFy are called the minimax ones
if bF 2 arg min

F2F
sup
P�2P

=(F;P�): (4)

In order (4) to possess sense it is necessary that

9F 2 F : sup
P�2P

=(F;P�) <1: (5)

De�nition 2 The vector x admits [1] the estimate de-
�ned by the operators from F given the observations y
if (5) is ful�lled.

Further, we study the case in which F is the class of
all aÆne transformations, i.e., F = (F; f) 2 F means
that Fy = Fy + f , where F 2 Rm�n de�nes a linear
transformation and f 2 Rm is a slide.

4 Main results

4.1 Common structure of minimax problem

The �rst theorem concerns the existence of the minimax
aÆne estimate.

Theorem 1 The vector x admits the aÆne estimate
given y and the minimax aÆne estimate exists if and
only if

�0 = �0	
+
0 	0: (6)

The stated above condition (6) for the min-
imax estimate to exist means that the class
of unbiased (with respect to �0) estimators
F0 = fF : F 2 Rm�n; F	0 = �0g is not empty.



In particular, condition (6) is ful�lled whenever the
matrix 	0 is of the full range.

In order to formulate the following result we have to
introduce the auxiliary functional J(F;K) de�ned for
all F 2 Rm�n and K 2 K, where

K = fK : K = (m� �m0)(m� �m0)
� +R�;

m� 2M; R� 2 Rg:
By de�nition, put

J(F;K) = sup f=((F; (� � F	)m0);P�) :
Ef(�1 �m0)(�1 �m0)

�g = Kg :

Now we can show that the problem of minimax aÆne
estimation can be reduced to the problem of minimax
linear estimation.

Theorem 2 Let (6) hold, then

1) the aÆne estimate x̂ = bFy = �m0 + F̂ (y�	m0)
is minimax if and only if

F̂ 2 arg min
F2F0

sup
K2K

J(F;K); (7)

where F0 = fF : F 2 Rm�n; F	0 = �0g;

J(F;K) =

8><>:
trf(F	��)K(F	��)�g;
if F 2 F0; K 2 co[K];
+1; if F =2 F0;

2) the following duality condition is ful�lled:

min
F2F

sup
P�2P

=(F;P�) = max
K2co[K]

J(K); (8)

where J(K) = inf
F2F0

J(F;K).

Note that dimension of the minimax optimization prob-
lem (7) is usually very large since it equalsm�n, where
n is the number of observations. So, the direct numer-
ical solution of (7) seems to be practically impossible.

4.2 Method of dual optimization

One of the major technique for designing a minimax
solution is based on using a solution of the dual op-
timization problem. For the minimax problem under
consideration, this method seems to be relevant since
the duality condition (8) holds. In this case, the dual
optimization problem is as follows

K 2 arg max
K2co[K]

J(K): (9)

The subsequent results show how the minimax aÆne
estimate can be de�ned using the dual solution K.

Theorem 3 Let condition (6) hold, then

J(K) = trf(F0	��)[K�P (K)	K](F0	��)�g; (10)
where F0 = �0	

+
0 , Q = I � 	0	

+
0 ,

P (K) = K	�(Q	K	�Q)+, and the following results
are valid:

1) there exists a solution K of the dual optimization
problem (9);

2) the aÆne estimate x̂ = bFy = �m0+ F̂ (y�	m0)
is minimax if

F̂ = eF + Ĥ;eF = F0 + (�� F0	)P (K); (11)

and Ĥ is an arbitrary solution of the auxiliary
minimax optimization problem

Ĥ 2 arg min
H2H

sup
K2K

J( eF +H;K); (12)

where H = fH 2 Rm�n : HP = Hg,
P = Q[I �	P (K)];

3) sup
P�2P

=(bF;P�) = J(F̂ ;K) = J( eF ;K) = J(K),

i.e., bF is a guaranteeing on P aÆne estimator;

4) if K 2 K, then for every F 2 F0 and K 2 K
J(F̂ ;K) � J(F̂ ;K) � J(F;K);

i.e., (F̂ ;K) is a saddle point of the functional J(�)
on F0 �K.

The presented above theorem is essentially based on the
fact that the operator eF (11) is designed according to
the least squares method (LSM), namelyeF 2 arg min

F2F0

J(F;K): (13)

Moreover, eF has the least Euclidean norm in compari-
son with other solutions of problem (13). Motivated by

this, the operator eF will henceforth be referred to as
the LSM-operator. Due to (11) we can see that eF is a
function of the dual solution K (9). Therefore, in the
case

Ĥ = O 2 arg min
H2H

sup
K2K

J( eF +H;K) (14)

we obtain the analytical expression for the minimax es-
timator as soon as the dual problem has been solved.
The following theorem provides the necessary and suf-
�cient conditions for (14) to be ful�lled.

Theorem 4 Under the conditions of Theorem 3,
suppose that eF is the LSM-operator (11). Then

x̂ = eFy = �m0 + eF (y � 	m0) is the minimax
aÆne estimate if and only if there exists a matrixeK 2 arg max

K2co[K]
J( eF ;K) such that

( eF	��) eK	�P = O: (15)



Note that checking (15) often can be done without any

diÆculties since the functional J( eF ;K) is linear with
respect toK. In the general case we can suggest several
suÆcient conditions for (15) to be valid.

Corollary 1 The LSM-operator eF de�nes the mini-
max aÆne estimate x̂ = eFy if one of the following
conditions holds:

1) ( eF	��)K	�P = O for all K 2 K;
2) 	K	� � 	K	� for all K 2 K;
3) the matrix 	K	� is strictly positive.

The following well-known situations are often encoun-
tered in applications [4, 7, 8]:

i) 	K	� is strictly positive for all K 2 K;
ii) the set K contains a maximal element K, namely

K 2 K and K � K for all K 2 K.

Obviously, in both these cases the LSM-operator eF de-
�nes the minimax aÆne estimate since the conditions
of Corollary 1 hold.

It should be mentioned that even in the case, when (15)

is not ful�lled, the decomposition F̂ = eF + Ĥ is of
its practical importance since the set H in (12) has
dimension m � n1, where n1 = rg[P ] � n. Therefore
in the case n1 � n, we see that the auxiliary minimax
optimization problem (12) is much more simple than
the original one (7). In the case (15), it can be shown
that n1 = 0 and the solution Ĥ is of no use.

4.3 Minimax estimation for purely stochastic

models

Now let us consider the problem of minimax estimation
for the statistically indeterminate stochastic model.
Suppose that the a priori information about the model
parameters is formulated in term of the second-order
moment characteristics of the vector z = col[x; y]:

Efzg = mz; cov(z; z) 2 R; (16)

where the mean mz = col[mx;my] and the set R are
known. Concerning R, we assume that R is a convex
compact set of symmetric positive-semide�nite matri-

ces R =

�
Rx Rxy

Ryx Ry

�
. Clearly, the stated assump-

tions lead to a particular type of the US-model (1) if
we take

�0 = 0; �1 = z; �0 = O; 	0 = O; � =
�
Im ; O

�
;

	 =
�
O ; In

�
; K = co[K] = R:

The following result may be referred to as the minimax
generalization of the theorem on normal correlation.

Theorem 5 Let F = B be the class of all Borel trans-
formations Rn ! Rm, and P be the class of distribu-
tions Pz satisfying (16). Then the following results are
valid:

1) there exists a solution of the dual optimization
problem

R 2 argmax
R2R

J(R);

where J(R) = trfRx �RxyR
+
y Ryxg;

2) the aÆne estimate

x̂ = bFy = mx +
� eF + Ĥ

�
(y �my) (17)

is minimax, where eF = RxyR
+

y is the LSM-

operator, Ĥ is a solution of the auxiliary minimax
problem

Ĥ 2 arg min
H2H

sup
K2K

J( eF +H;K);

J(F;R) = trfRx � 2RxyF
� + FRyF

�g;
H =

�
H 2 Rm�n : HRy = O

	
;

3) if Pz is the normal distribution with the mean mz

and the covariance R, then

=(bF;Pz) � =(bF;Pz) � =(F;Pz) (18)

for all F 2 F ; Pz 2 P :

Relation (18) means that the aÆne estimating operatorbF (17) and the normal distribution Pz form a saddle
point of the criterion =(�) on the set F � P . Hence,
the aÆne estimate (17) is minimax on the class of all
measurable estimates, and the normal distribution Pz

is least favourable on the class of all distributions with
characteristics (16).

5 Numerical algorithms for dual problem

solution

It can be shown that the functional J(K) is concave and
upper semicontinuous on the convex compact set co[K].
So, the solution K can be determined using the stan-
dard methods of convex nonlinear programming such
as the following method of subgradient projecting:eKs = Ks�1�
srs�1; Ks = Projco[K](

eKs); s = 1; 2; : : : ;

where 
s > 0 :

1X
s=1


s = 1;

1X
s=1


2s < 1, and rs is

an arbitrary subgradient of the functional �J(�) at the
point Ks.



For the special case, when the matrices 	K	� are
strictly positive for every K 2 K, the following iter-
ative procedure seems to be very e�ective.

1) Choose an arbitrary matrix K0 2 co[K] and put
s = 0.

2) De�ne F s as in (11): F s = F0+(��F0	)P (Ks):

3) Solve the linear programming problem:eKs 2 arg max
K2co[K]

J(F s;K).

4) Calculate Æs = J(F s; eKs)� J(F s;Ks) � 0.

5) If Æs = 0, then K = Ks and the desired solu-
tion is obtained, otherwise the process has to be
continued.

6) De�ne the number 
s 2 (0; 
s] using the condi-
tion:


s 2 arg max

2(0;
s]

J((1� 
)Ks + 
 eKs);

where 
s = maxf
 � 0 : (1 � 
)Ks +

+
 eKs 2 co[K]g.
7) Put Ks+1 = (1 � 
s)Ks + 
s eKs, increase s by 1,

and return to Step 2.

It may be shown that the obtained sequence fKsg al-
ways converges to the desired solution K.

6 Minimax identi�cation of in�nite-

dimensional linear stochastic model

In this section, we shall use the following notation: H�,
Hx are separable Hilbert spaces; L(H;G) is a space of
linear bounded operators mapping H into G; L+

1 (H)
is a set of selfadjoint positive-semide�nite nuclear op-
erators mapping a Hilbert space H into itself; trfAg
denotes the trace of A 2 L+

1 (H); A� is the adjoint op-
erator.

Consider the following observation model:�
x = A�;
y = B� + ";

(19)

where x 2 Hx is the random element to be estimated
given the observation vector y 2 Rn. The operators
A 2 L(H� ; Hx), B 2 L(H� ;R

n) are known. The ran-
dom element � 2 H� and the random noise vector
" 2 Rn are supposed to be independent and centered.
Concerning the covariance operators R� = cov(�; �),
R" = cov("; "), we assume that R� 2 R� and R" 2 R",
where the sets R� � L+

1 (H�), R" � L+
1 (R

n) are con-
vex. In addition to this, suppose that R" is compact.

Let F = L(Rn; Hx) be a class of admissible estimators
F . Then for F 2 F the estimate ex = Fy accuracy is
measured by the mean-square criterion:

J(F;R� ; R") = E
�kFy � xk2	 ;

where k � k denotes the corresponding norm in Hx.

As it was assumed above, the estimate x̂ = F̂ y is called
the minimax one if

F̂ 2 arg min
F2F

sup
R�2R�;R"2R"

J(F;R� ; R"): (20)

Denote J(R� ; R") = inf
F2F

J(F;R� ; R"), then the opti-

mization problem

(R� ; R") 2 argmax
R�2R�;R"2R"

J(R� ; R") (21)

may be called dual with respect to (20) whenever the
following duality relation is ful�lled:

inf
F2F

sup
R�2R�;R"2R"

J(F;R� ; R") = sup
R�2R�;R"2R"

J(R� ; R"):

(22)
In this situation, the dual solution (R� ; R") corresponds
to the least favourable case for the model (19) proba-
bilistic characteristics.

The following result provides the explicit expression of
the minimax estimate obtained via the solution of the
dual optimization problem.

Theorem 6 1) Suppose that the operator A is com-
pact, the set R� is bounded in L+

1 (H�) and closed
with respect to the weak operator topology [10].
Then

a) there exists a solution (R�; R") of the dual
optimization problem (21);

b) the duality relation (22) is ful�lled;

c) the dual functional J(R� ; R") has the form

J(R�; R") = trfA �R� �R�B
��+BR�

�
A�g;

where � = BR�B
� +R".

2) If either the operator BR�B
�+R" is strictly pos-

itive or

BR�B
�+R" � BR�B

�+R"; 8R� 2 R� ; R" 2 R";

then

a) the estimate x̂ = F̂ y is minimax, where

F̂ = AR�B
�(BR�B

� +R")
+; (23)

b) the guaranteed accuracy of the minimax es-
timate x̂ = F̂ y is equal to

max
R�2R�;R"2R"

J(F̂ ; R� ; R") = J(R�; R"):



7 Example

Consider the following uncertain-stochastic observation
model: �

x = A�;
yk = Bk� + "k; k = 1; : : : ; N;

(24)

where x 2 Rm is the vector to be obtained; � 2 Rr

is the vector of statistically indeterminate parameters;
yk 2 Rl is the vector of the k-th observation, "k 2 Rl is
the corresponding vector of the random observation er-
ror; N is the total amount of observations; A 2 Rm�r,
Bk 2 Rl�r are known nonrandom matrices. Concern-
ing � and f"kg we have the following a priori informa-
tion:

1) Ef�g = 0, R� = cov(�; �) 2 R� , where R� is
the set of covariance matrices with the elements
fRijg that satisfy the restrictions

R0ij � Rij � R0
ij ; (25)

2) Ef"g = 0, cov("k; "j) = 0 if k 6= j,
S" = cov("k; "k) 2 S", where S" is the set of
covariance matrices with the elements fSijg that
satisfy the restrictions

S0ij � Sij � S0
ij ; (26)

3) cov(�; "k) = 0; k = 1; : : : ; N .

The matrices R0 = fR0ijg, R0 = fR0
ijg, S0 = fS0ijg,

S0 = fS0
ijg in (25), (26) are supposed to be known and

positive-semide�nite.

Obviously, (24) is a particular case of the general US-
model (1). Actually, let us take n = l � N , q = r + n,
�0 = O, �0 = 0, 	0 = O, �1 = col[�; "1; : : : ; "N ] 2 Rq,
� =

�
A ; O

� 2 Rm�q, 	 =
�
B ; I

� 2 Rn�q,
where B = col[B1; : : : ; BN ] 2 Rn�r. With these nota-
tions (24) coincides with (1). The restrictions on the
covariance matrix R� of the vector �1 obviously follow
from (24), (25).

Let r = l = m = 3, N = 25, then n = 75, q = 78. We
take the following exact values of A and Bk:

A = I; Bk = cos(0:06k)

0@ 2 0:5 �1
�0:4 1 0:5
0:3 0:6 1:5

1A ;

k = 1; : : : ; N: The restrictions on R� and S" are as
follows:

R0 =

 
1:5 �0:9 0:3

�0:9 2:2 0:8

0:3 0:8 2:2

!
R0 =

 
2:7 0:1 1

0:1 3 1:6

1 1:6 3:5

!

S0 =

 
1:2 � 0:3 � 0:5

�0:3 1:4 0:7

�0:5 0:7 1:2

!
S0 =

 
1:9 � 0:1 � 0:2

�0:1 1:8 1:2

�0:2 1:2 1:6

!
:

For the given model (24){(26) condition 3 of Corol-

lary 1 is ful�lled, hence the LSM-operator eF de�nes
the minimax aÆne estimate. Using the described above
numerical algorithm the dual optimization problem has

been solved with the results: K =

�
R� O
O R"

�
; where

R� =

 
2:7 � 0:9 1

�0:9 3 0:8

1 0:8 3:5

!
S =

 
1:9 � 0:1 � 0:5

�0:1 1:8 0:7

�0:5 0:7 1:6

!
;

R" = diag[S; : : : ; S]. Using (11) and K we obtain the

LSM-operator eF and the corresponding minimax esti-
mate x̂ = eFy of x. In the Gaussian case with the worst
true values of R� and S", namely R� = R0, S" = S0 we
have obtained

x̂ = (2:86;�1:25;�0:28)�:
The true value of the vector x was (2:71;�0:98;�0:22)�,
and the guaranteed value of the criterion J(K) = 8:73.
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