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Abstract

In this paper, the stabilization problem is investigated
for dynamic nonholonomic systems with unknown in-
ertia parameters and disturbances. Firstly, the non-
holonomic kinematic subsystem is transformed into a
skew-symmetric form and the properties of the overall
systems are discussed. Then, a robust adaptive con-
troller is presented where adaptive control technique
is used to compensate for the parametric uncertainties
and sliding mode control is to suppress the bounded dis-
turbances. The controller guarantees the outputs of the
dynamic subsystem to track some bounded auxiliary
signals which subsequently drive the kinematic subsys-
tem to the origin. Simulation study on the control of a
unicycle wheeled mobile robot shows the effectiveness
of the proposed approach.

1 Introduction

In recent years, control of chained form and of more
general nonholonomic systems has been a very active
field of research. Due to Brockett’s theorem [3], it is
well known that nonholonomic systems with restricted
mobility cannot be stabilized to a desired configura-
tion (or posture) via differentiable, or even continu-
ous, pure-state feedback [1]. The design of stabilizing
control laws for these systems is a challenging prob-
lem which has attracted an ever increasing attention in
the control community. A number of approaches have
been proposed for the problem, which can be classified
as (i) discontinuous time-invariant stabilization [7, 13],
(ii) time-varying stabilization [9] and (iii) hybrid stabi-
lization [8].

Most research work on controller design for nonholo-
nomic systems has being focused on the kinematic con-
trol problem, where the systems are represented by
their kinematic models and velocity acts as the control
input. In practice, it is more realistic to formulate the
nonholonomic system control problem at the dynamic
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level, where the torque and force are taken as the con-
trol inputs. Different researchers have investigated this
problem. Sliding mode control is applied to guarantee
the uniform ultimate boundedness of tracking error in
[12]. In [4], stable adaptive control is investigated for
dynamic nonholonomic chained systems with uncertain
constant parameters. Using geometric phase as a basis,
control of Caplygin dynamical systems was studied in
[1], and the closed-loop system was proved to achieve
the desired local asymptotic stabilization of a single
equilibrium solution. In [6], a robust sliding mode con-
troller was presented to compensate for the parametric
uncertainties and suppress the bounded disturbances in
the stabilization of dynamic nonholonomic systems.

In this paper, the stabilization problem is considered
for general dynamic nonholonomic systems where the
nonholonomic kinematic subsystem can be converted
into the chained form, the dynamic subsystem have un-
known constant inertia parameters and bounded distur-
bances. A robust adaptive controller is presented where
adaptive control is used to compensate for parametric
uncertainties and sliding mode control is to suppress
bounded disturbances. The controller guarantees the
outputs of the dynamic subsystem (the inputs of the
kinematic subsystem) to track some bounded auxiliary
signals which subsequently drive the kinematic subsys-
tem to the origin.

2 Dynamics of Nonholonomic Systems

In general, a nonholonomic system having an n-
dimensional configuration space with generalized coor-
dinates ¢ = [q1,...,qn]T and subject to n — m con-
straints can be described by [2]

J(q)g=0 (1)
M(q)i+C(q,4)q+ G(q) +7a = Blg)T +J (@)X (2)

where M (q) € R™*"™ is the inertia matrix which is sym-
metric positive definite, C(q,4) € R™ "™ is the cen-
tripetal and coriolis matrix, G(q) € R™ is the gravi-
tation force vector, B(q) € R"*" is the input trans-
formation matrix, 7 € R" is the input vector of forces



and torques, J(¢) € R™™*" is the matrix associ-
ated with the constraint, A € R™™" is the vector of
constraint forces, and 74 € R"™ denotes bounded un-
known disturbances including unstructured unmodeled
dynamics.

Since J(g) € RM™~™)*" it is always realizable to find
an m rank matrix S(g) € R™™ formed by a set of
smooth and linearly independent vector fields spanning
the null space of J(q), i.e. ST(q)JT (q) = 0. Since S(q)
is formed by a set of smooth and linearly independent
vector fields spanning the null space of J(g), define an
auxiliary time function v € R™ such that

i = S(a(t) 3)

Equation (3) is also called the kinematic model of non-
holonomic systems in the literature. Differentiating
equation (3) yields

G=S(q)v+ S(q)v (4)

Substituting (3) and (4) into equation (2), and then pre-

multiplying by S7(g), we have the transformed non-
holonomic system

q=5S(qv (5)

Mi(q)0 + Ci(g,d)v + G1(q) + 71 = Bi(g)r  (6)

where Mi(q) = STM(q)S, Ci(g,q) = ST(M(q)S +
C(q,9)S), Gi(a) = STG(q), Bi(g) = S"B(q), Ta1 =
ST7,, which is more appropriate for controller design
as the constraint A has been eliminated from dynamic
equation (6).

The nonholonomic chained system considered in this
paper is m-input, (m — 1)-chain, single-generator
chained form given by [14]

L-El = U1
{ﬁj,i = U1Tji+1, 2§i§nj—1,1§j§m—1
Tjn; =  Ujtl
(7)
Note that, in equation (7), X = [r1, Xa,..., X 1]T €
R"™ with X; = [z 12,...,%j-1n,_,] (2 < j < m) are
the states and v = [u1,uz,...,un]? are the inputs of

the kinematic subsystem.

Assumption 1 The kinematic model of nonholonomic
system given by equation (5) can be converted into
chained form (7) by some diffeomorphic state transfor-
mations.

Assume the diffeomorphic state transformations X =
Ti(¢) and w = T, *(g)v can convert equation (5) into
the general chained form (7). Accordingly, equation (6)
is converted into

Mo (X)) + Co(X, X)u + G2(X) + 742 = B2(X)T (8)

where M (X)=T5 (¢)M1(0)T2(a) | y—p1 (x)» C2(X, X)=
T (@)(Cila. DT +MT20)) | opt(x) G2(X) =

TQT(Q)Gl(Q)|q:T;1(X)a By(X)= TQT(Q)Bl(qﬂq:T;l(X)a
Td2= T2T(Q)Td1|q:T;1(X)-

Next, let us further transform the chained form into
skew-symmetric chained form for the convenience of
controller design. This transformation is a simple ex-
tension of the transformation of the one-generation,
two-inputs, single-chained system given by Samson [10].
By introducing the skew-symmetric chained form, and
via a Lyapunov-like analysis, it is easy to design Us =
[ug, ..., unm]T that globally stabilizes [Xa,..., X,,]T to
the origin, provided that |uq| and |14 ]| are bounded, and
u1(t) does not asymptotically tend to zero [10].

The kinematic model of chained form (7) can be
written as X = hy(X)us + hoUs, where hi(X) =
[1ax1,3;"'7x1,n170a"'7xm71,3;"'7:Cm71,nm7170]T7
and hy = [0,...,0,1,...,0,...,0,1]T.

Let us consider the following coordinates change

zZ1 = I1 (9)
Zj2 = T2 (10)
zj3 = 3 (11)

Zji+s = PjiZji+1 + Lr1zjit2 (12)

where 1 <7 < n; —3,1 < j <m—1, p;; are real
P
a—;{’fhl(X) are the Lie
derivatives of z;; along hi(X), and the corresponding
transformed skew-symmetric chained form system is

positive numbers, and Lp;12;5,; =

21 = w (13)
Zj2 = U123 (14)
Zi+s = —PiitlUZjit2 T urzjita  (15)
Zim; = Lmizjn;un +ujn (16)

Ms(Z)i+ Cs(Z, Z)u+ G3(Z) + 1a3 = Bs(Z)r  (17)
where 1 < j < m—1,0 < i < nj; —4, M3(Z) =

My(X)|x—w-1(2), C3(Z,2) = Co(X,X)|x—up-1(2),
G3(Z) = Go(X)|x=v-1(2), B3(Z) = B2(X)|x=9-1(2)>

Td3 = Td2-

Property 1 M3 is symmetric positive definite and
bounded. The boundedness of M3 means that there exist
positive scalars 1 and po such that p1I < Ms < pol.

Property 2 Ms — 2C5 s skew-symmetric, 1i.e.,
XT (M3 —2C3)X =0, VX #0.

Property 3 The dynamics can be expressed in the
linear-in-parameters form

M3(Z)E+ C3(Z, 2)E + Gs(Z) = 8(Z,Z,£,€)0 (18)

where ®(Z, Z,{,f) € R™ ™ js the known regressor ma-
trix and 0 € R™ is the unknown parameters vector of
system. For any physical system, we know that ||0]| is
always bounded.



Assumption 2 ||7y4s]| is bounded by a known scalar,
i.e., ||7—d3|| < Tmazx -

Assumption 3 B(Z) is assumed known because it is a
function of fized geometry of the system. Accordingly,
Bs3(Z) is assume to be known exactly for subsequent
discussion.

3 Controller Design

Consider the nonholonomic systems described by equa-
tions (16) and (17). An adaptive sliding mode controller
is designed to stabilize the system states Z to the origin.
Since Z = ¥X is of global diffecomorphism, the stabi-
lization problem of X is the same as the stabilization
problem of Z.

Define an auxiliary vector ug € R™ as

_kulzl + h(ZZa t)
- kuQZl,nl + bgAew
Ug = . (19)

Tm—1 — kumszl,nmfl + b%Aew

where Z = [z1,271]7, kyy 1 < 5 < m), r; =
_(pj7nj_22:j7nj_1 + thzjmj)ul, (1 <j<m-— 1) with
pjn;—2 being positive constants, A is a constant ma-
trix and e, is an error vector to be defined later,
bj € R™ (2 < j < m) with its ith element defined
as bj; = 1,¥i = j and b;; = 0,Vi # j, and h(Z2,t)
satisfies the following conditions as given in [10]:

Condition 1 h(Zs,t) is a function of class CP*1(p <
1), uniformly bounded with respect to t, with all suc-
cessive partial derivatives also uniformly bounded with
respect to t, and h(0,t) = 0.

Condition 2 There is a time-diverging sequence t;,
and a positive continuous function «f(.), such that
|Za]l <1 >0 — YIZ(58)? < a(l) > 0,Vi € N,
where N denote the set of the natural number.
Control law 7 and adaptive law of the parameters will
be designed later to make the outputs of the dynamic
subsystem (the inputs of the kinematic system) u tend
to the auxiliary signals ug. As it has been shown in
[10], when w; tends to ug1, u1Zs and 7 converge to
zero, the definition of h(Zs,t) will guarantee Z goes to
zero as well.

Define the following signals e, = u — ug, €, = €y, and
Uy = ug — Aey,. The switching function is selected as

5 =6y + Aey, (20)

where A is the constant matric whose eigenvalues are
all in the right-half of complex plane.

In the presence of disturbance, adaptive control alone
cannot guarantee the kinematic subsystem to track the

auxiliary vector uq exactly, as a consequence, stability
of the whole system is not guaranteed [4]. To solve this
problem, sliding mode control is introduced to suppress
disturbance in order to guarantee the asymptotical sta-
bility of the closed-loop system. The parametric adap-
tion is drived by the filter error s instead of output
error e, of the dynamic subsystem as in [4], the design
of auxiliary vector ug and controller 7 is different and
more involoved to compensate for the complex terms in
stability analysis of the dynamic nonholonomic system.

From Property 3, we have

Mg(Z)ur —|— Cg(Z, Z)’U,,« —|— Gg(Z) = q)(Z, Z, Uy, u,«)e

(21)
where 6 is the unknown parametric vector and @ is the
regressor matrix of known kinematic functions.
Combining (17) and (21), and noting $ = u — u,, we
have

M3(2)$+ C3(Z,Z)s = B — Ta3 — ®(Z, Z, uy, 11,)0
(22)
Consider robust control law defined by

m—1

N 1

T = B3 (Z)[®0 — csgn(s) — Z HnJ_Q . |zj n; lsgn(s)]
Jj=1 7,

(2
where 6 is the estimate of 6, ¢ = Tyqz + € with €
0 and By is the left inverse of B3 defined as By
Bi(B3B3)~!
Substituting (23) into (22), the closed-loop error equa-
tion is given by

[IAVARS

—2
j=1 HnJ Pj,i
—C38 — Td3 (24)

Mss = ® — csgn(s) — |2j.n; g1 (5)

Remark 1 The term ®0 is to solve the problem
of parametric uncertainties using adaptive techniques.
For the bounded disturbance T43, it is suppressed
by slidmg mode control, —csgn(s). The last term

|zj n; |sgn(s) is necessary to compen-

Zj 1 H
sate complex terms in stability proof of the dynamic
nonholonomic system. Note that the last two terms in
(23) will bring in chattering to stable system since dis-
continuous surfaces exist.

Theorem 1 For nonholonomic system described by
(16) and (17), and control law (23). If the parameter
estimates are updated as

f=-T"10Ts (25)

where I is a symmetric positive define constant matriz,
then Z 1is globally asymptotically stabilizable at the ori-
gin Z = 0.



Proof: For the convenience of proof, define the follow-
ing two functions:

- 1 1o~
Vi(s,0) = §STM33 + 59TP9 (26)
m—1
1 2 1 2
= 2+ ’3+...+7n;72 Z’,nj]
j=1 2 g ’ [L:2: 7 pji !

(27)
where § = 6 — 0. Because 0 is a constant vector, 6 =6.
The derivative of V4 along equation (24) is given as

V.vl = STM38 + TMgS + QTFQ

m—1
= sT(@é— Z

nj72 .
=1 Hi:l Pji

sT(%Mg —Cy)s+67T6 (28)

|2j,n;s97(8) — Tas

—csgn(s)) +

Since M3 — 2C}3 is skew-symmetric, we have

m—1

. ~ 1
Vi = s (®0 — Z —— |2j,n; |590(8)
Jj=1 Hz 1 Pji
—csgn(s) — 7q3) + 07 ] (29)

The time derivative of V5 is given by

m—1 1
[2j,22j,2 + —2j3%j3 + ...
j=1 5,1

1 .
72, Zjny] (30)
=1 75

Substituting (16) into (30), we have

_|_

. m—1 1

Vo = Z[ —2
Jj=1 H"7 Pji
+thzj,nj)u1 + ’LLjJrl)] (31)

Zjn; ((Pg,n;—224,m;—1

Combining (28) and (31) yields
. B m—1 1
Vo=sT(®0- ) TR

j=1 H Pji

—csgn(s) — 7q3) + 07 ré

|Zj nJ|59n( 5)

m—1 1

+ [ nJ72 zj,nj((pj’nj*2zj»nj*1
=TI i

+Ln12jn;)u1 + Uj+1)] (32)

By adding ug4;,, — u4,,,, equation (32) becomes

m—1
j=1 Hii1 Pji

—csgn(s) — T43) + 7T

2.0 |5g1(s)

+m71[ 1
nJ72
Jj=1 H

+Lp12jn; Jur +ua; y +ujp1 —ua; )] (33)

ZJJL;' ((pjmj—Qijj—l

Noting that €y, , = uj41—ua,_,, and substituting (19)

into equation (33), we have
m—1 1

s

V=s"[®0 - > TR
Jj=1 H y’L

m—1

|Z.7 nj |Sgn( ) — Td3

1

—csgn( )] + HTFG + Z -2 Zjm;
j 1 H’L 1 jvl
(w1 = KujaZjm, + bj+1Ae“’]
N B Ol |
= (070 s +06"T0) - Z Hn7—2 ‘ “j+IZJ2'7”j

j=1

m—1
1
—sT(csgn(s) + 743) — E STinj_2 |2j.n;|5g1(5)
i=1

[1:2: " pji

m—1

1
—2
Jj=1 HnJ

Substituting adaptive law (25) into (34) yields

+ zj n; (€wjy + bJHAew) (34)

V=- Z Hnj—z } kuj+lz_]2',nj — 5T (esgn(s) + Tas)
1
T
a Z § 3
J=1 121" pia

1
-2
Jj=1 Hn7 ‘y’L

|2j.n; [sgn(s)
+ Zjn; (bw;yn + bJHAew) (35)

From the definition of (20), we have é,,,, + bjTHAew =
sTbj_H which lead to

,_.

m—

Z 22— sT(csgn(s) + Ta3)

n72 uJ+1 7y
1 Hz 1 Py

,_.

m—

+) s n;—2 (=|2j,n;159n(8) + 2jn;b541)
= 1LZi s

<.

Since
_ST(

ST(~ [z lsgn(s) + Zabir) < 0 and
csgn(s) + Tas) = —(TmapsTsgn(s) + 57 7as) —
esTsgn(s) < —esTsgn(s) <0, V < 0 is obtained. Ac-
cordingly, s and Z are bounded in the sense of Lya-
punov. Then s € LT* N LY. From equation (24), since
Css, Bsm — U6 and 743 are all bounded, $ € LY. Using
the fact that s € LT" N LY and § € L7, then from
Corollary of Baralart’s theory [5], s tends to zero as
t — oo. For all the eigenvalues of matrix A are in the
right-half complex plane, e,, and e, will go to zero when
t — oo. The input vector u of the kinematic subsystem
will converge to the auxiliary vector ugq as t — oo.



Next, let us prove the asymptotic stability of the closed-
loop system. The first equation of the controlled system
is 21 = —kuy121 + h(Za,t) + ey1. From Condition 1 of
h(Za,t), h(Z3,t) is uniformly bounded. In addition,
with e,; tend to zero, the above equation is a stable
linear system subjected to the bounded additive pertur-
bation h(Zs,t) 4+ ey,1. Therefore, z1(t) is also bounded
uniformly.

Because z; and h(Zs,t) are bounded, it is clear that
ugy is bounded from (19). Together with e, and e,
converge to zero , u; is bounded. Since u; and Zs are
bounded, e, and e, go to zero, ug; and u; (2 < j <
m) are bounded. Under condition that Zs, u; and u;
(2 < j < m) are bounded, it is clear that Z;,, and Z;,
(1<j<m-—1,2<u<mn;—1) are bounded.

In the following, let us show that ug; Z> tends to zero.
For 1 < j <m—1, consider Zj ,;, =Lp12jn,u1 +ujr1 =
_pj,nJ-fZZj,njfludl + (_kuQZj,nj - gf+1A€w + euj+1 -
Pin;—2Zjn;—1€u1). SINCe Zjn; 1, Udl, Zjn,;—1, Ud1 are
all bounded, Ud1Zjn,—1 1S uniformly continuous. For
Zjn;s €uw and e, tend to zero, the rest part of Zj,;
tend to zero. From the extended version of Barbalat’s
Lemma [10], uq12j,,—1 tend to zero.

For 3<i<n; —1 and 1< < m — 1, consider

d
E( 12.8) =ug (—pji-2u1 21 + 1250 41)

d
+Zj,i% (ud1)2

3 2
= —pji—2Ug12j,i—1 + (—Pji—2Ug1€u1 Z5,i—1

Fud Z i1 + 252 (uar)?)
Because fud zj; 1= ul %ji-1+3udtiq1zj;-1 and
Zji—1, Ud1, %j,i—1, Uq1 are all bounded, zj,i,lugl is uni-
formly continuous. Since ey1, #j+1 and z;; tend to
zero, the rest items of < (u2,2;;) tend to zero. Due to
the extended version of Barbalat’s Lemma [10], we have
uq1%j,; — 0 when t — oo.

From the above analysis, we know that w4122 tend to
zero. Because ug1Z2, 2jn;, €y and e, tend to zero,
ug;(2 < j < m) tend to zero, together with ug1Z2 and
e, tend to zero, ZQ tend to zero as well. Since e, tends
to zero, Z1 tends to wug, together with ug1Z2 and ZQ
tend to zero, it is proved that for the skew-symmetric
form and definition of u41, Z — 0 as t — oo [10]. Then
the feedback control law (23) asymptotically stabilize
Z to zero, the theorem is proved. Q.E.D.

4 Simulation

Consider a unicycle wheeled mobile robot moving on a
horizontal plane, whose dynamics are given by

T = v1cosh, = v15inb, 0 = vy (36)
My (q)v +C; (q)v + G+ 191 = BiT (37)

where My = [mg, 0; 0, Iy], C1 = 0, G; = 0,
By = 1/R[1, 1; L,—L], v = [v1,v2]T with v; and vy
denoting the linear and angular velocity respectively,
R is the radius of the wheels and 2L is the length of
the axis of the fixed wheels. Using the following change
of coordinates X = Ty(q) [15], i.e.,

1 0 0 1 T
To | = | sinfl —cosf O Y
T3 cosf  sinf 0 0

together with the change of input u = Ty '(q)v, i.e.,
Uy = V9, Uz = v; — V2X2, and the transform matrix
U = ] in this special case, system (36) and (37) is
converted to

Z1 = Ul
Z9 = Z3Uu1
Z3 = U2
Ms(Z)o + C3(Z,Z)u+ G3(Z) + Taz = BsT
(38)
where Ms(Z) = [z3mo + lo,z2mo;  2z2mo, mo),

C5(Z,Z) = [2229m0,0; mo2s,0], Bs(Z) = 1/R[z2 +
L,z — L; 1,1], G3 =0, and

Ms(Z)Yi, + Cs3(Z, Z)u, = ®(Z, Z, uy, 0, )0

where the inertia parameter vector 6 = [mg, Io]’ and
2 . . . .
; . 25Upr1 + 22Uro + 2222Upr1  Upl
®(Z,7Z = 2 .T . " "
(2,2, ur, i) [ 29Ur1 + Uz + Z2Ur1 0
(39)

The auxiliary vector in the control is

g = —ku121 + h(Za,t)
—p1zou1 — ky22s + Asrew1 + Aggew

where h(Zs,t) = (22 + 22)sint. It is easy to see that
the selected h(Za,t) satisfy the requested Conditions 1
and 2.

In the simulation, the parameters of the system are
assumed to be mo = Ip =10, R=0.1, L =1.0, ky1 =
0.2, kuz = 1.0, 0 = [0.5,0.5]T, p1 =1.0,c = 0.5, A =1,
I' = 10/ and disturbances 743, and 743, are random
number in the range [-0.1,0.1]. Simulation results are
shown in Figure 1 and 2. From Figure 1, we can see
that the responses of states x1, zo and x3 of the chained
form asymptotically tend to zero. From Figure 2, the
control sequence 7 and 7o tend to zero as well. As
shown in Figure 3, the estimate of the parameters mg
and fo are all bounded. The results of the simulation
verify the validity of proposed algorithm.

5 Conclusion

In this paper, stabilization of dynamic chained sys-
tems has been investigated with unknown constant in-
ertia parameters and disturbances. Feedback control



design and analysis have been performed via explicit
Lyapunov techniques which apply naturally once the
original chained form has been transformed into an
equivalent, skew-symmetric chained form. The pro-
posed scheme has also been used to control an unicycle
wheeled mobile robot to show its effectivity.
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