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Abstract
Prediction error and maximum likelihood estimation of non-

linear stochastic models requires inversion of the model, a

step which may require substantial e�orts, either in terms of

manual calculations or through the use of software capable

of symbolic computations. In this paper we show that model

inversion can be easily implemented in numerical software

such as, e.g., Simulink and MatrixX, by means of a feedback

connection based on the model. We derive suÆcient condi-

tions for the existence of a stable causal inverse as well as

suÆcient conditions for the initial transient to decay. These

conditions are given in terms of properties for a linear time-

varying system associated with the nonlinear model. The

method is illustrated on a numerical example.

1 Introduction

The objective of this paper is to study the problem of
model inversion that occurs in parameter estimation in
discrete-time nonlinear stochastic models of the type

xt+1 = gt(xt; et; ut; �); x0 = x0(�)

yt = pt(xt; et; �)

where � 2 DM � R
n is an unknown parameter vector,

where x0 2 R
m is the initial state, where et 2 R is

the unknown stochastic input which is assumed to be
white, where ut 2 R

q is a measured input and where
yt 2 R is the output.

De�ning gt(xt; et; �) = gt(xt; et; ut; �) transforms the
model above into

xt+1 = gt(xt; et; �); x0 = x0(�) (1)

yt = pt(xt; et; �) (2)

and since it turns out that the measured input ut does
not play a role in the context below we will use (1){(2)
as our basic model.

The study will be limited to invertible models, thus,
models with a one-to-one relationship between the
stochastic input and the output.

It is assumed that the probability density function
(PDF) of the stochastic input is known save for possibly

some unknown parameters. In Figure 1, a schematic of
the problem set-up is shown.

input
Unknown

Known
PDF

Measured

Known structure
Unknown parameters

System output

Figure 1: A schematic of the problem, where the un-
known parameters of the system are to be estimated.

For general theory on identi�cation we refer to (Ljung
1999) and (S�oderstr�om and Stoica 1989). In (Sj�oberg
et al. 1995, Juditsky et al. 1995) an overview and the
mathematical background to the identi�cation of non-
linear black-box models are given. A thorough treat-
ment of grey-box modelling, where physical modelling
and parameter identi�cation is combined, is given in
(Bohlin 1991). Time-series analysis, when only the out-
put is observed, and the identi�cation of nonlinear mod-
els is also discussed in (Tong 1990).

A necessary step in computationally eÆcient prediction
error and maximum likelihood estimation of nonlinear
stochastic models is that the model has to be inverted.
For a linear model this is trivial but for nonlinear mod-
els this can be a quite diÆcult, or even impossible, task
if done symbolically. This problem of inversion is the
theme of this paper.

Example 1.1 Consider the static system

yt = exp(et) + sin(et) (3)

where jetj < 0:5. The function P (x) = ex + sin(x) is
convex on [�0:5; 0:5] and hence invertible. There is,
however, no explicit expression for the inverse so try-
ing to �nd the inverse using symbolic software such as
Mathematica is futile.

In the previous example it was not possible to do the
inversion symbolically. Instead, one has to use a nu-
merical equation solver to solve (3) for et. As we will
show later, the same situation arises when causal inver-
sion of discrete time dynamical systems is considered.



This means that model inversion can be computation-
ally very demanding since one algebraic equation has
to be solved numerically at each point in time.

This paper starts with a review of the ML method in
Section 2. In Section 3 it is clari�ed when an algebraic
equation solver has to be employed in causal inversion
of (1){(2). A feedback characterization of the inverse
is also derived. This con�guration enables simple im-
plementation of the inverse in simulation environments
such as Matlab/Simulink and MatrixX. SuÆcient con-
ditions for the existence of a causal inverse are derived
in Section 4, where also suÆcient conditions are pro-
vided for when the transient due to the initial state
vanishes. Finally, a numerical example is shown in Sec-
tion 5. Some of the results in this paper are presented
in (Markusson and Hjalmarsson 1998).

2 The maximum likelihood method

The maximum likelihood method is a general method
for parameter estimation, (Ljung 1999). For many
problems the ML method is eÆcient and it can be ap-
plied in many situations.

We will assume that the model class is given by (1){
(2). We consider N observations of the output yt and
denote all observations yN = (yN�1; yN�2; :::; y0) and
similarly we use eN for eN = (eN�1; eN�2; :::; e0).

For notational brevity we shall sometimes use the fol-
lowing notation for the model (1){(2)

yt = Pt(e
t; �); (4)

where we have suppressed the dependence of yt on the
initial condition x0.

2.1 The ML criterion

The principle of the ML method is based on treating the
observed variable, yt, as a random variable with a PDF,
denoted py(y j � ). This PDF depends on the system
and the PDF of the stochastic input. The probability of
yt thus depends on the parameter vector �. To estimate
� from the observations of yt, the method chooses a �
which maximizes the likelihood

L(� j yN )
4
= py(y

N j � ): (5)

The PDF py(y
N j � ) can be computed using the inverse

of the model which will be shown below. Let us �rst
de�ne the model residuals wt(�) by

yt = Pt(w
t(�); �); t = 0; 1; : : :N � 1: (6)

Assuming that yt has been generated by (1) { (2) for
some � = �0, note that the model residuals wt(�) will
be equal to the true input et only if � = �0 and the
model uses the same initial state as the true system.

We denote the relationship between the sequences
wN (�) and yN by W (yN ; �)

wN (�) =W (yN ; �): (7)

As shown in (Jazwinski 1970), the PDF py(y
N j � ) is

given by

py(y
N j � ) = pe(W (yN ; �))





@[W (yN ; �)]

@yN





 ; (8)

where pe(�; �) is the PDF of the white input et and k � k
denotes the absolute value of the determinant.

Due to the causality of the model, the matrix @[W (yN ;�)]
@yN

is triangular and therefore the determinant is the prod-
uct of all the diagonal elements. The diagonal element
for sample t is given by

@wt(�)

@yt
: (9)

Assuming that pe(�) is a Gaussian PDF with known
variance the cost function is described by

V (�) =
1

N

N�1X
t=0

�
1

2
jwt(�)j

2 � log

����@wt(�)

@yt

����
�
: (10)

Finally, the ML estimate of � is obtained as

�̂ = argmin
�

V (�):

Remark: The log term in (10) does not appear for mod-
els of the type

yt = f(yt�1; et�1; �) + et: (11)

In this case et appears explicitly in the right hand side
of (11) and the model residuals are easily given by

wt(�) = yt � f(yt�1; wt�1; �): (12)

2.2 Unknown initial states

In ML estimation, the initial state x0 should be treated
as an unknown parameter and estimated together with
�. However, it is well known, see, e.g., (Ljung 1999),
that initial states cannot be identi�ed consistently.
Hence, it is common to �x the initial state in the model,
e.g. to zero. The algorithm is then commonly referred
to as conditional ML (S�oderstr�om and Stoica 1989).
Provided that the transient e�ect of the initial state
vanishes suÆciently fast, the conditional ML inherits
the statistical properties of the ML method such as con-
sistency and eÆciency (S�oderstr�om and Stoica 1989).

3 Inversion of nonlinear stochastic models

From (10) and (6) it is clear that in ML (and PEM)
estimation of nonlinear stochastic models, model inver-
sion is crucial since the cost function (10) is based on
the model input. Inversion of discrete-time nonlinear
models is treated in (Kotta 1990).



3.1 Model description

We will study discrete-time systems where the scalar
output yt is generated by a system of the type (1){(2).
We also recall the notation (4)

yt = Pt(e
t); (13)

where now, in addition to the initial state, we have
suppressed the parameter dependence to indicate that
we are considering one particular model corresponding
to some arbitrary �. For a particular initial state x0,
the input fetg

N�1
t=0 generates the output sequence yN .

Inputs that correspond to other initial conditions but
which generate the same output yN , collectively, will
be denoted by wt. We also assume that the model is
invertible, i.e. for a given initial state, the mapW in (7)
exists and is unique. Further we assume that the state
vector fxtg

1
t=0 and the output fytg

1
t=0 in (1){(2) are

bounded when the input sequence fetg
1
t=0 is bounded.

3.2 Inversion by equation solving

Let us return again to the simple static case in Example
1.1. Determining the input et for a particular time t and
a particular output yt amounts to solving

yt = P (et)

for et which, of course, is equivalent to solving

yt � P (et) = 0: (14)

Equation (14) can be displayed in block diagram form
as in Figure 2.a where "t = yt � P (et). Here, the alge-
braic equation solver �nds the value et which satis�es
0 = "t , "t(et), which is the same as computing the
inverse of P (et).

+

+

b - Dynamic case

et

�

Pt(e
t)

yt "t = "t(et)

"t(et) = 0

Eq Solv

Eq Solv

a - Static case

et

�

P (et)

yt "t = "t(et)

"t(et) = 0

Figure 2: Inversion by equation solving.

Thus for static systems, the entire input trajectory can
be determined by simulating the feedback system in

Figure 2.a forward in time. This suggests a very easy
way to obtain the input trajectory for static nonlinear
systems using simulation environments capable of han-
dling algebraic equations such as Matlab/Simulink and
MatrixX. The key observation is now that for dynam-
ical causal nonlinear systems, yt = Pt(e

t), exactly the
same simulation set-up can be employed, see Figure 2.b.
Let us describe the dynamical case by an example.

Example 3.1 Consider an extension of Example 1.1
where dynamics is added to the system

xt+1 = sin(xtet) (15)

yt = et + exp(et) + sin(et) + xt: (16)

If we now apply the setting in Figure 2.b then

"t = yt � et � exp(et)� sin(et)� xt (17)

Assume that the initial state x0 is known. For t = 0,
the algebraic equation "0 = 0 reads y0 � e0 � exp(e0)�
sin(e0)�x0 = 0 and can be solved for e0 since all other
quantities are known. Hence, the algebraic equation
solver gives et for t = 0. Using e0 and x0 in (15)
then gives x1. Now, the algebraic equation "1 = 0 con-
tains no other unknowns than e1 which can be solved
for. The procedure can now be repeated for t = 2; 3; : : :
and the inverse et, t = 0; 1; 2; : : : is obtained.

We thus have a very simple way of computing the in-
verse of nonlinear causal dynamical models: Implement
the system in Figure 2.b in a simulation environment
that is capable of handling algebraic loops such as Mat-
lab/Simulink and MatrixX. Thus, the burden of solving
the algebraic equation is delegated to the simulation
software.

3.3 Solving algebraic equations

As we have seen above, model inversion for systems
with a scalar output and one unknown input requires
solving one algebraic equation for each point in time.
This can be done numerically using standard iterative
search algorithms such as Newton's method (Dennis
and Schnabel 1996). Many of these algorithms are
available in numerical software packages such as, e.g.,
LINPACK, Matlab/Simulink and Mathematica. For
example, Matlab/Simulink uses Newton's method with
weak line search and rank one updates of a Jacobian
approximation.

3.4 Model inversion by feedback

Let us de�ne an arbitrary linear time-invariant system
which is stable and minimum-phase and denote the sys-
tem by

L(q�1) =

1X
l=0

cl q
�l (18)



where q�1 is the time-shift operator, i.e., (q�1et =
et�1). Now we can write (13) as

Pt(e
t) = L(q�1)et + (Pt(e

t)� L(q�1)et)

�
= L(q�1)et +Nt(e

t) (19)

We have thus partitioned the system into two parallel
parts as shown in Figure 3.

+ 

Nt(e
t)

ytet

�t

st

L(q�1)

Figure 3: Block diagram of a partitioned parallel sys-
tem, P (et).

Following (Doyle et al. 1995), we can also write Pt as

Pt = L(I + L�1Nt)

This gives that the inverse of Pt can be expressed as

(I + L�1Nt)
�1L�1: (20)

In Figure 4, (20) is shown in block diagram form where
the input to the inverse is yt and the output is wt. The
reason for denoting the output of the inverse by wt is
that, as pointed out in Section 2.2, it will not be exactly
equal to et if the initial state is di�erent in the model
inverse compared to the model. We see that the causal
inverse is obtained from a feedback system consisting
of the inverse of the linear part L in the forward path
and the nonlinear part N in the feedback path. Notice
that Nt, and hence Pt, does not have to be inverted.
The feedback structure in Figure 4 thus suggests an
alternative way of obtaining the causal inverse without
explicit computation of the inverse of the nonlinear part
Nt which also easily can be implemented in simulation
environments such as Matlab/Simulink and MatrixX.

Remark 1: In general there is an algebraic loop in the
set-up in Figure 4 which has to be solved by the simu-
lation software. This loop corresponds to the equation
solver in Figure 2.b.
Remark 2: The existence of a causal inverse depends
on the stability of the feedback loop in Figure 4. No-
tice that since this feedback loop is explicit as opposed
to the loop in Figure 2.b, the analysis of the inverse is
simpli�ed as we will see in Section 4.

Let us now study an example where the feedback struc-
ture shown in Figure 4 can be applied to a general non-
linear model.

+ 
-

L�1(q�1)

yt wt

rt

"t

Nt(w
t)

Figure 4: Realization of the nonlinear model inverse.

Example 3.2 To illustrate the procedure let us return
Example 3.1. Rewriting (15) according to (19) using
L(q�1) = 1 gives that the model is given by

xt+1 = sin(xtet) (21)

st = exp(et) + sin(et) + xt (22)

�t = et (23)

yt = st + �t (24)

where (21) and (22) represents the nonlinear part and
(23) represents the linear part. The inverse is illus-
trated in Figure 4 and, denoting the state by zt, we
have

zt+1 = sin(ztwt) (25)

rt = exp(wt) + sin(wt) + zt (26)

"t = yt � rt (27)

wt = "t (28)

Assuming z0 = x0, we can identify zt with xt, rt with
st and wt with et, i.e. the feedback loop in Figure 4
generates the inverse when the correct initial state is
used.

3.5 Partitioned models

Assume that c0 6= 0 in (18) and that Nt(e
t) in (19)

does not depend on et but only on previous inputs
et�1; et�2; : : : ., in other words, Pt can be decomposed
into a linear time-invariant part L with a direct term
and a nonlinear part N with at least one time-delay

Pt(e
t) = L(q�1)et +Nt(e

t�1)

For such partitioned models there will be no algebraic
loop in Figure 4 which in its turn means that the in-
version of such models is extremely simple which means
signi�cantly lower computational complexity.

4 Existence of the inverse and analysis of

unknown initial conditions

In this section we will analyze the existence of a stable
causal inverse. This issue is linked to the stability of the
feedback system in Figure 4. Also linked to the stability
of this feedback loop is the in
uence of an erroneous
initial state on the inverse. In this section we will use
the feedback structure in Figure 4 to establish suÆcient



conditions for 1) the existence of a stable causal inverse
and 2) the in
uence of the initial conditions to vanish.
The conditions will be based on a linear time-varying
system related to the feedback system in Figure 4.

4.1 Model description

We will assume that the system is in the state space
form (1){(2) but we will partition it according to (19),
cf. Figure 3. We assume relative degree zero of the
linear system, and hence the whole system.
We introduce the following notation

�t+1 = A�t +Bet

�t = C�t +Det; D 6= 0

xt+1 = ft(xt; et) (29)

st = ht(xt; et)

yt = �t + st

where �t and xt are the state vectors of the linear part
L and the nonlinear part Nt, respectively. The input to
both parts is denoted et and the output of each subsys-
tem is �t and st, respectively, summed together to give
the total output yt. Since we will analyze the stability
and transient for one particular model we have dropped
the � dependence as well.

4.2 Inverse model description

In Figure 5 the forward and the inverse systems are
shown with the internal signals presented. The states
of each block are given within parenthesis.

+ +
-

wt

rt

yt

�t

st

L(q�1)
(�t)

Nt(e
t)

(xt)

et

(zt)

"t

Nt(w
t)

(�t)
L�1(q�1)

Figure 5: Block diagram of the forward and the inverse
system.

With the inverse and the notation as in Figure 5, the
state-space equation of the inverse system is

�t+1 = (A�BD�1C)�t +BD�1"t

wt = �D�1C�t +D�1"t

zt+1 = ft(zt; wt)

rt = ht(zt; wt)

"t = yt � rt (30)

assumingD is nonzero. However, since the states of the
inverse model are unknown, �0 6= �0 and x0 6= z0, the
output of the inverse wt will not be equal to et. These
initial errors will be analyzed in the next section.

4.3 Error analysis

To analyze the dependence of erroneous initial state of
the inverse model, we consider the di�erences between
�t, st, et, and xt versus �t, rt, wt and zt which we de�ne
as

�t
4
= �t � �t �t

4
= st � rt

Æt
4
= wt � et �t

4
= zt � xt:

(31)

We will use the following assumptions

A1 : The input signals of the system et are bounded as
well as the internal dynamics of the system �t; xt
and the output of the system yt.

A2 : The nonlinear functions ft(zt; wt) and ht(zt; wt)
have continuous derivatives wrt zt and wt up to
order 2.

Theorem 4.1 Under Assumptions A1 and A2, the in-
verse will exist and the errors (31) due to unknown ini-
tial conditions will vanish if the linear time-varying sys-
tem

�t+1 = ��t �t + ��t �t
�t+1 = ��

t �t +��
t �t

(32)

is asymptotically stable where,

��t =
@ft
@zt

+
@ft
@wt

 
�D�1

@ht
@zt

�
1 +D�1

@ht
@wt

��1!

(33)

��t =
@ft
@w

D�1C

�
1 +D�1

@ht
@wt

��1
(34)

��
t = BD�1

@ht
@zt

�
1 +D�1

@ht
@wt

��1
(35)

��
t = A�BD�1C

+BD�1
@ht
@wt

D�1C

�
1 +D�1

@ht
@wt

��1
(36)

under the assumption that D 6= 0. In (33) to (36)
the derivatives wrt zt and wt are computed along the
trajectory zt = xt and wt = et, i.e. e.g.,

@ft
@zt

=
@ft(zt; wt)

@zt

����zt=xt
wt=et

The proof is shown in (Markusson and Hjalmarsson
2000).

According to Theorem 4.1, wt will converge towards et
if the linear time-varying system (32) is asymptotically
stable. Thus, we are now concerned with the stability
analysis of a LTV system with zero-input.
Let us de�ne

Ft =

�
��t ��t
��
t ��

t )

�
(37)



such that (32) can be written as�
�t+1

�t+1

�
= Ft

�
�t

�t

�
: (38)

The stability of (38) can be analyzed with a number of
methods, see e.g. (Rugh 1996). As an example the LTV
system in (38) is uniformly exponentially stable if there
exists a �nite constant 
 and a constant 0 � � � 1 such
that the largest pointwise eigenvalue of F T

t Ft, denoted
�max(t), satis�es

tY
i=j

�1=2max(i) � 
 �t�j (39)

for all t; j such that t � j (Rugh 1996). This stability
result and Theorem 4.1 gives the following corollary.

Corollary 4.1 The inverse of the nonlinear system
(29) exists and the output of the inverse wt converges
towards et as t ! 1 exponentially fast if there exists
a �nite constant 
 and a constant 0 � � � 1 such that
the largest pointwise eigenvalue of F T

t Ft obeys the in-
equality in (39), where Ft is given by (37).

Following the discussion in Section 2.2 we conclude that
consistency and asymptotic eÆciency in nonlinear dy-
namic ML estimation is normally ensured if the condi-
tions of the corollary above are satis�ed (and the system
is identi�able).

5 Numerical example

This example is a model with an unmeasured stochastic
input, partitioned as a linear model in parallel with
a nonlinear model. The example was simulated using
Matlab 5.3 and Simulink 3.0. The initial value of the
algebraic equation solver was zero in all cases. The
linear part is described by a �rst order model, �t =
L(q�1; �)et, where

L(q�1; �) =
1 + bq�1

1 + aq�1
;

where a and b are real valued parameters. The nonlin-
ear part is described by

xt+1 = cxt + et=(1 + de2t )
st = xt + get exp(�he

2
t )

and the measured output is yt = st + �t. The in-
put, et, was white Gaussian distributed noise with
unit variance. The parameters, � = (a; b; c; d; g; h)T ,
were simultaneously estimated using the ML method.
The true value of � is given in Table 1 where also
the estimation results are shown. One hundred in-
put realizations were used, each containing 1000 sam-
ples. The log-term in (10) is given by @wt

@yt
=�

1 + g expf�hw2
t g(1� 2hw2

t )
��1

.

6 Conclusions

In this paper we have characterized model inversion in
terms of a feedback loop. One of the bene�ts of the

Table 1: Estimation results (100 trials).

True value �0 mean(�̂) std(�̂)
a 0.90 0.89 0.02
b 0.60 0.59 0.04
c 0.80 0.79 0.03
d 1.00 1.01 0.20
g 0.70 0.71 0.06
h 0.20 0.20 0.03

feedback con�guration is that it can be directly imple-
mented in simulation tools like e.g., Matlab/Simulink
or MatrixX. Also, this feedback formula was used to
derive suÆcient conditions for the existence of a stable
causal inverse and for the decay of initial errors. Finally,
the feedback con�guration was used in ML estimation
on a numerical example.
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