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Abstract

In this paper, we study discrete time dissipative-
ness. Particularly, we focus on storage functions.
Differently from the continuous time case, every
storage function is not necessarily a state func-
tion in discrete time. For this problem, this paper
shows that a every nonnegative storage function is
a state function in discrete time. In addition, we
provide some of the necessary and sufficient condi-
tions for the existence of the nonnegative storage
function.
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1 Introduction

1.1 Backgrounds and Motivations
Dissipativeness is one of the most important prop-
erties in dynamical systems (cf. [9],[7],[12],[8]).
The reason for this is that various important sys-
tem characteristics can be formalized as dissipa-
tiveness. Physical intuitively, it means that a dy-
namical system always dissipates energy (dissipa-
tion rate) for a given supplied power (supply rate),
which is equivalent to saying that increase of s-
tored energy (storage function) in the system can
not exceed the supplied power. As for a storage
function, it measures the amount of energy stored
in the internal of the system, so it is naturally de-
scribed by using internal variables of the system,
that is, state variables. In fact, Trentelman and
Willems proved that every storage function is a s-
tate function in continuous time (cf.[7],[12]). This
result plays crucial roles from the view point of
not only theoretical importance but also practi-
cal importance. At first grance, it seems easy to
prove that every storage function is a state func-
tion in discrete time similarly as in the continuous
time case. However, differently from the continu-
ous time case, every storage function is not nec-
essarily a state function in discrete time. For this
problem, this paper shows that a every nonnega-
tive storage function is a state function in discrete

time. In addition, we provide a necessary and suffi-
cient condition for the existence of the nonnegative
storage function.
1.2 Notations
Let Z, R, and C denote the set of integers, real
numbers and complex numbers, respectively. The
notation Rq (Cq) denotes the set of real (complex,
respectively ) vectors of size q. For λ ∈ C, λ̄ de-
notes the conjugate of λ. For a ∈ Rq, ‖a‖2:=aTa.
For a ∈ Cq, a∗ denotes the conjugated transpose
of a and ‖a‖2 := a∗a. Let Rp×q denote the set
of real matrices of size p × q. Let (Rq)Z de-
note the set of real time series vectors of size q.
For w ∈ (Rq)Z the shift operator σ is defined by
(σw)(t) := w(t + 1). The notation lq2 is the set of
square summable time series vectors of size q, i.e.,
w ∈lq2 means that

∑t=∞
t=−∞ ‖w(t)‖2< ∞. Let R[λ]

denote the set of polynomials in the indeterminate
λ with coefficients in R. Similarly, R[ζ, η] denote
the set of two-variable polynomials in the indeter-
minates ζ and η with coefficients inR. The powers
of these indeterminates may be not only nonnega-
tive but also negative in discrete time. Particular-
ly, R[λ−1, λ] denote the set of two-sided polynomi-
als which are obtained by regarding the indetermi-
nates ζ and η in R[ζ, η] as λ−1 and λ, respective-
ly. Similarly, the set of matrix version of them are
written respectively by Rq×q[λ], Rq×q[ζ, η], and
Rq×q[λ−1, λ] for real coefficient matrices of size
p× q. For a nonsingular polynomial matrix D(λ),
we call it Hurwitz (anti-Hurwitz) if det(D(λ)) �= 0
for all λ ∈ C such that |λ| ≥ 1 ( |λ| ≤ 1, respective-
ly). For a difference equation v = M(σ)l induced
by M(λ) ∈ R∗×∗[λ], in order to represent that v
is restricted in this difference equation, we use the
notation v ∈ Im(M(σ)). For a constant matrix A,
let rank(A) denote the rank of A. Finally, let Iq

and 0p×q denote the unit matrix of size q × q and
the zero matrix of size p× q, respectively.

2 Preliminaries

2.1 Discrete time state functions
Consider a linear time-invariant discrete time dy-
namical system Σ := (Z,Rq,B), where Z is the



time axis (the set of integers), Rq is the signal s-
pace, and B ⊆ (Rq)Z is the (manifest) behavior.
Moreover, we assume that the system is control-
lable. Then, the behavior w ∈ B is described by
the image representation (cf. [10],[11]) w = M(σ)l
,where M(λ) ∈ Rq×d[λ] and l ∈ (Rd)Z . If M(λ)
is column full rank for all λ ∈ C, i.e., the system
is observable, then multiplying M(λ) by an appro-
priate nonsingular matrix P ∈ Rq×q yields PM(λ)
=

[
U(λ)T Y (λ)T

]T with det(U(λ)) �= 0 and
Y (λ)U(λ)−1 is a proper rational function. Thus,
in the case of observable image representations,
we can assume without loss of generality that the
mathematical model is described by

w = M(σ)l =
[

U(σ)
Y (σ)

]
l (1)

where det(U(λ)) �= 0 and Y (λ)U(λ)−1 is proper.

Similarly to the classical control theory, one can
consider state variables in the behavioral setting.
Consider a dynamical system Σ = (Z,Rq,B). Let
Σs := (Z,Rq × Rn,Bf ) denote this system with
latent variables, where Rn is the latent variable
space, and Bf ⊆ (Rq × Rn)Z is the set of ful-
l behaviors. Then Σs is said to be a system
with state variables if {(w1, x1), (w2, x2) ∈ Bf and
x1(0) = x2(0)} =⇒ {(w̃(t), x̃(t)) ∈ Bf} where, for
t < 0, (w̃(t), x̃(t)) is equal to (w1(t), x1(t)), and,
for t ≥ 0, (w̃(t), x̃(t)) is equal to (w2(t), x2(t)).
This is called the axiom of state (cf.[10]) and a la-
tent variable x is said to be a state variable of B.
By using polynomial matrices in Eq.(1), state vari-
ables can be characterized as follows. The proof is
straightforward from that for the continuous time
case (cf. [7],[5],[12]), so we omit it here.

Proposotion 2.1 Assume that a dynamical sys-
tem Σ = (Z,Rq,B) is controllable, and its observ-
able image representation is described by Eq.(1).
Let x ∈ (Rn)Z denote a state variable of B, and
Bf denote the full behavior of this system with s-
tate variables. Let F (λ) be a polynomial matrix
whose column size is equal to the size of l and in-
duce a new variable f = F (σ)l. Moreover, let Bext

be the system with image representation[
w
f

]
=


 U(σ)

Y (σ)
F (σ)


 l. (2)

Then, there exists a real constant matrix H such
that f = Hx for all f and x for which there exists
w ∈ B such that (w, f) ∈ Bext and (w,x) ∈ Bf , iff
F (λ)U(λ)−1 is a strictly proper rational function.

2.2 Quadratic difference forms
Quadratic difference forms are appropriate math-
ematical tools related to discrete time dissipative-

ness. They are used throughout this paper, so we
intorduce some necessary definitions and proper-
ties briefly. See [12] and [1] for more details of the
continuous time case and the discrete time case,
respectively.

An element of Rq×q[ζ, η] is described by

Φ(ζ, η) =
∑
k,l

Φklζ
kηl. (3)

The sum in Eq.(3) ranges over the integers and is
assumed to be finite, and Φkl ∈ Rq×q. For Φ(ζ, η)
∈ Rq×q[ζ, η], let Rq×q

s [ζ, η] denote the set of two-
variable polynomial matrices satisfying Φ(ζ, η) =
Φ(η, ζ)T . For all w ∈ (Rq)Z , Φ(ζ, η) ∈ Rq×q

s [ζ, η]
induces a quadratic difference form QΦ : (Rq)Z →
RZ as defined by

QΦ(w)(t) :=
∑
k,l

w(t + k)T Φklw(t + l). (4)

For a given arbitrary Φ(ζ, η) ∈ Rq×q
s [ζ, η], we de-

fine the following infinite matrix

Φ̃ :=




...
...

· · · Φ0,0 · · · Φ0,l · · ·
...

...
· · · Φk,0 · · · Φk,l · · ·

...
...



. (5)

Here all but a finite number of the elements of
Φ̃ are zero. Since we concentrate on the finite
nonzero block of Φ̃ in this paper, we regard Φ̃ as
a finite square matrix. For example, if Φ(ζ, η) ∈
Rq×q

s [ζ, η] is defined as
∑n

k,l=0 Φklζ
kηl explicitly,

we assume Φ̃ ∈ Rq(n+1)×q(n+1).

In a similar way to the constant symmetric matrix
case, the nonnegativity of quadratic difference for-
m induced by Φ(ζ, η) ∈ Rq×q

s [ζ, η] is defined as
QΦ(w)(t) ≥ 0 for all w ∈ (Rq)Z and for all t ∈ Z ,
and denoted by Φ(ζ, η) ≥ 0. As shown in Proposi-
tion 2.1 in [1], Φ(ζ, η) ≥ 0 is equivalent to Φ̃ ≥ 0.

For Φ(ζ, η) =
∑n

k,l=0 Φklζ
kηl ∈ Rq×q

s [ζ, η], factor-
ize Φ̃ = M̃T ΣΦM̃ such that M̃ ∈ R∗×q(n+1) is row
full rank and det(ΣΦ) �= 0, i.e., rank(ΣΦ) = rank
(Φ̃). With such a factorization of Φ̃, we obtain
the canonical factorization (cf.[12, 7]) of Φ(ζ, η)
described by

Φ(ζ, η) = M(ζ)T ΣΦM(η) (6)

where

M(λ) := M̃
[
I λI · · · λnI

]T ∈ R∗×q[λ].



2.3 Discrete time Dissipativeness
By using quadratic difference forms and two-
variable polynomial matirces, we can formalize the
notion of discrete time dissipativeness as follows.
Of course, these notions are parallel with the con-
tinious time case (cf. [12] and [7]). In order to
make discussion easy, we assume that B = (Rq)Z

throughout the paper. This standpoint is equiva-
lent to that stated in Section 5 in [12].

At first, we can regard QΦ(w) induced by Φ(ζ, η) ∈
Rq×q

s [ζ, η] as the power entering into the dynam-
ical system, i.e., a suppy rate. Then, we can for-
malize dissipativeness of discrete time dynamical
system as follows (cf. Definition 3.1 in [1] and Def-
inition 5.1 in [12]).

Definition 2.1 Let Φ(ζ, η) ∈ Rq×q
s [ζ, η] induce a

quadratic supply rate QΦ(w).

1. QΨ(w) induced by Ψ(ζ, η) ∈ Rq×q
s [ζ, η] is

said to be a storage function for the supply
rate QΦ(w), if QΨ(w)(t + 1) − QΨ(w)(t) ≤
QΦ(w)(t) for all t and for all w ∈ lq2.

2. Q∆(w) induced by ∆(ζ, η) ∈ Rq×q
s [ζ, η] is

said to be a dissipation rate for the supply
rate QΦ(w), if

∑t=∞
t=−∞ QΦ(w)(t) =

∑t=∞
t=−∞

Q∆(w)(t), and Q∆(w)(t) ≥ 0 for all t and
for all w ∈ lq2.✷

As for dissipation rates, it follows from Lemma 3.1
in [1] that

∑t=∞
t=−∞ QΦ(w)(t) =

∑t=∞
t=−∞ Q∆(w)(t)

for all w ∈ lq2 is equivalent to saying

Φ(λ−1, λ) = ∆(λ−1, λ) (7)

for all nonzero λ ∈ C.

The relation between a supply rate, a storage func-
tion, and a supply rate can be formalized as follows
(cf. Proposition 3.3 in [1], Theorem 4.3 in [7], and
Proposition 5.2 in [12]).

Theorem 2.1 Let Φ(ζ, η) ∈ Rq×q
s [ζ, η] induce a

supply rate. Then, the following four conditions
are equivalent.

1). For all w ∈ lq2,
∑∞

t=−∞ QΦ(w)(t) ≥ 0.

2). Φ(e−jω, ejω) ≥ 0 for all ω ∈ [0, 2π).
3). Φ(ζ, η) admit a storage function.
4). Φ(ζ, η) admit a dissipation rate.

Moreover, for the supply rate induced by Φ(ζ, η)
there is a one-one relation between storage func-
tions QΨ(w) induced by Ψ(ζ, η) and dissipation
rates Q∆(w) induced by ∆(ζ, η), which is described
by

QΨ(w)(t + 1) −QΨ(w)(t) =
QΦ(w)(t) −Q∆(w)(t)(ζ, η)) (8)

for all time t ∈ Z, or equivalently,

Ψ(ζ, η) = (Φ(ζ, η) − ∆(ζ, η))/(ζη − 1). ✷ (9)

Consider the supply rate QΦ(w) induced by Φ(ζ,
η) ∈ Rq×q

s [ζ, η] with its canonical factorization
Φ(ζ, η) = M(ζ)ΣM(η). In the following, we
regard Σ = (Z, (R)∗, Im(M(σ))) as a dynami-
cal system. In addition, assume that M(λ) is
column full rank for all λ ∈ C. Related to
Proposition 2.1, Ψ(ζ, η) ∈ Rq×q

s [ζ, η] that in-
duces a storage function for QΦ(w) is said to be
a state function of this dynamical system Σ if
U(ζ)−T Ψ(ζ, η)U(η)−1 is strictly proper with re-
spect to ζ and η, or equivalently F (λ)U(λ)−1 is
proper, where F (λ) is obtained by the canonical
factorization Ψ(ζ, η) = F (ζ)T ΣΨF (η). It then
follows from Proposition 2.1 that Ψ(ζ, η) can be
described by Ψ(ζ, η) = xTKx where x is a state
variable of B = Im(M(σ)) and K := HT ΣΨH .

In addtion to Section 2.1, we again define some
notations related to the above stand points. Let
Φ(ζ, η) induce a supply rate QΦ(w). For this
supply rate QΦ(w), define S(Φ) := {Ψ(ζ, η) ∈
Rq×q

s [ζ, η]| QΨ(w) induced by Ψ(ζ, η) is a stor-
age function for QΦ(w) and D(Φ) := {∆(ζ, η) ∈
Rq×q

s [ζ, η]| Q∆(w) induced by ∆(ζ, η) is a dissi-
pation rate for QΦ(w). Next, fix one of ∆(ζ, η)
∈ D(Φ) (Ψ(ζ, η) ∈ S(Φ)) S(Φ,∆) := {Ψ(ζ, η) ∈
S(Φ)| Ψ(ζ, η) satisfies Eq.(9) for a fixed ∆(ζ, η) ∈
D(Φ)}. Similarly, for a fixed Ψ ∈ S(Φ), de-
fine D(Φ,Ψ) := {∆(ζ, η) ∈ D(Φ)| ∆(ζ, η) satisfies
Eq.(9) for a fixed Ψ(ζ, η) ∈ S(Φ)} .

3 Nonnegative storage functions and state
functions (Main results)

As stated in the introduction, every storage func-
tion is not necessarily a state function in discrete
time.

Example 3.1 Consider a supply rate induced by

Φ(ζ, η) =
[

1 ζ
] [

1 1
1 2

] [
1
η

]
(10)

with its canonical factorization Φ(ζ, η) = M(ζ)T

ΣΦM(η) , where M(λ) :=
[

1 + λ λ
]T and

ΣΦ := I2 . It is clear that M(λ) is observable and
defining U(λ) := 1 + λ allows us to observe that
M(λ)U(λ)−1 is proper, which implying U(ζ)−1

Φ(ζ, η) U(η)−1 is proper with respect to ζ and η.
Moreover, U(λ−1)−TM(λ−1)T is also proper, so
U(λ−1)−1Φ(λ−1, λ)U(λ)−1 is proper. Here, one



can take

∆(ζ, η) =
[

1 ζ ζ2
] 
 1 1 0

1 1 0
0 0 1





 1

η
η2


(11)

with its canonical factorization ∆(ζ, η) = D(ζ)T

D(η) , where D(λ) :=
[

1 + λ λ2
]T

. Indeed, it
is easy to verify that ∆(ζ, η) ≥ 0 and ∆(λ−1, λ)
= Φ(λ−1, λ). However, D(λ)U(λ)−1 is not prop-
er. At the same time, it follows from Eq.(9) that
Ψ(ζ, η) := S(Φ,∆) can be described by

Ψ(ζ, η) =
[

1 ζ
] [

0 0
0 −1

] [
1
η

]
(12)

with its canonical factorization Ψ(ζ, η) = F (ζ) ΣΨ

F (η), where F (λ) := λ, and ΣΨ := −1. It is
clear that the storage function QΨ(w) induced by
Ψ(ζ, η) is not a state function bacause F (λ)U(λ)−1

= λ/(1 + λ) is not stricyly proper. ✷

The above simple example illustrates that the oth-
er additional conditions on supply rates, storage
functions, or dissipation rates are required. For
this problem, the folloing theorem provides one of
the sufficient conditions.

Theorem 3.1 Let Φ(ζ, η) ∈ Rq×q
s [ζ, η] induce a

supply rate. Assume that there exists a nonneg-
ative storage function for this supply rate QΦ(w).
Then, every nonnegative storage function is a state
function of the supply rate QΦ(w). ✷

Proof: Before going to the proof, we show the fol-
lowing two lemmas. See [2] for their proofs.

Lemma 3.1 Let Φ(ζ, η) ∈ Rq×q
s [ζ, η] induce a

supply rate. For this supply rate, let ∆(ζ, η) ∈
D(Φ). Assume that

rank(∆̃) = rank(∆(0, 0)), (13)

where, ∆̃ is defined for ∆(ζ, η) in the same way
as Eq.(5). Then, the storage function induced by
S(Φ, ∆) is a state function of the supply rate
QΦ(w). ✷

Lemma 3.2 Let Φ(ζ, η) ∈ Rq×q
s [ζ, η] induce a

supply rate. Assume that Φ(e−jω, ejω) > 0 for all
ω ∈ [0, 2π). Then, there exist a storage function
induced by Ψ+(ζ, η) that satisfies

Ψ(ζ, η) ≤ Ψ+(ζ, η) (14)

for any other Ψ(ζ, η) ∈ S(Φ). In addition,
Ψ+(ζ, η) is written by

Ψ+(ζ, η) = (Φ(ζ, η) −A(ζ)T A(η))/(ζη − 1)(15)

where A(λ) is an anti-Hurwitz spectral factor of
Φ(λ−1, λ) = A(λ−1)TA(λ). ✷

We now return to the proof of Theorem 3.1. In
order to simplify the proof, we assume the fol-
lowing conditions for the supply rate induced by
Φ(ζ, η) ∈ Rq×q

s [ζ, η] whose canonical factorization
is described by Φ(ζ, η) = M(ζ)T ΣΦM(η).

(a). M(λ) is column full rank for all λ ∈ C
(b). Φ(e−jω, ejω) > 0 for all ω ∈ [0, 2π) .

Firstly, we provide the proof under the above as-
sumptions. Using (b), we can obtain Φ(λ−1, λ) =
A(λ−1)TA(λ), where A(λ) is an anti-Hurwitz spec-
tral factor. It then follows from Lemma 3.2
that the maximum storage function is induced by
Ψ+(ζ, η) described by Eq.(15). In addition, the ex-
istence of the nonnegative storage function yields
Ψ+(ζ, η) ≥ 0, that is, its canonical factorization
is described by Ψ+(ζ, η) = F+(ζ)T F+(η), where
F+(λ) ∈ R∗×q[λ].

Consider an arbitrary nonnegative storage func-
tion induced by Ψ(ζ, η) ∈ S(Φ). It is also clear
that its canonical factorization can be also de-
scribed by Ψ(ζ, η) = F (ζ)TF (η), where F (λ) ∈
R∗×q[λ]. Define Ψd(ζ, η) = Ψ+(ζ, η)−Ψ(ζ, η) and
Ψ̃d for this Ψd(ζ, η) as in the same way to Eq.(5).
It follows from Ψ+(ζ, η) ≥ Ψ(ζ, η) that Ψ̃d ≥ 0.
Here, for an arbitrary λ ∈ C and α ∈ Cq, define
an complex vector

a :=




Iq

λIq

...
λh∗

Iq


α ∈ Cq(h∗+1)

where h∗ is the degree of Ψd(ζ, η). The quadrat-
ic form a∗Ψ̃da is nonnegative, so α∗Ψ+(λ̄, λ)α
−α∗Ψ(λ̄, λ)α ≥ 0, i.e.,

α∗F+(λ̄)TF+(λ)α ≥ α∗F (λ̄)TF (λ)α ≥ 0 (16)

for all λ ∈ C and α ∈ Cq.

Next, by using U(λ) obtained for M(λ) as in the
same way to Eq.(1) and an arbitrary u ∈ Cq, de-
fine a complex vector described by α′ := U(λ)−1u.
In Eq.(16) we can apply an arbitrary complex vec-
tor α, so substituting α′ into α in Eq.(16) leads
to

‖F+(λ)U(λ)−1u‖2 ≥ ‖F (λ)U(λ)−1u‖2 ≥ 0 (17)

for almost every λ ∈ C. Since det |A(0)TA(0)|
�= 0, we can observe that A(ζ)T A(η) satisfies
Eq.(13). Hence, it then follows from Ψ+(ζ, η)
= F+(ζ)TF+(η) = S(Φ, A(ζ)T A(η)) and Lem-
ma 3.1 that F+(λ)U(λ)−1 is strictly proper. By
using this fact, |λ| → ∞ in Eq.(17) leads to
lim|λ|→∞ ‖F (λ)U(λ)−1u‖2 = 0. Due to the arbi-
trariness of u, we can conclude that the all columns



of F (λ)U(λ)−1 are strictly proper. This completes
the proof under the assumptions (a) and (b).

Secondly, we suppose that (b) does not hold. De-
fine new supply rate induced by

|Φ|(ζ, η) := M(ζ)TM(η). (18)

Note that Eq.(18) also describes the canonical fac-
torization of |Φ|(ζ, η). Under the assumption (a),
it is clear that |Φ|(e−jω, ejω) > 0 for all ω ∈ [0, 2π),
so this new supply rate satisfies the assumption
(b). Thus the maximum storage function for the
supply rate Q|Φ|(w) is induced by

Ψ+
|Φ|(ζ, η) =

|Φ|(ζ, η) −A|Φ|(ζ)T A|Φ|(η)
ζη − 1

where A|Φ|(λ) is an anti-Hurwitz spectral factor of
|Φ|(λ−1, λ). From these facts, the same discussion
as stated in the previous subsection allows us to
observe that U(ζ)−T Ψ+

|Φ|(ζ, η) U(η)−1 is strictly
proper with respect to ζ and η.

Here, consider

(ζη − 1)Ψ(ζ, η) ≤ Φ(ζ, η) ≤ |Φ|(ζ, η). (19)

The first inequality is the dissipation inequality
for the original supply rate induced by Φ(ζ, η) and
the second one is transparent from the definition of
|Φ|(ζ, η). Eq.(19) also means that S(Φ) ⊆ S(|Φ|).
Thus, Ψ(ζ, η) ≤ Ψ+

|Φ|(ζ, η) holds for all Ψ(ζ, η) ∈
S(Φ). Assume that Ψ(ζ, η) ∈ S(Φ) is nonnega-
tive. In addition, let Ψ(ζ, η) = F (ζ)TF (η) and
Ψ+

|Φ|(ζ, η) = F+
|Φ|(ζ)TF+

|Φ|(η) denote their canon-
ical factorizations. Then, similarly to Eq.(17),
‖F+

|Φ|(λ)U(λ)−1u‖2 ≥ ‖F (λ)U(λ)−1u‖2 ≥ 0 holds
for all u ∈ Cq and almost every λ ∈ C, i.e., λ
satisfying det(U(λ)) �= 0 . Since F|Φ|(λ)U(λ)−1

is strictly proper, taking |λ| → ∞ leads to
lim|λ|→∞ ‖F (λ)U(λ)−1u‖2 = 0. Due to the arbi-
trariness of u, F (λ)U(λ)−1 is strictly proper. This
completes the proof under the assumption (a).

Finally, what we have to do is only to eliminate the
assumption (a). This elimination process is similar
to the proof of Theorem 6.1 in [7] in continuous
time. This completes the proof of Theorem 3.1 ✷.

Remark 3.1 For a trivial zero matrix, so the as-
sumption (13) holds automatically. This implies
that Lemma 3.1 includes the lossless case of ∆̃ =
0 which implies ∆(0, 0) = 0. That is to say, every
storage fucntion is a state function of a supply rate
in the discrete time lossless case. ✷

Both Theorem 3.1 and Lemma 3.1 provide suffi-
cient conditions for a storage fucntion being a s-
tate fucntion. In Example 3.1, from the view point

of Theorem 3.1, the nonnegative storage function
is not a state function. From the view point of
Lemma 3.1, Ψ(ζ, η) whose corresponding ∆(ζ, η)
violates Eq.(13) is not a state function. Thus the
assertions in both theorems may be also necessary
condition. These points are further issues.

Example 3.2 Again, consider the supply rate in-
duced by Eq.(10). From the viewpoint of The-
orem 3.1, one can take Ψ(ζ, η) = 1/2 =F (ζ)T

F (η) ≥ 0, where F (λ) := 1/
√

2 as nonnega-
tive one of S(Φ). Indeed, we can observe that
(ζη − 1)Ψ(ζ, η) ≤ Φ(ζ, η) as follows

Φ(ζ, η) − (ζη − 1)Ψ(ζ, η) =

=
[

1 ζ
] [

3/2 1
1 3/2

] [
1
η

]
≥ 0 (20)

Thus, Ψ(ζ, η) ∈ S(Φ). At the same time, it is
clear that F (λ)U(λ)−1 = 1/(

√
2(1+λ)), is strictly

proper, so the storage function induced by Ψ(ζ, η)
is a state function for Φ(ζ, η).

Example 3.3 Again, consider the supply rate in-
duced by Eq.(10). From the viewpoint of Lemma
3.1, one can take

∆(ζ, η) =
[

1 ζ
] [

3+
√

5
2 1
1 3−√

5
2

] [
1
η

]

with its canonical factorization ∆(ζ, η) = D(ζ)T

D(η) where D(λ) := ((
√

5 + 1) + (
√

5 − 1)λ)/2
as one of D(Φ) satisfying Eq.(13). Indeed, we
can observe that ∆̃ ≥ 0, i.e., ∆(ζ, η) ≥ 0, and
∆(λ−1, λ) = Φ(λ−1, λ), so ∆(ζ, η) ∈ D(Φ). In ad-
dtion, it is easy to verify that rank(∆̃) = 1 imply-
ing that Eq.(13) holds. We can also observe that
D(λ)U(λ)−1 is proper. At the same time, by using
Eq.(9), Ψ(ζ, η) := D(Φ,∆) for this ∆(ζ, η) can be
described by Ψ(ζ, η) = (1 +

√
5)/2 = F (ζ)ΣΨF (η)

where F (λ) := ((1 +
√

5)/2)
1
2 and ΣΨ = 1. S-

ince F (λ)U(λ)−1 = ((1+
√

5)/2)
1
2U(λ)−1 is strict-

ly proper, the storage function induced by Ψ(ζ, η)
is a state function.

4 The existence of nonnegative storage
functions

In Theorem 3.1, the existence of the nonnegative s-
torage functions is assumed, so we need to consider
when there exists a nonnegative storage function
for a given supply rate.

Proposotion 4.1 Let Φ(ζ, η) ∈ Rq×q
s [ζ, η] induce

a supply rate. Then, the following two conditions
are equivalent.



1).
∑T

t=∞ QΦ(w)(t) ≥ 0 for all T ∈ Z and w ∈
lq2.

2). There exists a nonnegative storage function
induced by Ψ(ζ, η) ∈ S(Φ). ✷

See [2] for the proof. In continuous time case, as
stated in [6], the existence of the nonnegative s-
torage function correponds to the existence of the
nonnegative solution of the algebraic Riccati equa-
tion. The same result may hold in discrete time.
This is one of the further studies.

Here, we consider when a storage function is non-
negative. It follows from Eq.(9) that a storage
function induced by Ψ ∈ Rq×q

s [ζ, η] is nonnegative
if and only if ∆(ζ, η) = D(Φ,Ψ) satisfies

T∑
t=∞

QΦ(w)(t) ≥
T∑

t=−∞
Q∆(w)(t), (21)

for all T ∈ Z and w ∈ lq2. This means that the
storage function, i.e., the stored energy, is nonneg-
ative at any time T if and only if the correponding
(total) dissipation energy does not exceed the (to-
tal) supplied energy. It follows from Theorem 3.1,
that we can observe that a storage function is a
state function in the above situation. It is not
unnatural to consider that this is a general situa-
tion. If the difference between supplied energy and
dissipated energy is positive (or nonnegative) the
stored energy must to be stored as net energy in
the dynamical system, i.e., positive (or nonnega-
tive) quadratic forms of state variables.

5 Conclusion

In this paper, for a given supply rate, we consid-
er when a discrete time storage function is a state
function of the supply rate with a dynamical sys-
tem. For this problem, we have shown that every
nonnegative storage function is a state function.
The detailed proof will be shown in our forthcom-
ing paper ([2]).

Further stuidies are as follows. Firstly, we have
to consider what physical meaning the assumption
Eq.(13) imposed to dissipation rates have. Sec-
ondly, we should claim that a storage function is a
state function under the condition which is more
general than that in this paper. Finally, we are
going to develop the discrete time dissipativeness
based on the above studies.
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