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Abstract

In this note, we compare seven model reduction algo-
rithms by applying them to four di�erent dynamical
systems. There are four SVD based methods, and three
moment matching based methods. The results illus-
trate that overall, balanced reduction and approximate
balanced reduction are the best when we consider whole
frequency range. Moment matching methods always
lead to higher error norms than SVD based methods
due to their local nature; but they are numerically more
e�cient. Among them, the rational Krylov algorithm
gives the best results.

1 Introduction

Many algorithms for model reduction have been devel-
oped. One of the most common approaches is balanced
model reduction; �rst introduced by Moore [9]. This
method transforms the system to a basis where the
states are equally di�cult to reach and observe. The
reduced model is obtained simply by truncating the
states which are the most di�cult to reach and observe.
Two other closely related model reduction techniques
are Hankel norm approximation [10] and the singular
perturbation approximation [8], [1]. When applied to
stable systems, all of these three approaches are guar-
anteed to preserve stability and provide bounds on the
approximation error. Recently much research has been
done to establish a connection between Krylov sub-
space projection methods used in numerical linear alge-
bra and model reduction [2], [3], [4], [5], [7], [12]. The
implicitly restarting algorithm [11] has been applied to
obtain stable reduced models [6]. The approximate bal-
ancing method introduced in [2] iteratively computes a
kth order approximately balanced system without com-
puting the full order balanced model.

In this note, we compare seven model reduction
algorithms; namely:
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� Balanced Model Reduction
� Approximate Balanced Reduction
� Singular Perturbation Method
� Hankel Norm Approximation
� Arnoldi Procedure
� Lanczos Procedure
� Rational Krylov Method
The methods are applied to four di�erent dynamical
systems: We examine the advantages and drawbacks of
each algorithm, and also their applicability in di�erent
cases.

2 Model Reduction Methods

Throughout this section, let

� =

�
A B

C D

�
(2.1)

be the full order model where A 2 R
n�n is stable,

B 2 R
n�m, and C 2 R

p�n; and let �k =

�
Ak Bk

Ck Dk

�

be the kth order reduced model where Ak 2 R
k�k,

Bk 2 R
k�m, and Ck 2 R

p�k. In this section we brie
y
describe the algorithms used in this paper (see above.)
The �rst four make use of the Hankel singular values
(de�ned below) and the latter three are based on match-
ing the moments, i.e. the coe�cients of the Laurent
expansion of the transfer function around some point
of the complex plane.

2.1 SVD Based Methods

In this section we will discuss approximation methods
which are based on the Hankel singular values of the
to-be-approximated system �.

Let P and Q be the unique Hermitian positive de�nite
solutions to

AP + PAT +BBT = 0; ATQ+QA+ CTC = 0:

The hankel singular values �i(�) of the system � are
the square roots of the eigenvalues of the product PQ:

�i(�) =
p
�i(PQ):



2.1.1 Balanced Model Reduction: Let P =
UUT andQ = LLT where U and L are upper and lower
triangular matrices respectively. Let UTL = ZSY T

be the singular value decomposition (SVD) of UTL. A

balancing transformation is given by Tb = S
1

2ZTU�1 =
S�

1

2 Y TLT . Then, the Lyapunov equations become

AbS + SAT
b +BbB

T
b = 0; AT

b S + SAb + CT
b Cb = 0:

where Ab = TbAT
�1
b , Bb = TbB, Cb = CT�1b . We

partition S = diag(�i) =

�
�1

�2

�
with the entries

of �2 are small; we also partition the balanced system
conformally:

�b =

�
Ab Bb

Cb D

�
=

2
4 A11 A12 B1

A21 A22 B2

C1 C2 Db

3
5 (2.2)

where A11 2 R
k�k, B1 2 R

k�m, and C1 2 R
p�k. The

reduced system �k =

�
A11 B1

C1 0

�
; of order k has the

following properties: A11 is stable and the H1 norm of
the error system satis�es

k�� �kk1 � 2(�k+1 + � � �+ �n): (2.3)

2.1.2 Approximate Balanced Method: The
approximate balanced method [2] solves a Sylvester
Equation to obtain a reduced order almost balanced
system iteratively without computing the full order bal-
anced realization �b in (2.2).

In the SISO (single-input single-output) case, the cross
Grammian X is computed as the solution to the
Sylvester equation

AX +XA+BC = 0: (2.4)

It can be shown that X2 = PQ for this case. In
the MIMO case, (2.4) is not even de�ned unless m=p.
Hence, we proceed by embedding the system � in a sys-
tem �̂ which has the same order, is square, and sym-
metric:

�̂ =

�
A B̂

Ĉ

�
=

2
4 A JCT B

C

BT J�1

3
5 ; J = JT :

J is called the symmetrizer, and is chosen so that AJ =
JAT and �i(PQ)��i(P̂Q̂)=�(X̂)2 where X̂ is the cross
grammian of �̂; for details see [2]. Let X̂ = U�V T be
the SVD of X̂ and de�ne X̂k = Uk�kV

T
k where Uk

and Vk are the leading k columns of U , V , respectively,
and �k is the leading k � k block of �; i.e. X̂k is the
best rank k approximation to X̂. Let X̂k = ZkDkW

�
k

where W �
kZk = Ik be a partial eigenvalue decomposi-

tion of X̂k. Then an approximately balanced system is

obtained as �k =

�
W �

kAkZk W �
kBk

CZk

�
:

The advantage of the approximate balancing method
is that it computes an almost balanced reduced system
iteratively without computing a balanced realization of
the full order system �rst, followed by truncation. For
details on the implementation of this algorithm, see [2].

2.1.3 Singular Perturbation Approxima-

tion: From (2.2) follows the singular perturbation ap-
proximation:

�k =

�
A11 �A12A

�1
22 A21 B1 �A12A

�1
22 B2

C1 � C2A
�1
22 A21 D � C2A

�1
22 B2

�
:

The H1 norm of the error system satis�es the same
inequality (2.3) as in balanced reduction case.

2.1.4 Hankel Norm Approximation: Let �
be given as in (2.1). Then, there exist a dynamical
system ~� so that the system � � ~� is all pass, and
k� � ~�kL1 = �k+1(�). ~� has exactly k stable poles.
Decompose ~� in a stable part �+ and anti-stable part
��: ~�=�++��. Then �+ is an optimal Hankel norm
approximation of order k of the system �. The H1
norm of the error system satis�es (2.3).

2.2 Moment matching methods

Given � as in (2.1), we expand the transfer function
G(s) = C(sI �A)�1B +D around some s0 2 C :

G(s) = �0+ �1(s� s0)+ �2(s� s0)
2+ �3(s� s0)

3+ � � � :

The �j ; j � 0's are called themoments of � at s0. Then
the moment matching approximation problem consists
in �nding a reduced order model �k with

Gk(s) = �̂0+ �̂1(s�s0)+ �̂2(s�s0)
2+ �̂3(s�s0)

3+ � � � :

such that for an appropriate k there holds: �j = �̂j j =
0; 1; 2; � � � ; k. This problem can be solved in a recur-
sive and numerically reliable way. For the special case
where s0 =1; i.e. the expansion is around in�nity, the
moments are indeed the Markov parameters of � and
the moment matching problem is the problem of partial
realization. In this case solutions can be computed by
means of the Lanczos and Arnoldi procedures brie
y
described below. For an arbitrary s0 2 C , the problem
becomes the Rational Interpolation problem and solu-
tions can be computed by means of the rational Krylov
method described in Section 2.2.3 below.

2.2.1 The Arnoldi Procedure: Let the full
order model � in (2.1) be SISO, i.e., p = m = 1. The
k step Arnoldi process generates matrices V 2 R

n�k,
H 2 R

k�k , and f 2 R
n so that

AV = V H + feTk , V
TV = Ik; V

T f = 0

where H is an upper Hessenberg matrix, V e1 = B
kBk

and ek denotes the k
th unit vector. The reduced model



is obtained by the following projection:

�k =

�
V TAV V TB

CV D

�

2.2.2 The Lanczos Procedure: Again, let
the full order model � in (2.1) be SISO, i.e., p = m = 1.
Then the two-sided Lanczos algorithm generates matri-
ces V;W 2 R

n�k, H 2 R
k�k, and f 2 R

n so that

AV = V T + feTk ; A
TW =WT T + geTk ,

V TW = Ik; V
T g =W T f = 0

where T is a tridiagonal matrix. The reduced model is
obtained by the following projection:

�̂ =

�
V TAW V TB

CW D

�

We note that both the Arnoldi and Lanczos methods do
not guarantee stability. But using the implicit restart-
ing algorithm [11], we can obtain stable approximants.
Also there exist no global error bounds.

Remark: There are block versions of the previous two
algorithms for MIMO systems. Moreover, for the Lanc-
zos procedure to overcome break-downs due to zero kth

moment, there exists a so-called \look-ahead Lanczos"
algorithm. We do not make use of these in this note. In
case of break-downs, the shifted Lanczos and Arnoldi
algorithms can be used instead.

2.2.3 The Rational Krylov Method: The
rational Krylov Method is a generalized version of the
standard Lanczos method. Given a dynamical system
�, a set of interpolation points w1; � � � ; wl, and an in-
teger N , the rational Krylov algorithm produces a re-
duced order system �k that matches N moments of �
at w1; � � � ; wl. The reduced system is not guaranteed to
be stable and no global error bounds exist. Moreover
the selection of interpolation points which determines
the reduced model is not an automated process and has
to be �gured out by the user using trial and error. How-
ever, this algorithm can be applied to systems of very
high order.

3 Analysis of the Reduction Algorithms

In this section we apply the algorithms mentioned
above to four di�erent dynamical systems: a structural
model, a heat transfer model, a clamped beam, and a
low-pass Butterworth �lter. We reduce the order of the
models approximately to the 1

10
except for the Butter-

worth example. Table-1 shows the order of the systems,
n; the number of inputs, m, and outputs, p; the order
of reduced systems, k and the corresponding tolerance1

1Tolerance value corresponding to a kth order reduced system

is given by the ratio
�k

�1
where �1 and �k are the largest and k

th

singular value of the system respectively.

value �. Moreover, the normalized2 Hankel singular val-
ues of each model are depicted in Figure 1. To make a
better comparison between the systems, in Figure 2 we
also show relative degree reduction k

n
vs a given error

tolerance �k
�1
. This �gure shows how much the order can

be reduced for the given tolerance: the lower the curve,
the easier to approximate. It can be seen from Figure
2 that among all models for a �xed tolerance value less
than 1:0�10�5, the structural model is the hardest one
to approximate. One should notice that speci�cation of
the tolerance value � determines everything in all of the
methods except the rational Krylov method. The or-
der of the reduced model and the eigenvalue placement
are completely automatic. On the other hand, in the
rational Krylov method, one has to choose the interpo-
lation points and the the number of moments N which
are matched per point. In each subsection below, we

n m p k �

Structural Model 270 3 3 30 4:30� 10�3

Heat Model 197 2 2 20 2:37� 10�8

Clamped Beam 348 1 1 40 6:55� 10�6

Butterworth Flt. 100 1 1 35 1:00� 10�3

Table 1: Systems for Testing
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Figure 1: Normalized Hankel singular values of all models

brie
y describe the systems and then apply the algo-
rithms. For each example the Hankel singular values,
the largest singular value of the frequency response of
the full order model, the reduced order model , and of
the corresponding error systems are shown. Moreover,
the relative H1 and H2 norms of the error systems are
tabulated.

3.1 Structural Model

This is a model of component 1r (Russian service mod-
ule) of the International Space Station. It has 270
states, 3 inputs and 3 outputs. The real part of the
pole closest to imaginary axis is �3:11 � 10�3. The
normalized Hankel singular values of the system are

2For comparison, we normalize the highest Hankel singular

value of each system to 1.
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shown in Figure 1-a. We approximate the system with
reduced models of order 30. This corresponds to a tol-
erance values of 4:3�10�3. Since the system is MIMO,
the Arnoldi and Lanczos Algorithms do not apply. The
resulting reduced order systems are shown in Figure 3-
a. We note that since the reduced models obtained by
singular perturbation and balanced reduction are very
close to each other, we do not depict the singular per-
turbation approximation. As seen from the �gure, all
the models work quite well. The peaks, especially the
ones at the lower frequencies, are well approximated.
Figure 3-b shows the largest singular value of the fre-
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Figure 3: The largest singular value of the frequency re-
sponse of (a) the reduced systems (b) the error
systems of the structural model

quency response of the error systems. Rational Krylov
does a perfect job at the lower and higher frequencies.
But for the moderate peak frequency levels, it has the
highest error amplitude. This is because of the fact
that the selection of interpolation point is not an au-
tomated process and relies on ad-hoc speci�cation by
the user. Hankel norm approximation seems to be the
worst for low and higher frequencies. On the other
hand, at moderate frequencies the error systems for
SVD based methods are very close. Table 2 lists the

relative3 H1 and H2 norms of the errors system. As

H1 norm H2 norm

Balanced 3:89� 10�3 2:18� 10�2

Approx. Balanced 4:17� 10�3 9:98� 10�3

Hankel Norm App. 3:86� 10�3 4:10� 10�2

Singular Pertur. 3:89� 10�3 2:18� 10�2

Rational Krylov 2:45� 10�2 4:17� 10�1

Table 2: Relative error norms for the structural model

seen from the �gure, rational Krylov has the highest
error norms. Hankel norm approximation and approx-
imate balancing are the best in terms of H1 and H2

norms respectively. Considering the whole frequency
range, balanced reduction and approximate balanced
reduction are the best.

3.2 Heat Transfer Model

The original system is a plate with two heat sources
and measurements at two points on the plate. It is de-
scribed by the heat equation. A model of order 197 is
obtained by spatial discretization. The system is sta-
ble. The real part of the pole closest to imaginary axis
is �1:52 � 10�2. It is observed from Figure 1-a that
this system is very easy to approximate since the Han-
kel singular values decay very rapidly. We approximate
the model with a model of order 20 which corresponds
to a tolerance value of 2:37�10�8. Since this is a MIMO
system, Lanczos and Arnoldi do not apply. As expected
due to the very low tolerance value, all methods gener-
ate satisfactory approximants matching the full order
model through the whole frequency range (see Figure
4). Only the rational Krylov method has some prob-
lems for moderate frequencies due to the unautomated
choice of interpolation points.
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Figure 4: The largest singular value of the frequency re-
sponse of (a) the reduced systems (b) the error
systems of the heat model

3To �nd the relative error, we divide the norm of the error

system with the corresponding norm of the full order system.



H1 norm H2 norm

Balanced 2:12� 10�8 1:22� 10�7

Approx. Balanced 5:49� 10�8 2:35� 10�7

Hankel Norm App. 1:01� 10�8 1:91� 10�6

Singular Pertur. 1:63� 10�8 3:64� 10�6

Rational Krylov 1:46� 10�4 1:86� 10�3

Table 3: Relative error norms of the heat model

3.3 Clamped Beam Model

It is the model of a beam clamped at one end. The force
applied at the free end is the input and the resulting dis-
placement is the output. The model we used has 348
states, is SISO, and is again obtained by spatial dis-
cretization of an appropriate partial di�erential equa-
tion. For this example, the real part of the pole closest
to imaginary axis is �5:05�10�3. We approximate the
system with a model of order 40 corresponding to a tol-
erance value of 6:55� 10�6 as can be seen from Figure
1-a. Approximate balanced method results in almost
the same reduced model as balanced reduction. Hence
we show the plots only for balanced reduction. The plot
of the largest singular value of the frequency response
of the approximants and error systems are shown in
Figure 5-a and 5-b respectively. Since CB = 0, we
expand the transfer function G(s) of the original sys-
tem around s0 = 0:1 instead of s0 = 1 to prevent the
breakdown of Lanczos. We also use the shifted ver-
sion of Arnoldi procedure with s0 = �1 rad/sec. As
can be seen, all the algorithms generate reduced order
models which approximate the full order model quite
well for the whole frequency range. Rational Krylov
is again the best one for both s = 0 and s = 1. In-
deed except for the frequency range between 0:6 and 30
rad/sec, this method gives the best approximant. The
Arnoldi and Lanczos procedures also lead to very good
approximants especially for the frequency range 0 � 1
rad/sec. This is due to the choice of s0 as a low fre-
quency point. Among the SVD based methods, Hankel
norm approximation has the highest error around s = 0.
Balanced model reduction is the best one when we con-
sider the whole frequency range as can be seen from
the error curves. In terms of error norms, SVD based
methods are much better than moment matching based
eethods. In spite of having the least H1 error norm,
Hankel norm approximation has again the highest H2

error norm among the SVD based methods.

3.4 Low-Pass Butterworth Filter

The full order model is a low-pass Butterworth �lter of
order 100 with cuto� frequency 1 rad/sec. The normal-
ized Hankel singular salues corresponding to this sys-
tem are shown in Figure 1-a and Figure 1-b. It should
be noticed that unlike the other systems, Hankel sin-
gular vaalues stay constant at the beginning, and then
start to decay. Therefore, we cannot reduce the model
to order less than 25 using an SVD based method.
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Figure 5: The largest singular value of the frequency re-
sponse of (a) the reduced systems (b) the error
systems of the clamped beam model

H1 norm H2 norm

Balanced 5:88� 10�6 2:91� 10�4

Approx. Balanced 5:88� 10�6 2:91� 10�4

Hankel Norm App. 4:17� 10�6 4:44� 10�4

Singular Pertur. 6:81� 10�6 3:57� 10�4

Rational Krylov 2:34� 10�4 1:91� 10�3

Arnoldi 1:65� 10�4 5:14� 10�3

Lanczos 1:19� 10�4 1:90� 10�4

Table 4: Relative error norms of the clamped beam model

Hence we approximate the system with a model of or-
der 35 corresponding to a tolerance value of 1 � 10�3.
One should notice that the transfer function of this ex-
ample has no zeros. Thus Arnoldi and Lanczos pro-
cedures do not work if we expand the transfer func-
tion G(s) around s = 1. Instead, we expand G(s)
around s0 = 0:1. As Figure 6-a illustrates, all the
moment matching based methods have di�culty espe-
cially around the cuto� frequency. Among them, Lanc-
zos and Arnoldi show very similar results and are bet-
ter than rational Krylov method. On the other hand,
SVD based methods work without any problem produc-
ing quite good approximants for the whole frequency
range. Rational Krylov has the highest H1 and H2 er-
ror norms. And, Hankel norm approximation is again
the best in terms H1 norm but the worst in terms of
H2 norm among the SVD based methods.

H1 norm H2 norm

Balanced 6:29� 10�4 5:19� 10�4

Approx. Balanced 6:29� 10�4 5:19� 10�4

Hankel 5:68� 10�4 1:65� 10�3

Singular Pertur. 6:33� 10�4 5:21� 10�4

Rational Krylov 1:02� 100 4:44� 10�1

Arnoldi 1:02� 100 5:38� 10�1

Lanczos 1:04� 100 3:68� 10�1

Table 5: Relative error norms of the Butterworth �lter
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Figure 6: The largest singular value of the frequency re-
sponse of (a) the reduced systems (b) the error
systems of the Butterworth �lter

4 Conclusion

In this note we presented a comparative study of
seven algorithms for Model Reduction: balanced model
reduction, approximate balanced reduction, singular
perturbation method, Hankel norm approximation,
Arnoldi procedure, Lanczos procedure, and rational
Krylov method- by applying them to four di�erent dy-
namical systems. The �rst four make use of Hankel sin-
gular values and the latter three are based on matching
the moments; i.e. the coe�cients of the Laurent ex-
pansion of the transfer function around some point of
the complex plane. The results show that balanced re-
duction and approximate balanced reduction are the
best when we consider the whole frequency range. Be-
tween these two, approximate balancing has the ad-
vantage that it computes an almost balanced reduced
system iteratively without obtaining a balanced realiza-
tion of the full order system �rst, and truncating subse-
quently, thus reducing the computational cost and stor-
age requirements. Hankel norm approximation gives
the worst approximation around s = 0 among the SVD
based methods. Although it has the lowest H1 er-
ror norm in most of the cases, it leads to the highest
H2 error norm. Being local in nature moment match-
ing methods always lead higher error norms than SVD
based methods; but they reduce the computational cost
and storage requirements remarkably when compared
to the latter. Among them, the rational Krylov al-
gorithm gives better results with the 
exibility of the
selection of interpolation points. However, the selec-
tion of the points which determines the reduced model
is not an automated process and has to be speci�ed by
the user unlike the other methods where a given toler-
ance value determines everything.
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