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Abstract

Jump Markov linear systems (JMLS) are linear systems
whose parameters evolve with time according to a finite
state Markov chain. Our aim is to recursively compute
optimal conditional mean state estimates for JMLS. We
present efficient simulation-based algorithms called par-
ticle filters to solve the optimal filtering problem. Our
algorithms combine sequential importance sampling, a
selection scheme and Markov chain Monte Carlo meth-
ods. They use several variance reduction methods to
make the most of the statistical structure of JMLS.

1 Introduction

Let ry, t = 1,2, ... denote a discrete time Markov chain
with known transition probabilities. A jump Markov
linear system can be modelled as

Tir1 = A(rig1)ze + B(reg1) vigr + F (regr) wefd)
ye = C(r)z+D(re)er+G(re) ue (2)

where u; denotes a known exogeneous input, v; and &
denote independent white Gaussian noise sequences. A
jump Markov linear system can be viewed as a linear
system whose parameters (A(r:), B(r:), C(rt), D(r¢),
F(r¢), G(r:)) evolve with time according to a finite s-
tate Markov chain (r;). Neither the continuous-state
process x; nor the finite state process r; are observed —
instead we observe the noisy measurement process y;.
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Jump Markov linear systems are widely used in sev-
eral fields of signal processing including digital com-
munications such as interference suppression in CDMA
spread spectrum systems [14], target tracking [2] and
de-interleaving of pulse trains [14]. They can be viewed
as a generalization of the Hidden Markov Model (HM-
M) (which consists of a Markov chain r; observed in
white noise) to correlated noise.

It is well known that exact computation of the condi-
tional mean filtered or smoothed state estimates of x;
and r; involves a prohibitive computational cost expo-
nential in the (growing) number of observations. This is
unlike the standard HMM for which conditional mean
state estimates can be computed with linear complex-
ity in the number of observations via the HMM filter.
Recently, efficient batch (off-line) deterministic and s-
tochastic iterative algorithms have been proposed to
compute fixed-interval smoothed conditional mean and
maximum a posteriori (MAP) state estimates of z; and
rt, see [5], [14]. However, in most real-world applica-
tions, one wants to compute state estimates of z; and r;
recursively (on-line). The aim of this paper is to present
simulation-based recursive filtering algorithms for
computing conditional mean estimates of the states z;
and r; given the observation history, namely, E{z;|y;.:}
and E{r;|y1..}. Simulation based algorithms for com-
puting fixed-lag smoothed state estimates E{x¢ |y1.44-1}
and E{r;|y1..+ 1} are also of interest — see [8] for details.

Due to the prohibitive computational cost required to
compute filtered state estimates of z; and r¢, it is nec-
essary to consider in practice suboptimal estimation al-
gorithms. A variety of algorithms has already been pro-



posed in the literature to solve these estimation prob-
lems [2]. Most of these algorithms are based on de-
terministic finite Gaussian mixture approximations like
the popular Interacting Multiple Model (IMM) or the
Generalised Pseudo Bayes (GPB) algorithms [2]. These
methods are computationally cheap but they can fail in
difficult situations.

The MC particle filters can be viewed as simulation-
based approximations of the filtering distribution. Tak-
ing advantage of the increase of computational power
and the availability of parallel computers, several au-
thors have recently proposed such MC particle methods
[11]. It has been shown that these methods outperfor-
m the standard suboptimal methods. In this paper,
we propose improved simulation-based approximations
of the optimal filter and smoother with novel variance
reduction methods: the filtering distributions of inter-
est are approximated by a Gaussian mixture of a large
number, say N, of components which evolve stochasti-
cally over time and are driven by the observations.

MC particle methods to solve optimal estimation prob-
lems were introduced in automatic control at the end
of the 60’s by Handschin and Mayne [10]. Interesting
developments were then subsequently proposed in the
70’s [1]. Most likely because of the primitive comput-
ers available at the time, these papers were overlooked
and forgotten. In the beginning of the 90’s, the great
increase in computational power allowed for the rebirth
of this field. In 1993, Gordon, Salmond and Smith [9]
proposed an algorithm, the bootstrap filter, which in-
troduced a selection step that statistically multiplies
and/or discards particles at each time. This key step
led to the first operational particle filter. Following this
seminal paper, particle filters have stimulated great in-
terest in the engineering and statistical literature. With
these filters, complex non-linear non-Gaussian estima-
tion problems can be solved efficiently in an on-line
manner. Moreover, they are much easier to implement
than classical numerical methods and, contrary to de-
terministic grid-based methods, their rate of conver-
gence is theoretically not sensitive to the size of the
state space [4].

2 Problem Formulation

2.1 Signal Model

Let r; denote a discrete-time, time-homogeneous,
s-state, first-order Markov chain with transition
probabilities py, p £ Pr{riy1 = n|ry = m} for any
m,n € S where S £ {1,2,..,5}. The transition
probability matrix [pm,.], is thus an s X s matrix,
with elements satisfying p, , > 0 and 22:1 Pmn =1,
for each m € S. Denote the initial probability
distribution as p,, 2 Pr{r; = m}, for m € S, such
that p,, > 0,Ym € S and Y., _, pm = 1. Consider

the following JMLS given in equations (1)-(2) where
z; € R™ is the system state, y; € R is the observa-
tion at time ¢, u; € R™ is a known deterministic input,
v "B N(0,1,,) € R and & “A" N (0,1,,) € R
are i.i.d. Gaussian sequences, and D (i) DT (i) > 0
(vi € S). A(),B(),C(),D(),F() and
G (-) are functions of the Markov chain state
r, e (A(),B(),C(),D(),F(),G() C
{(A(m),B(m),C(m),D(m),F(m),G(m));m e S}
and they evolve according to the realisation of the
finite state Markov chain 7r; We assume that
xg ~ N (&o,Py) where Py > 0 and let =g,
and & be mutually independent for all t. The
model parameters X 2 {pn,Pmn, A (m), B (m),
C(m),D (m),F (m),G(m),&y, Po;m,n € S} are
assumed known.

2.2 Estimation objectives

Given at time t the observations yi;., assuming
that the model parameters A are exactly known,
all Bayesian inference for JMLS relies on the
joint posterior distribution p(ry.t,Xo.t|y1.+) where
P (r1e,Xo0:e| ¥1:6) = D (X0t Yiut,T1:6) P (T1:t] Y1:6). Giv-
en ri.y, p(Xoit|yis ri) is a Gaussian distribution
whose parameters can be evaluated using a Kalman fil-
ter. p(ri.4|y1+) could be computed exactly but this
discrete distribution has s! values and thus some ap-
proximations have to be made as time increases.

In this paper, we are interested in the follow-
ing optimal estimation problem: Obtain the fil-
tering distribution p(ry,x¢|y1.:) as well as the

MMSE estimate of o (r¢, @) given by T (got‘t) =

Ep(rﬁmyl:i) (@qt (rt,a:t)) where P - S x R*= —
R"™ ¢le,

ourselves to the common
]Ep(xily1:i7r1:t) Pt (rta'rt) and

We restrict
case where

EP( Te|Y1:64L,L1:t) (Sot\t+L (rhxt)) can be Computed
analytically.

Remark: In most filtering applications, we are interest-
ed in estimating the MMSE (conditional mean) state
estimates E( x| y1.t) and cov (¢ y1.¢). In these cases

Ep( elyre,riee) o (r¢,x¢)) can be computed analyti-

cally using the Kalman filter for the sequence ry.;.

3 A Simulation-Based Optimal Filter

We describe the standard Bayesian importance sam-
pling method, then show how variance reduction can
be achieved by integrating out the states xg.; using the
Kalman filter. Then, we present a sequential version
of Bayesian importance sampling for optimal filtering,



generalising current approaches in the literature. We
show why it is necessary to introduce a selection scheme
and then we propose a generic Monte Carlo filter.

3.1 Monte Carlo simulation for optimal estima-
tion

For any ¢,;, we will assume subsequently that
ple N iid. random samples,

cles, {(rgll,xg)t) 3= 1,...,N}
then an empirical

P (r1, Xo:t| Y1:t)s
this distribution would be given by

Oy G
NZ rgl,x(()

and, as a corollary, an estimate of p(r¢,z¢|y1:e) is
_ N
PN (Tt,$t| YI:t) = % Zi:l 5(”(1-)’151-)) (drt,dwt). From

this distribution, one can easily obtain an estimate of
I (¢t|t) for any Pt

If we were able to sam-
called parti-
according  to

estimate of

DN (i, Xo:t| Y1) = (dry.t, dxo.¢)

E(%\t) Z/Qﬁqt (re,2) PN (e, 0| y1:¢) dreday

1 X o
=N ZSOW (Tt(z)axgl))
i=1

This estimate is unbiased and, from the strong law
of large numbers (SLLN), ITn ((pt‘t) converges almost

surely (a.s.) towards I (gotlt) as N — +o0. If 02 0 =

VAT p( ry 2|y ise) [‘Pt|t (e, a:t)] < +00, then a central limit
theorem (CLT) holds

YN[ (oae) =1 (00)] y 3 M (0:02,,)

where “ = ” denotes convergence in distribution. The
advantage of the MC method is clear. One can easily es-

timate I (got‘t) for any ¢, and the rate of convergence

of this estimate does not depend on t. Unfortunately,
it is impossible to sample efficiently from the “target”
posterior distribution p (r1.,X0.¢|y1:¢) at any time ¢.
So we focus on alternative methods.

A solution to estimate p(ri.,Xo:|y1:) and I (80t|t)
consists of using the well-known importance sampling
method [3]. This method is based on the following re-
mark. Let us introduce an arbitrary importance distri-
bution 7 (r1.t,Xo:t| ¥1:¢), from which it is easy to obtain
samples, and such that p(ri.t,Xo.|y1¢) > 0 implies
™ (rl:tax0zt| yl;t) > 0, then

I(ear) =

Eﬂ'(l‘l:t,xo:tbq:t) (¢t|t (rta wt) w (rl:t, XO:t))
B (r1x0ulyr) (W (1225 Xo0:))

where the importance weight is equal to

D (1‘1;t, XO:t| Y1:t)

w(l‘1;t,X0;t) - ™ (rlztaXO:t|y1:t)

If we have N iid. random
{(rg’l,x((f)t) i1 =1, ...,N} distributed

to 7 (ri.4,Xo:t|y1.+) then a Monte Carlo estimate of

samples

according

I ((pﬂt) is given by

a ( ) _ Z}; (‘Ptlt) _ 221 Pt (T,Ei),mgi)) w (rgl)t,x(()’l)
o - ETN (‘Pt|t) - Zivl w (rgl)t,x(()zl)
N

= S oy ()
i=1

where the normalised importance weights ﬁ%li are

o (e
Wy = Z;V W (rg t)’x(()yz)

This method is equivalent to the following point mass
approximation of p (r1.¢,Xo:t| ¥1:¢)

N
- ~(%)
)= 2 b up
i=1

PN (T, Tt Y1:) =
)(drt,da?t). The “perfect” sim-

PN (T1:, Xo:t| Y10t ) (dry.¢, dxo.)

and thus
N - ~(i)

2it wl:té(n(i),zgl)

ulation case, i.e. m(T1.4,%0:¢|Y1:t) = P(r1:t,Xo0:¢| Y1:0),

would correspond to w;;; = N ! for any i. In practice,

we will try to select the importance distribution as
close as possible to the target distribution in a given

sense. For N finite, fj\l\, (c,ot|t) is biased (ratio of
estimates), but asymptotically according to the SLLN,
In ((pt‘t) Under
additional assumptions, a CLT also holds. However,
we first show, in the next subsection, how the variance

converges a.s. towards I(‘Pt\t)-

of the estimate I} (cpt‘t) can be decreased.

3.2 Variance Reduction

It is possible to reduce the problem of estimat-
ing P(Tt,$t|Y1:t) and I((pt\t)
pling from p(ri¢|yit). Indeed p(ri,z:lyie) =
P(r1:| y1:e) P (2¢| y1:0,1:¢) Where p (24| yi:4,71:) 1S a
Gaussian distribution whose parameters are given
by the Kalman filter. Thus, given an approx-
imation of p(ri.|y1:), ones gets straightforward-
ly an approximation of p(ry,x¢|y1.+). Moreover,

if EP( Te|y1e,1:) (Sot\t (Tta 'Tt))
closed-form expression, then the following alternative

to one of sam-

can be evaluated in a

Bayesian importance sampling estimate of T (c,ot|t) can



o

be proposed
= %\r (Sot\t)
B (eg) = 2low)
By (¢t|t)

EI By i) (P (1) ) (511)
Zf\g w (rgzl)

— P(l‘1:t|Y1:t)
where w (r1.;) = oy

7T(I‘1;t|Y1:t) = /71'(1‘1:t,X0:t|Y1;t)dX0:t

Intuitively, to reach a given precision, I (gotlt) will re-

quire a reduced number N of samples over fj\lv (cpt‘t) as

we only need to sample from a lower-dimensional dis-
tribution. This is proven in the following propositions
where it is shown that, if one can integrate xg.; analyt-
ically, then the variances of the resulting estimates are
lower than the ones of the “crude” estimates.

Proposition 1 The wvariances of the importance
weights, the numerators and the denominators satisfy
for any N

VaTr(ry.e,%0:¢|¥1:¢) [w (r1.¢,%X0:t)] — VAT 7 (r1.4]y1:4) [w (ry.¢)]

= B (rielye) [var"(xo:t|yl:tar1:t) [w (rl:t,XO:t)]]

— —

where 7 (71| y1.¢,r1.6—1) is the probability distribution
of r; conditional upon yi.; and ry.z_;. Our aim is to
obtain at any time ¢ an estimate of the distribution
p(ri.¢|y1:+) and to be able to propagate this estimate
in time without modifying subsequently the past simu-

lated trajectories {rgll,z =1,.., N}. This means that
7 (r1:441] Y1:441) admits w (r1.¢] y1.¢) as marginal distri-
bution at time ¢. This is possible if we restrict ourselves
to importance functions of the following form

t

T (r1t| yie) = 7 (r1] Y1) H T (rk| Y1k, Tre—1)  (3)
k=2

Such an importance function allows for a recursive

evaluation of w(ryt) = w(r14—1)w; and thus of

wy.t, the incremental weight w; is given by w; =
P(Yely1:e—1,r1:0)p(7elre—1)
P(yelyre—1)7(relyie,r1e—1)

x p (ytl Yiit—1, I‘1:t) p (Tt| thl)
™ (Tt| Yi:t, I‘1;t—1)

Further on, w; denotes the normalized version of wy,

. (i N LG
ie. w,g) = [ijl wij)] wt( ),

Choice of the importance distribution: There are
infinitely many possible choices for 7 (r1.t| y1.¢), the on-
ly condition being that its support includes the one of
p(r1.¢| y1:t), that is the support of p(ri.;). A sensible
selection criterion is to choose a proposal that mini-

VAT (11,4 %00t [y1:t) (A}V ((pt|t)) — VAT (v, |y1ne) (A?V ((pt|t))mizes the variance of the importance weights at time ¢,

— Al
= B (rielyne) [UGTW(XO:tlm:th:H[ N cpt‘t)]]

— — p
VAT 7 (r1.¢,%0:4 |y1:¢) (le\f (‘Pt|t)) —VaTr(ry1.ly1a) (BJ2V (‘Pt\t))

= Eﬂ(l‘ulyu) [va’rw(XO:”yl:i,rl:i) I:BJIV (‘pt|t)]:|

A sufficient condition for fj\lv (got‘t) to satisfy a CLT is

VATp( ry a4 |y1et) {cpm (rt,xt)} < 400 and w (r1.4,X0.t) <
C} < +00 for any (riy,Xo:) € St x (R™)" [3]. This
trivially implies that f]\QV ¢y ) also satisfies a CLT, see
[8] for details.

Given these results, we now focus on impor-
tance sampling methods to get an approximation of

p(ri¢|y1) and T (‘Pt|t) using an importance distri-
bution 7 (r1.¢|y1.+). Up to now, the methods we have

described are batch methods. We show in the next sub-
section how to obtain a sequential method.

3.3 Sequential Importance Sampling
One can always rewrite the importance function at time
t as follows
t
7T(I'1:t|Y1:t) = (7“1|Y1:t) H 77(7'k|Y1:t,r1:k71)
k=2

given r1; 1 and yj.¢. According to this strategy, the
following proposition establishes what the optimal im-
ortance distribution is.

Proposition 2 p(r¢|y1.¢,r1.4—1) is the distribution
which minimises the variance of the importance weights
conditional upon ri.4_1 and y1..

The proof is straightforward as one can easily check that
the conditional variance is equal to zero in this case. We
show how to implement this “optimal” distribution and
then describe several suboptimal methods.

e Optimal sampling distribution. The optimal distribution

satisfies p (ry = m|r14-1,y1:¢) =

p(ytl Yit—1,T1:4—1,7t = m)p(rt = m| 7“t—1)
P(yt| Y1:t717r1:t71)

and the associated importance weight w; is proportional
to p (Y| yre—1,T1:6-1) =

s
Z p(yt| Yii—1,T1:4—1,7Tt = m)P(Tt = m| 7"t—1)

m=1

S
= Z ® (?7t|t—1 (ri:e—1,me =m), St (Pre—1,7¢ = m))
m=1

pnfhm



where yy¢—1 (r1:¢) and Si(ry.4—1,7 =m) are respec-
tively the innovation and the one-step ahead predic-
tion covariance of the observation conditional upon
(ri:4—1,7¢ =m). Computing p(yt|YI:t—17r1:t—1) re-
quires the evaluation of s one-step ahead Kalman filter
steps. It is thus computationally intensive if s is large.

e Prior distribution. If we use the prior distribution

p(ri|rs—1) as importance distribution, the impor-
tance weight is proportional to p(y¢ y1.4-1,r1:4) =
® (¥y¢—1 (r1:¢) , St (r1:¢)). It only requires one step of
a Kalman filter to be evaluated.

o Alternative sampling distribution. It is possible to design

a variety of alternative sampling distributions. For ex-
ample, one can use the results of a suboptimal deter-
ministic algorithm to construct an importance sampling
distribution.

Degeneracy of the algorithm: The following propo-
sition shows that, for importance functions of the form
(3), the variance of w (ry.¢) can only increase (stochas-
tically) over time. The proof of this proposition is an
extension of a Kong-Liu-Wong [12, p. 285] theorem to
the case of an importance function of the form (3) and
it is omitted here.

Proposition 3 The unconditional variance (i.e. with
the observations yi1.;: being interpreted as random vari-
ables) of the importance weights w (r1.¢) increases over
time.

It is thus impossible to avoid a degeneracy phenomenon.
Practically, after a few iterations of the algorithm, all
but one of the normalised importance weights are very
close to zero and a large computational burden is devot-
ed to updating trajectories whose contribution to the
final estimate is almost zero. That is why it is of crucial
importance to introduce a selection step in the algo-
rithm. The aim of this selection step is to discard the

particles rgll with low normalised importance weights
w (rgll) and to multiply the ones with high w (rgl)t)
so as to avoid the degeneracy of the algorithm and to
jump into the interesting zones of the space. Each time

a selection step is used the weights are reset to N !,

3.4 Selection step

A selection procedure associates to each particle, say
ng)t (t = 1,...,N), a number of “children” N; € N,
such that Zfi1 N; = N, to obtain N new particles
rgl)t If N; =0, then ng)t is discarded, otherwise it has
N; “children” at time t. If we use a selection scheme
at each time step then, before the selection scheme,
we have a weighted distribution py (ri¢|y1:) =

Z£i1 zﬂgi)%ﬂ (dry.t) and, after the selection step, we

have py (r1.¢]y1e) = N7! Zfil 5#2 (dry.t).

Some selection schemes: We describe here some s-
election schemes and show how to implement them in
O (N) iterations.

e Sampling Importance Resampling (SIR)/Multinomial

Sampling procedure. This procedure, introduced o-
riginally by Gordon et al. [9], is the most popular
one. One samples N times from py (r1.¢|y1.¢) to ob-
tain (rgl)t,z = 1,...,N). This is equivalent to draw-
ing jointly (N;;i =1,...,N) according to a multinomi-
al distribution of parameters N and @gl). This algo-
rithm has been originally implemented in O (N log N)
operations [9]. In fact, it is possible to implement exact-
ly the SIR procedure in O (V) operations by noticing
that it is possible to sample in O (N) operations N i.i.d.
variables uniformly distributed in [0,1] and ordered,
ie. up < ug < - < up, using a classical algo’rithm
[15, p. 96]. In this case, we have E[N;] = Nﬁt(l) and
var [N;] = N@\” (1 — @)
in [13], it is possible and better to use selection schemes
with a reduced variance.

). However, as pointed out

e Residual Resampling [13]. This procedure performs as

follows. Set N; = [Nﬁt(i)J then perform a SIR proce-
dure to select the remaining N, =N-— Zfi1 ]Vl samples
with the new weights w, " = (@t(i)]\f - ]\Nfz) /N, finally
add the results to the current N;. In this case, we ob-
tain E[V;] = Nﬁgi) but var [N;] = Ntwi(i) (1 - wz(i)).

Recent theoretical results obtained in [4] suggest that
it is not necessary to design unbiased selection schemes,

i.e. we can have E[N;] # Nﬁt(i).

On the use of a selection scheme: Two estimates of
I'{ ¢4 ) can be proposed before, Iy (gpt‘t , and after,

IAN (cpt‘t), the selection scheme at time ¢ where

E\/f (‘pt\t) = /EP( Te|y1:e,ri:e) (Sot\t (rta'rt)) 1/77\’ (r11t| Y1:t) drlit

In (‘pt\t) = /Ep(wt\yl:t,ru) (Sot\t (Ttawt))ﬁl\\f(l‘lﬂh:t) dri

Using the variance decomposition, it is straightforward
to show that if the selection scheme used is unbiased

o var (Iv (1)) 2 var (I (¢2.))

So it is better to estimate I (cpt‘t) using In (got‘t) as

the selection scheme can only increase the variance of
the estimate.

3.5 Implementation Issues
Given at time ¢t — 1, N € N* random samples

(rgl;)tq;i =1,..., N) distributed approximately ac-



cording to p(ri.t—1|y1.4—1), the MC filter proceeds as
follows at time t.

Particle Filter for JMLS

Sequential Importance Sampling step

e Fori =1,..,N, sample ﬁ’) ~ w(rt|y1:t,r§271)

and set Fg’l £ (rgf)t_l,?ii)).

e Fort = 1,...,N, evaluate the importance weights
up to a normalising constant:

y P (yt|Y1;t71,F§f)t)p (ng)

S A (et

s

~(9) )

(¢
wy

(4)

e Fori =1,..., N, normalise the importance weights:

-1

N
@) = | w? | wf? (5)
j=1
Selection step

e Multiply/Discard particles (Fgli,z =1,... ,N) with
respect to high/low normalised importance weights
ﬁt(i) to obtain IV particles (rgzl,z =1,.. .,N).

Clearly, the computational complexity of this algorith-
m at each iteration is O (N). At first sight, it could
appear that one needs to keep in memory the paths
of all trajectories, that is (Fgl)t,z =1,... ,N). In this
case, the storage requirements would increase linearly
over time. Actually, under the standard assumption
that « (r¢|y1.t,r1.4—1) only depends on ry.s—; via the

set of low-dimensional sufficient statistics m ;_; (rgl)t)

and Py (rgzl), this is the case for p(r¢|r,—1) and

p(re|y1.¢,T1.4-1), then one only needs to keep in mem-
ory these statistics. So the storage requirements are
still O (N) and do not increase over time.
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