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Abstract

In this paper, the Sliding Mode Control (SMC) is incor-
porated with Time-Delay Control (TDC) during sliding
phase to reduce the switching gain. TDC identifies the
unknown system dynamics and disturbance directly ev-
ery delay-time. For a system with a lumped perturba-
tion which is relatively slow varying with respect to
the sampling interval, a much low switching gain can
be used if a reasonably good estimate of the derivative
of system state can be obtained using the past infor-
mation, hence chattering can be reduced or eliminated
while retaining the tracking accuracy. This paper con-
siders unmatched uncertainties. It is an extension of
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1 Introduction

Over the past two decades, there has been an increas-
ing interest in Sliding Mode Control (SMC) owning to
its insensitiveness to parametric uncertainties and dis-
turbances. Essentially, Sliding Mode Control (SMC)
utilizes a discontinuous control law to drive system’s
state trajectory onto a specified and user-chosen sur-
face in the state space (called the sliding or switching
surface), and to maintain the system’s state trajectory
on this surface for all subsequent time [2] [3]. The plant
dynamics restricted to this surface represent the con-
trolled system’s behavior. Hence, VSC design follows
two standard steps: (1) a sliding surface is designed
such that the closed-loop system during sliding mode
exhibits desired dynamic behavior; (2) a discontinuous
control law is employed to force the system states to
remain on the surface. These steps become two key
issues to attain stable sliding motion satisfying some
pre-specified specifications.

In this paper, we concentrate on the second design step.
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We consider a broader class of uncertain systems which
may be contaminated by unmatched uncertainties. The
presumption here is that the first step has been wound
up such that the closed-loop system dynamics during
the sliding mode is asymptotically stable irrespective
of system unmatched uncertainties.

The ideal sliding mode, however, requires infinite
switching frequency which in practice is not achiev-
able due to the limited sampling rate in digital imple-
mentation. The finite switching frequency associated
with large control gains will cause chattering which in
most cases is undesirable because it may excite high-
frequency unmodeled system dynamics and is harmful
to actuator devices.

To overcome this problem, numerous schemes have been
proposed. In [4], the method of boundary layer is in-
troduced to obtain a smooth control law in the cost of
tracking accuracy. In [5], the adaptive technique is used
to estimate suitable upper bounds of the uncertainties
and disturbances for the design of adaptive robust con-
trollers. However, the adaptive type SMCs usually re-
quire that system be in the parameterization form and
the controller design is rather complicated.

The idea of Time-Delay Control (TDC) is presented
in [6], [7] which uses information in the recent past to
directly estimate the unknown dynamics at any given
instant through time-delay. TDC can work effectively
in practice if the following two conditions are met: (1)
the system disturbances are slow varying with respect
to sampling interval, and (2) the derivatives of system
states in recent past are available using appropriate
schemes. The condition (1) holds for most mechani-
cal systems with dominant inertia and for most process
industrial control problems. Moreover, by virtue of the
condition (2), TDC needs only to estimate system state
derivatives in recent past instead of the current ones,
numerous signal processing approaches such as zero-
phase filter, Butterworth filter, etc, can be applied to
achieve satisfactory derivative estimates. In [8], using
the observations of the input and output of a plant
with a white noise disturbance, the approximation of
the derivatives of system states are obtained. Instead
of using numerical differentiators, model reference ob-
server is proposed in [9] and [10] to stably reconstruct
state variables and their derivatives.



To avoid high switching gain and severe chattering dur-
ing sliding phase, in this paper TDC is incorporated
with SMC for a class of uncertain systems which meets
the two TDC conditions. It is demonstrated that the
proposed method achieves much lower switching gain
if the above conditions hold, hence chattering can be
greatly reduced while retaining tracking accuracy.

The organization of this paper is as follows. In Sec-
tion 2, problem formulation is introduced. In Section
3, SMC with TDC is proposed. In Section 4, sim-
ulation work is presented and a comparison between
the proposed method with a typical SMC is made.
To avoid any confusion, the implicit dependency of

any functional f is defined as f(x, ) = f(x(t),t) and
f(x,u,t) 2 f(x(t), ult), ).

2 Problem Formulation

Consider the following system
x(t) = f(x,t) + B(x,t)u(x,t) + d(x,u,t) (1)

where t € Rt, x(t) € R™ is the measurable state.
u(x,t) € R™ is the control. f(x,t) € R", B(x,t) €
R™ ™ are known matrix functions. d(x,u,t) is a
lumped perturbation which can be either matched or
unmatched uncertainties.

In general the lumped system perturbation d can be
classified into the following categories in term of its
priori knowledge.

Category 1: d is bounded with a known bounding
function

[d(x,u, 8[| < dmaz (X, ). 2)

Category 2: The variation of d is bounded with a
known bounding function

Ild(x,u,t) —d(x,u,t —ITs)| < la(x,1) (3)

where [ is a small positive integer and T is a positive
constant. T can be taken to be the sampling interval
in a sampled-data system .

Note that to implement the SMC, Category 1 is usually
required. While implementing the TDC, Category 2 is
required. Here the objective is to use SMC first assuring
the system robustness, meanwhile incorporating TDC
whenever possible, to reduce switching gains. This can
be achieved if in a system [ (x,1) < dmaz(X,t), say
la(x,t) < oTs where « is a positive constant with a
moderate value, i.e., d is relatively slow varying with
respect to Ts and aTs < dpaz(x,t) for a sufficiently
small T.

The set of sliding surfaces is

o(x,t)=[ o1(x.t) o2(x,1) Om (X, 1) ]T =0.

o(x,1) is selected to be continuously differentiable with
respect to x and t. The closed-loop system dynamics dur-
ing the sliding mode of o(x,t) is asymptotically stable.
From the chain rule and (1),

. Oo(x,t)  OJo(x,t)
7T "o T ox

[f(x,t) + B(x,t)u(x,t)
+d(x,u,t)]. (4
A typical SMC can be expressed as
u(X, 1) = Usme(X, 1) = ue(X, 1) + un(x, 1) (5)

where u,(x,t) is a switching term to be defined later,

uc(x,1)
~ [Oa(x,t) ' oo(x,t)  do(x,t)
A positive Lyapunov function V = %O'TO' is chosen.
Using (4), (5) and the above we have
Vo= UTWB(X, #) {un (%, 1)
do(x,1) ! do(x,1)
=+ |:TB(X, t):| Td(x, u, t) .

u, can be chosen to be

do(x,1)

—1
TB(X, t)} Ko(x,t)

u(x,t) = — {

BT (x,1) [%r o(x,1)

X

_pcon(xv t) T
o =5 ]

where K > 0 and p.on, (X, £) is a positive scalar satisfying
Pcon (X7 t) 2

2000 5 o]

Under the above switching control and switching gain
Peon (X, t), it can be obtained that V < —oTKo. Hence
in the SMC, u,(x,t) suppresses the system uncertain-
ties (either matched or unmatched), in the sequel make
1% negative definite if & # 0. However, it results a dis-
continuous control which produces chattering motion
in the neighborhood of the sliding surface. A straight-
forward smoothing method which eliminates chattering
motion is given by [11]

! oo (x,t)

T dmaz (X7 t) <6>

u,(x,t) = — {%B(X,ﬂ} ) Ko(x,t) — peon(X,t)

T
BT (X, t) [W} O'(X, t)ﬂcon (X, t)

X

: .
HBT(X, £) [%} (%, 1) peon (X, t)H +e



Nevertheless, chattering elimination is achieved in the
cost of tracking accuracy. The larger €, the smoother
the control profile, but also the larger the tracking error.

3 SMC with Time-Delay Control

From the above discussions, it is clear that the switch-
ing gain of u, can be reduced if the total uncertainty
d can be estimated. A compensation u.p,, can be in-
corporated into u to cancel a part of d, i.e.,

u(X,t) = Usme(X, 1) + Uemp(X, t).
Note that the uncertainty in (1) can be expressed by
d(x,u,t) = x(t) — f(x,t) — B(x,)u(x,t).

However, obtaining d from x(¢) and u(x,t) is not an
easy task due to the delay of the sampled-data mecha-
nism. Under the assumption that disturbances belong
to category 2 and l4(x,t) < aT for a sufficiently small
T, and a moderate a, uncertainty can be estimated us-
ing past information as

d(x,u,t) ~d(x,u,t —ITs) = %x(t — ITs)
—f(x,t —ITs) — B(x,t — T )u(x,t — Ts). (7)

For practical consideration, x(¢ —IT;) may not be read-
ily available. x(t —IT.), the estimate of x(t —(T}) given
data up to time t can be deduced from the history of
the measurable system states, i.e., x(t — [7Ts). The es-
timation of %(t — ITy) is easier than that of x(t) as
many effective signal processing methods can be ap-
plied, such as zero-phase filter, Butterworth filter, etc.
The work in [9] and [10] also shows that system states
and their derivatives can be stably reconstructed by
using observer design. Thus, it is assumed that the
measurement uncertainty of x(¢ —ITs) due to noise and
estimation error is bounded by

qu—z:rs) —k(t—IT)

< y(x,t) (8)

and v(x,t) < dmaz(x,t) when x(¢t — ITs) is estimated
accurately enough.

Theorem: In system (1), o will enter an ultimate

bound ||o]| <, /5y i the following control law is
applied

u(x,t) = u(x,t) + uy(x,t) + Uemp(x, t) 9)
with

u,(x, t)

:_{M

- B(X,t)} ) Ko(x,t) — prac(x,1)

T
BT (x,1) [@"g;;”} o (%, ) prae(x, )
X

3

T
BT (x, 1) {acra(:,t)} o (%, 1) prac(x, t)H +e€

Uemp(X, 1) = {@B(x, t)} o @

X [B(x,t — T )u(t —IT,) + f(x,t — IT})
—k(t—11,)], (10)

{%B(xﬂ B %

x [la(x,t) +v(x,t)]. (11)

ptdc<xv t) = |

Proof of Theorem: Using control law (9), relation
(4) and (7) one obtains

o7 do(x,1)
X

[tz

V= B(x,t) {un(x,t) + Uemp(x, 1)

oo (x,t)
B(x, t)} o

I d(x,u,t) }

do(x,1) do(x,1) !
= UTTB(X7t) {un(x, t) + {TB(X, t)}

y do(x,1)

o [d(x,u,t) —d(x,u,t —ITs) + x(t — T})

—k(t— zm} }

According to (3) in Category 2, (8) and (11), it can be
derived that

Vv < —oTKeo

HBT [%r o(x,1) :

pz%dc (X7 t)

ptdc‘(Xv t) +e€

X

e

do(x,1

+ I )} o(x,t)|| prdc(x,1)

BT (x,t) {

< —o'Ko +e

Then the system is globally uniformly ultimately
bounded under control (9) [12]. The ultimate bound
over infinite time horizon is

€

I =V ®
1m sup ||O'<w)|| - )\ml’l’L(K)

=00 4>t

where A, (K) denotes the minimum eigenvalue of K.
|

Remark 1: (10) adds a form of integral action into the
controller (9). Integral action has been used in adaptive
variable structure control such as [5] which estimates
the switching gain and in integral variable structure
control such as [13] which uses integration in the design



of sliding surface. In this note, integral action is directly
added into the control input.

Remark 2: Since usually oTs < dmas(x,t) for a
sufficiently small T, then it can be inferred from (6)
that aTs < peon(x,t). If d is relatively slow varying
with respect to T, say, lq(x,t) < aTy, then lg(x,t) <
Peon (X, ). Tf X(t — ITs) is estimated accurately enough,
ie., v(x,1) € dpmaz(X,1), then according to (6) and
(11), prac(x,t) < peon(x,t), i.e., the switching gain
is greatly reduced. This makes it feasible to choose
a much smaller e than that of the typical SMC to elim-
inate chattering motion and to improve tracking accu-
racy. The Time-Delay Control based disturbance es-
timation reduces chattering which is valid for the sit-
uations where [4(x,t) < aTs <€ dmaz(X,t) holds, i.e.,
system dynamics is slow varying.

4 Tllustrative Example

To show the effectiveness of the proposed method, the
control law was used to position a DC servo motor de-
scribed by

JO+ b0+ k0 =7+d (12)

where 6 is the motor rotation angle, 7 is the con-
trol torque, J is the total inertia, b, is the viscous
friction coeflicient and kg is the spring constant, d is
an exogenous disturbance. The nominal values are
J, = 4.0 x 1072 Kg-m, ks, = 0.17 N - m/rad and
bsn, = 0.05 N - m - sec/rad. Multiplicative pertur-
bations for J, ks, bs are d;, 6k, 0p respectively and
[07] < 50%, [0r] < 50%, [0p] < 50%. In this simula-
tion, the real plant takes the extremal perturbations,
ie., J =60x10"2 Kg-m, ks = 0255 N - m/rad
and bs = 0.075 N - m - sec/rad. The desired tra-
jectory is 64 = sin(wt), sliding surface is defined by
o = (0 —64)+6(0 —84) and a large disturbance d =
10sin(2rt) is applied. Sampling interval is Ts = 1 msec.

A typical SMC is implemented as

T(t) = 7(t) + m(t),
To(t) = ko + (bsn — 6J,)0 + J, (04 + 60,),
g
To(t) = —kio _pconm,/ﬁ =0.2,
Peon > dmaz = 0.51/(6J,)2 + b2, 0] + 0.5k, 0]

+0.5.J,,|04 4 604] + 10.

k1 is used to speed up the reaching phase. € =4 x 1074
is chosen. Figure 1 shows the severe chattering due to
the high switching gain and small e. Figure 2 (dashed
line) shows the steady-state tracking error is bounded
by 1.25 x 1072 rad.

To improve tracking accuracy while to reduce chatter-
ing motion, the following control law is derived accord-

ing to the proposed method (9)

() = 7e(t) + Talt) + Temp(t),
g
To(t) = —kio— Ptdcma

Femp(t) = T(t —IT,) + Jubi(t — IT,) — byn6(t — IT,),

where [ = 1. As 6 may not be available, the following
approximation was used

é(t T = W

(13)
The lumped perturbation h can be derived from (12)
as

h = 61J,0 + 64byn0 + Sk + d. (14)

It can be estimated that [; = 0.065 according to (14).
Assuming the approximation error in (13) is bounded
by v = 0.005, a low switching gain pyq. = lg +v = 0.07
is used. For comparison with the typical SMC, ¢ =
4 x 10~* are selected again. Figure 2 (solid line) shows
that the tracking accuracy is greatly improved and the
steady-state error is bounded by 3 x 10~* rad. Figure
3 shows the control profile is quite smooth.

For a fast varying disturbance, the switching gain
pidc tends to be greater. Consider the case d =
0.1sin(3007t), Iy = 9.4 is estimated according to (14)
and note that g is of the same magnitude as dqz.
Prde = 9.5 and eg = 0.002 are used. Figure 4 shows
the chatter motion caused by the increased l;. Figure
5 shows the bound of the steady-state tracking error is
enlarged to be 1.5 x 1073 rad.

In many practical situations, the estimated acceleration
signal could be very noisy. Such a situation is simulated
by applying white noise which is uniformly distributed,
with zero mean and variance 0.005 to 6(¢). The esti-
mated acceleration signal from (13) is shown in Figure
6. prgc = 0.07 and € = 4 x 10~* are used. The steady-
state tracking error in Figure 7 is still fairly acceptable.
This is because the plant acts as a low-pass filter and
considerably reduces the high frequency components of
the white noise [6]. Tf the measurement noise is too se-
vere, some signal processing methods are necessary to
eliminate measurement noise. Observer design method
can also be applied to stably reconstruct state variables
and their derivatives and to ensure good tracking per-
formance.

5 Conclusions

Typical SMC uses high switching gain to maintain ro-
bustness to system uncertainties and disturbance. To
eliminate chattering, boundary layer is introduced in



the cost of tracking accuracy. In this note, SMC design
is incorporated with Time-Delay Control during slid-
ing phase to reduce the switching gain. It facilitates a
much smaller size of boundary layer to smoothen con-
trol profile and to improve tracking accuracy. System
disturbance and uncertainty have to be slow varying to
ensure the effectiveness of the proposed method, it also
requires a reasonably good estimate of the derivative of
system state.
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Figure 1: Control profile for typical SMC, d = 10sin(27t),
e=4x107*
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Figure 2: Steady-state tracking error for typical SMC and
SMC with TDC, d = 10sin(2nt), e = 4 x 1074,
Solid line — SMC with TDC; Dashed line - SMC
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Figure 3: Control profile for SMC with TDC, d =
10sin(27t), prae = 0.07, ¢ =4 x 107*
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Figure 4: Control profile for SMC with TDC, d =
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Figure 5: Steady-state tracking error for SMC with TDC,
d = 10sin(3007t), prac = 9.5, €2 = 0.002.
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