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Abstract

In this paper, tip regulation of a flexible one-link manip-
ulator by Learning Variable Structure Control (LVSC)
is investigated. Sliding surface is designed according to
a selected reference model which relocates system poles
to be negative real ones, hence link vibration is elim-
inated. The proposed LVSC incorporates a learning
mechanism to improve regulation accuracy. Rigorous
proof shows: the state’s tracking error sequence con-
verges uniformly to zero; the uniformly bounded learn-
ing control sequence converges to the equivalent control
almost everywhere. A more detailed journal version of
this paper is presented in [1].

1 Dynamic Formulation and Problem
Statement

Denote I, my, EI, 7, 8, u and J}, as the length, mass,
flexural rigidity, control torque, rigid angular displace-
ment, elastic damping coefficient and actuator’s mo-
ment of inertia of the flexible link. The flexible ma-
nipulator is only operated in the horizontal plane and
consequently the gravity is not considered. The first
m flexible modes are considered. The deflection is
represented as n(z,t) = ¢’ (z)qt), 0 < z < 1
where ¢(x) [ ¢1(x) Om(z) 1T and q(t) =
[ () - am(t) "

A. Dynamic Model

The derivation of the dynamic equations given below
follows then as in [2]
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Subscript e is used to denote the value of the variable
occurring at the tip, i.e., the value at @ = [. d(¢)
stands for bounded exogenous disturbance. The dy-
namic model (1) can be re-written into

M(€)E + D(&, )€+ C€E =byu+d, (2)
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Defining state vector x 2 [éT £T} yields
x=Ax+bu+v (3)
where x is measurable and

4= O(mt1)x (m+t1) I(m+1)><(m+1)
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can be decomposed into the linear part A; and b; which
are constant matrices, and the nonlinear part AA and
Ab as below

A=4+AA b=b +Ab (4)
where
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mprr1 = Jp + gmzl2 +myl?, D;=diag[ 0 Dp |.

The tip angular displacement can be obtained as below
by the assumed mode method

y:cTX,c:[l (lf/l 0 01><m:|T' (5)



The general form of tip transfer function considering
the linear plant is
( ) k 1+b13+b252+"'+b2m_132m7] +b2m32m
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The conjugate poles result in sinusoidal oscillatory be-
havior of tip trajectory.

B. Repeatable Conirol Tasks

Learning control has been considered for repeatable
tasks [3], [4]. The system (1) is deterministic and sat-
isfies the resetting condition, i.e., X;(0) = O2m42)x1
where ¢ denotes the iteration sequence Vi € Z; where
Z, denotes the set of positive integers. Given a fi-
nite time interval [0, ], the control objective is to
design a VSC combined with iterative learning such
that, as ¢ — o0, X; is regulated to the desired state

A .
x* = [ 7 Oixm 0 Oi1xm ]T where r is a constant
reference input, meanwhile the tip vibration should be
eliminated.

C. Sliding Surface Design

We design the sliding surface according to the linear
plant which takes the nominal values, i.e., x = A; ,x +
b;,»u where the subscript n denotes the nominal value.
A reference model is selected as

51(5) = mi2
82mH2 Ly s2mtl £ g 1S+ aomy

which contains no finite zero but all negative real poles.
The sliding surface is designed as below [5],

t t
o=s'x+ a2m+2/ [n—r]dr+ c4T/ qf*dr =0 (6)
0 0

where = m”x,

m” =00 - 0k,
-1
2 2m-+1
X |:bl,n Ainbipn oo Al brn Al;’fr bl,n} )
s" =[c1 ¢ czel] =m” [Alzfsﬂ + o AP

4ot omArn + @omi1 l@mi2)x 2m12)] -

Lemma 1: [6]. The following Linear Matrix Inequality
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where Q(x) = Q7 (x), R(x) = R"(x) and S(x) depends
affinely on x, is equivalent to

R(x) >0, Q(x) - S(x)R'(x)ST(x) > 0.

Since M (€) is the inertia matrix of the flexible ma-
nipulator dynamics (2), hence according to Lemma 1,
M (&) > 0 ensures that

A:mRRfmﬁFME}mRF > 0. (7)

Lemma 2: For the system (1) and the proposed sliding
surface (6), the following stands
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Here, a o b [a1by ~~-anbn]T, a®b
[abT -+ a,b”]" where a = {a;} € R", b ={b;} €
R".
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Proof of Lemma 2: Tt can be derived from (1) that

A = u—mE.qf?+ mp My Crq
+m% My Drg — 29" Mprpd +d, (9)
AG = ~Mpimpe (v mfead® + mbeMpiCra

+m} o MppDré — 29" Mprg + d)
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Differentiating (6) with respect to time once one obtains
G=c10+cha+ esd+clq+ aomia (n—7) +clqb?
Combining (9), (10) and the above yields (8). [ |

Lemma 3:  For the system (1) and the pro-

posed sliding surface (6), define that x S ox -

[ r Oixm 0 O1xp, ]T, the closed-loop system dy-
namics is

X = AuX + fj.0.4.(X) + buo (11)
where
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Proof of Lemma 3: From (8), substitution of u =
—kTx +~71Ad into (9) and (10) obtains

6 = &lx+yaom2(n—1)+77"0, (12)
4 = &x+y'Mpimgragm, 2 (n—r)+qf?
+y 'Mpimpgro (13)

Using n —r =m’%, (12) and (13) we have (11). [ |

Setting & = 0 for (11), we have the system dynamics
during ideal sliding mode as

X4 = AaXa + fhot (Xa) (14)

where the subscript d denotes the system states or vari-
ables under ideal sliding mode. Since f}, .. (X4) is of
higher order in X4, i.e., sup || fu.0.:(Xa)ll/ [|Xal| — 0, as
X4l — 0, then the system (14) is uniformly asymp-
totically stable around the equilibrium point x4 = 0
provided that A is Hurwitz, (i.e., has all its eigenval-
ues strictly in the left half-plane).

Remark 1: According to (5), as X4 — O(am2)x1, the
tip angular displacement under ideal sliding mode 34 —
r and produces zero steady-state output error.

2 Learning Variable Structure Controller

Decompose k of (8) into
k =k, + ok (15)

where k,, can be calculated by setting d = 0, q = 0,
q=0, my, Jn, u, m; and [ to their nominal values, and
8k is the residual. Denoting |w|; = [[wi] -+ |wn|]"
where w = {w;}, j =1,---,n, a typical VSC is outlined
as below

u = *ngJrUm
Uy = — (1;T|X|1 —i—e) sign(v)sat(o, €)  (16)
<
where sat(*, ¢) = e x]se ,
x| x| |x|>e¢
by = sup [0k, k= {k; ), ok = {oks},  (17)
jg=1, - (2m2—|—5m+3), € > 0. The term —k!x

cancels the nominal part, and u, is a switching control.

If |o| > e, differentiating a Lyapunov function V' 2
02 /2 with respect to t using (8) of Lemma 2 and VSC
law (16), one obtains

V = oAy (’y*]Ad) = oAy (u + ka)
< =AYk [xlilo] + AT 0k X0 — A7y ee.

k in (17) ensures that V < —A '|ylee < 0. Since
o(0) = 0, VSC law (16) achieves the ultimate bound
|o| < e. sat(o, €) eliminates chattering at the cost of
regulation accuracy. The larger the €, the smoother the
control input while the larger the steady-state error.

A. LVSC Configuration and Preliminaries

In the subsequent discussions, B(D) denotes a space
of bounded functions on D; C(D) denotes a space of
continuous functions on D; UC(D) denotes a space of
uniformly continuous functions on D.

According to (8), the equivalent control of u, in (16) is
teg = 0k’ Xy (18)

Since Xg € B([0, Ty]) and r is a finite constant, x4 €
B([0, T¥]). The system parametric uncertainties and
disturbance are also bounded, then w., € B([0, T¥%]).
Obtaining ueq is our ultimate objective which realizes
the perfect regulation.

To obtain u., and improve the regulation accuracy, a
Learning Variable Structure Controller (LVSC) is pro-
posed as below where i denotes the iteration number

i = B (—kixi + o) + B2 (wio1),  (19)

Upi = — (RT\xi\l + e) sign(vy)sat(o;, €), (20)
A

u; = P2 (Uii—1) 4 Upyiy w0 =0, (21)

and B;(x), Vj € {1,2} is a saturator defined as below

% | < M

3j<*)é{ (2D My x| > 0 (22)

where Mj; is a positive-definite saturation bound.

Lemma 4: For the flexible manipulator system (1)
under the control input (19) saturated by (22), i.e.,
u; € B([O, Tf]), we have 6;,0;,q9;,q; € B([O, TfD?
Vic Zy.

Proof of Lemma 4: Since u; € B([0, Ty]), Vi € Z4 and
the control duration 7% is finite, then the input energy
is finite, hence the system kinetic energy Ej ; and po-
tential energy Fp; are all bounded. It has been derived
in [7] that Ej; — 3& M(&)&,, Ep; — 1q7 Cra;. Both
M(&,) and Cp are positive-definite matrices, hence the
boundedness of Ejy; and E,; concludes that ém s
a; € B(0, Tf]). The bounded 6; and finite T} also
lead to that 8; € B([0, T}]), Vi € Z,. |



According to (7) and x; € B([0, T¥]), we have

N, A= sup A;
1€Z4,t€(0, Ty]

A= inf
1€24,t€[0, Ty]

for some positive-definite constants A and A. From
Lemma 4, we have x; € B([0, T¢]), hence klx, €
B([0, T¢]) and u,,; € B([0, Ty]), Vi € Z; according
o (20). M, is a virtual saturation bound which can be
sufficiently large such that

M > sup

T
| =X + il
€24 ,t€(0, Ty]

Hence the control law (19) is equivalent to below under
the above relation
w; = —KEx; F g+ B (ugim1) - (23)

Since u,,; € B([0, T}]), according to (21), Ba2(x) ensures
the uniform boundedness of w;;, ¥t € [0, Ty], Vi € Z,.
To guarantee the learnability of the learning system,
M, should be sufficiently large such that

My > sup  |ueq(t)] (24)
te[0, T'y]

To evaluate the learning scheme (21), the following Per-
formance Index is defined

O / e gy (7) — upg(r)2dr  (25)

where A is a positive constant. To facilitate LVSC anal-
ysis, we develop another three Lemmas which reveal the
boundedness relationship among o;, X;, x4 —X; and J;.

Lemma 5: For the system (1) under the saturator (22)
and the sliding surface (6), the followings hold

t
I%a — %)) < I / I%a — %illd7 + [Ibutll - o, (26)
0
t
%4 — %]l < I [bal] / 031D + b - o] (27)
0

where

A
Iy = A4all + sup

(93 + ‘éd + 97,
1€Z4,t€l0, T¥]

Jaall) -

Since 6;, q;, &; are all bounded, we have from (8) that
Ixa = xill < l2][%a = Xil| = lallxa — x| (28)
for a positive-definite constant /5.

Lemma 6: Under the same conditions as those in
Lemma 5 the following holds

t t
/0 e o] - Ixa — xalldr <13 / e Notdr  (20)

for a positive-definite constant I3 = Lia|balle ™ Ty +
L[ b

Lemma 7: Under the same conditions as those in
Lemma 5 the following stands

1

[%a — Xil| < 1 J2(Ty), (30)
1 1

o < Al (T30 1 btasiy) Er) (31)

where I, = A 'y| - \\bcl\\elT-f'Tf%7 = max(A, I3 +
A7l - |be| - [18K]).

For the proofs of Lemma 5, 6 and 7, see Appendix.
B. Convergence Analysis

Theorem: For the system (1) under the control laws
(19)-(22), as i — oo, x;(t) converges uniformally to
x4(t), 0,(t) converges uniformally to 0, and u;,(t) con-
verges to ueq(t) almost everywhere, Vt € [0, T¥].

Proof of Theorem: The relation (24) which ensures
learnability warrants the following inequality

[, — ueq]Q > [Ba (ug) — ueq]Q , Vi€ Zy.

Under the learning law (21) and the above inequality,
Ji — Ji—1, Vi 22N (i € Zy) can be derived as

t
e i — Ueq]” — (i1 — Ueq” b dT
/0 {[ I, q) [uri-1 al }
t
[ e (s = e = (i) — el s
0

IA

/t e {2 — 20, [ueq — Bo(uri—1)]} dr. (32)
0

Substitution of (23), the equivalent of the control law
(19), into (8) using relation (15) obtains

7 A = g + Ba(wior) + 0k X (33)
From (18) and the above we have

Ueg — Pa(uri1)
= k" (Xg — Xi) T i —7 ' Aioin (34)

Substitution of (34) into (32) obtains

Ji(t) — Ji—1(t)

t
< / e [—“12;,1' + 26k" (Xq — Xi) to,s
0
+2’)“_1Aiuv’i(.f¢] d’T
t
< / e A [25kT (Xg — X;) Uo,i + 2’;/7]Aiuv,idi] dr
0
t
< 2ok [ e =l el
0

t
+2~71 / ef)‘TAiuv,ididT (35)
0



The control law (20) can be rewritten into

Uy = —pisign(y)o;,
(K xli +€) loal ™ o] > e

(K7 Pl +¢) <! 0

pi =
|Ji| S &

According to Lemma 4, x; € B([0, Ty]) under the sat-
urated control input (19). Hence o; € B([0, T¥]) from
(6) and x; € B([0, T¢]) from (8), and we have

—1
p = € sup o )
- i€Zy, te0, Ty]

p = &'  sup (RT\xi\ﬁe)

i€Zy, telo, Tf]

for some positive-definite constants p and p. Since
0;(0) = 0, substituting of (36) into (35) using Lemma
6 and taking the integration by parts one obtains

t
Ji(t) — Ji_1(t) < 2\\514\,%/ e MaZdr
0

-2

¢
gl _1/ e NipioiGidT
0

t

t
< 2kl [ e atar— | ap [ dal
= |y ApeMo?

t
iyt Ap (A — 211A 6k ) / e oldr.

There exists a sufficiently large A such that A >
2ly|A~! [6k||p~pls to ensure that

Ji(t) — Jioa(t) < —

vy _1A£e_)‘tal-2 (t). (37)

From (37), taking the summation over j = 1 to i yields

Ji(t) = Ji(t) < -

i
y 71&267)\15 Z 0]2- (t).
j=1

Since J;(t) > 0, as ¢ — oo we have

o

D a2 (t) < YA M Iy (Ty).

Jj=1

Since the bounded w;; ensures that J;(7}) is bounded
according to (25), then Z;’il sz(t) is convergent, con-
sequently lim; .. 0;(t) = 0, Vt € [0, T¢]. According
to (27) and (28) we have

ZILIEO ii(t) - Xd(t)a ZILIEO Xi(t) = Xd(t)a vt e [Oa Tf]' (38)

Rearranging (34) using (21) gives we, — w; =
—0k” (x4 — x;) —7 ' Aidy. From (25) and (38),

Ty
lim J;(Ty) = lim e My T2 AZ62dr
71— 00

1—00 Jo

Since u,; € B([0, Tf]) and x; € B([0, T¥]), from
(33) we have ¢, € B([0, Ty]), which as well as
lim; o0 0;(t) = 0 conclude that

Ty

lim J;(Ty) < v~2A%? lim oi(t)dos(t) = 0. (39)

71— 00 17— 00 0

According to (30), (31) and the above, we have

lim sup ||Xq(t) —x;(t)| =0,

=00 ¢elo, Ty

lim  sup
=0 telo, Ty)

lo:(t)] = 0, Vt € [0, Ty],

i.e., x;(t) converges uniformally to x4(t), o;(t) con-
verges uniformally to 0, Vt € [0, T¢]. From (25)
and (39), w;,;(t) converges to ue,(t) almost everywhere,
Vt € [0, T] which ends the proof. |

Remark 2: The only direct addressing for obtaining
equivalent control appears in [8] which uses a first-order
low-pass filter. It requires Q/7 — 0 and 7 — 0 where
lo| < Q and 7 is the time constant of the filter. This
shows the difficulty in achieving equivalent control in
general: it demands infinite switching frequency to pro-
duce an infinitesimal bound  of ¢ and an infinite filter
bandwidth due to the worst case control environment.
These two stringent requirements can be relaxed when
repeatable control tasks are concerned.

3 Conclusion

In this paper, the proposed LVSC scheme incorporates
a simple learning mechanism to approximate the equiv-
alent control of VSC under a repeatable regulation task
of flexible one-link manipulators. Uniformly bounded
control ultimately nullifies the state’s tracking error.
For practical considerations, the learning mechanism
is further conducted in frequency domain by means of
Fourier series expansion which achieves better regula-
tion performance in [1], where the numerical simula-
tions attached confirm the effectiveness and robustness
of the proposed approach.

Appendix: Proofs of Lemma 5, 6 and 7

Proof of Lemma 5: From (11) and (14) we have
Xq — X = Ag (Ra — %)

10 Oiem 0 qld2—qré2]”

— bud;.
According to Lemma 4, it can be obtained that
laabi — ai6? | = [laqti — qab; + aad? — b} |

sup —(llaall - 16+ 0i]) |6 — 0
€24 ,t€(0, Ty]

IN

+ sup 6 ag—a- (40)

i€Z4,t€]0, Tf]



Under the resetting condition, x4(0) = x,;(0) and
0;(0) = 0, Estimating the difference x4 — x; on the
norm with regard to (40) one obtains (26). Applying
Bellman-Gronwall Lemma I [9] to (26), we obtain (27).

|

Proof of Lemma 6: Since 0 < v < 7' <t < Ty, then
0<rT—v <7 <Tf and —57 < —EV Using Holder
inequality [9], (27) and (28) we have that

t t
/0 ol - Ixa — xilldr — Lo bl / e odr

< 12/ N g - ||Xd—xz||d7—l2||bcl||/ N2
< 1112||bclu/ “AMoy(7) U 1(7”)0¢(y)|dy} dr
< hiy|lbele"™ / e loi(7) {/ o3 (v Id”} a
0
t
= l1l2||bclHelle {/ 6_27—‘01'( )|d7’}
0
t
< lllg||bclHelleTf/ B_ATU?(T)dT.
0
Rearranging the above yields (29). [ ]

Proof of Lemma 7: From (8), (15), (19) and (21) it can
be obtained that

= A7y (u + K x) = A7y (s + 6k x) -
Substituting (18) into the above yields
Gi = —A; 1 [teg — wii + 0k" (Xq — ;)]

Since o;(0) = 0, integrating the above obtains
t
—/ ATy (Ueg — ) dr
0
t
f/ AT ok (xy — x;) dT
0
From the above and (28), we have

t
A / ey — it dr
0

t
- lok]| / %4 — Zilldr. (41)

lo;| <

+A oy

Substitution of the above into (26) using the Hélder
inequality [9] and Bellman-Gronwall Lemma 11 [9] yields

[Ra(t) — % (1)
< (h+A'

t
2| - 16K] - bl / %4 — %illdr

t
LA bl / theq —

t
< Ay '||bcz||em/ e M teq — uyldr

0 ) N

1 2
< Aol T {/0 e M (e — ) dr
— LJE(T)). (42)

Since 0 < %T < At < AT, using the Hélder inequality
[9] we have

t
/ |tteq — wr,;| dT
0

Substitution of (42) and (43) into (41) obtains (31). H

Ty
My / €727 [Ueqg — up | AT
0

ITE I (1)) (43)
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