
�

2EVHUYDELOLW\ RI 3HUVSHFWLYH '\QDPLFDO 6\VWHPV


+LURVKL ,QDED�� $NLIXPL <RVKLGD�� 5L[DW $EGXUVXO� DQG %LMR\ .� *KRVK�

�'HSDUWPHQW RI ,QIRUPDWLRQ 6FLHQFHV� 7RN\R 'HQNL 8QLYHUVLW\

+DWR\DPD�PDFKL� +LNL�JXQ� 6DLWDPD ��������� -DSDQ
�'HSDUWPHQW RI 6\VWHPV 6FLHQFH DQG 0DWKHPDWLFV� :DVKLQJWRQ 8QLYHUVLW\

2QH %URRNLQJV 'ULYH� 6DLQW /RXLV� 02 ����������� 86$

(PDLO� LQDED#M�GHQGDL�DF�MS� DNLIXPL#M�GHQGDL�DF�MS� UL[DW#M�GHQGDL�DF�MS� JKRVK#]DFK�ZXVWO�HGX

$EVWUDFW� 3HUVSHFWLYH G\QDPLFDO V\VWHPV DULVH LQ PDFKLQH

YLVLRQ� DQG WKH HVVHQWLDO SUREOHP LQ VXFK D V\VWHP LV KRZ WR

GHWHUPLQH DQ\ XQNQRZQ VWDWHV DQG �RU DQ\ XQNQRZQ SD�

UDPHWHUV IURP LWV SHUVSHFWLYH REVHUYDWLRQ� &RQVLGHULQJ VLP�

SOH SHUVSHFWLYH G\QDPLFDO V\VWHPV� ZH VWXG\ WKH VWDWH RE�
VHUYDELOLW\ DQG WKH SDUDPHWHU LGHQWLILDELOLW\ RI VXFK V\VWHPV�

XVLQJ WKH GLIIHUHQWLDO JHRPHWULF PHWKRG� WKDW LV� WKH RE�

VHUYDELOLW\ UDQN FRQGLWLRQ� ZKLFK KDV EHHQ GHYHORSHG IRU

JHQHUDO QRQOLQHDU V\VWHPV� DQG SUHVHQW YDULRXV QHFHVVDU\

DQG�RU VXIILFLHQW FRQGLWLRQV IRU REVHUYDELOLW\ DQG�RU LGHQWL�

ILDELOLW\�
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7KH HVVHQWLDO SUREOHP LQ PDFKLQH YLVLRQ LV KRZ WR

GHWHUPLQH WKH SRVLWLRQ RI D PRYLQJ ULJLG ERG\ DQG�RU DQ\
XQNQRZQ SDUDPHWHUV FKDUDFWHUL]LQJ WKH PRWLRQ DQG VKDSH RI

WKH ERG\ IURP NQRZOHGJH RI WKH DVVRFLDWHG RSWLFDO IORZ >�@�

3HUVSHFWLYH G\QDPLFDO V\VWHPV DULVH IURP PDWKHPDWLFDOO\

GHVFULELQJ VXFK PDFKLQH YLVLRQ SUREOHPV� DQG WKLV HVVHQWLDO

SUREOHP FDQ EH GHVFULEHG LQ V\VWHP WKHRU\ WHUPLQRORJ\ DV

WKH SUREOHP RI GHWHUPLQLQJ DQ\ XQNQRZQ VWDWH DQG �RU RI

LGHQWLI\LQJ DQ\ XQNQRZQ SDUDPHWHUV RI VXFK D V\VWHP EDVHG

RQ LWV SHUVSHFWLYH REVHUYDWLRQV >�@�>�@�
)RU SHUVSHFWLYH OLQHDU V\VWHPV� WKH VWDWH REVHUYDELOLW\

SUREOHP KDV DOUHDG\ EHHQ VWXGLHG LQ >�@� >�@ ZKHUHLQ D QHZ

JHQHUDOL]DWLRQ RI WKH 3RSRY� %HOHYLWFK DQG +DXWXV �3%+�

FRQGLWLRQ KDV EHHQ GHVFULEHG� :KLOH WKH 3%+ UDQN WHVW LV DQ

DOJHEUDLF JHRPHWULF WHFKQLTXH DQG UHOLHV RQ WKH NQRZOHGJH

RI WKH DVVRFLDWHG RSWLFDO IORZ� LQ WKLV SDSHU� ZH VWXG\ WKH

ORFDO REVHUYDELOLW\ RI SHUVSHFWLYH G\QDPLFDO V\VWHPV XVLQJ

WKH GLIIHUHQWLDO JHRPHWULF PHWKRG >�@�>��@� WKDW LV� YLD FRP�

SXWLQJ WKH REVHUYDELOLW\ UDQN FRQGLWLRQ�

6LQFH IRU DQ\ SHUVSHFWLYH G\QDPLFDO V\VWHP LWV FRP�

SOHWH VWDWH DW HDFK LQVWDQW RI WLPH LV QRW DYDLODEOH GXH WR WKH

SHUVSHFWLYH REVHUYDWLRQ� LW LV FOHDU WKDW DQ\ XQNQRZQ SD�

UDPHWHUV RI VXFK D V\VWHP PXVW EH LGHQWLILHG DORQJ ZLWK WKH

VWDWH HVWLPDWLRQ� 7KHUHIRUH WKH SDUDPHWHU LGHQWLILDELOLW\

SUREOHP VKRXOG EH VWXGLHG VLPXOWDQHRXVO\ ZLWK WKH VWDWH

REVHUYDELOLW\ SUREOHP� DQG KHQFH HYHQ IRU D VLPSOH SHU�
VSHFWLYH OLQHDU V\VWHP WKH REVHUYDELOLW\ SUREOHP EHFRPHV

∗
7KLV ZRUN ZDV VXSSRUWHG LQ SDUW E\ WKH *UDQW�$LG IRU *HQHUDO

6FLHQWLILF 5HVHDUFK RI WKH -DSDQHVH 0LQLVWU\ RI (GXFDWLRQ� 6FLHQFH
DQG &XOWXUH XQGHU *UDQW &���������� DQG LQ SDUW E\ WKH 5HVHDUFK
&HQWHU IRU 7HFKQRORJ\ RI 7RN\R 'HQNL 8QLYHUVLW\ XQGHU *UDQW
4��6����

TXLWH FRPSOLFDWHG� 6R WKLV SDSHU FRQVLGHUV RQO\ WZR YHU\

VLPSOH SHUVSHFWLYH G\QDPLFDO V\VWHPV� L�H�� D SHUVSHFWLYH

OLQHDU V\VWHP >�@� >�@ DQG D SHUVSHFWLYH 5LFFDWL V\VWHP >�@�

DQG SUHVHQWV YDULRXV QHFHVVDU\ DQG�RU VXIILFLHQW FRQGLWLRQV

IRU REVHUYDELOLW\ DQG LGHQWLILDELOLW\ IRU VXFK V\VWHPV�

,,� 35(/,0,1$5,(6�

)LUVW� VRPH QRWDWLRQV DUH LQWURGXFHG� ZKLFK DUH XVHG

WKURXJKRXW WKLV SDSHU� )RU D VFDODU�YDOXHG IXQFWLRQ

55 →Q

�λ DQG D FROXPQ YHFWRU�YDOXHG IXQFWLRQ
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I 55 →� � GHILQH WKH IROORZLQJ QRWDWLRQV�
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1RZ� ZH FRQVLGHU D QRQOLQHDU V\VWHP� KDYLQJ QR LQSXW�

RI WKH IRUP
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W\ 5∈�� ZLWK QP < DUH WKH VWDWH

DQG WKH REVHUYDWLRQ YHFWRUV� UHVSHFWLYHO\� DQG
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WRU�YDOXHG UDWLRQDO IXQFWLRQV� �0RUH JHQHUDOO\� WKHVH IXQF�

WLRQV FDQ EH H[WHQGHG WR PHURPRUSKLF IXQFWLRQV� WKDW LV�
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WKRVH IXQFWLRQV UHSUHVHQWHG DV UDWLRV RI DQDO\WLF IXQFWLRQV

KDYLQJ RQO\ VLQJXODU SRLQWV RI SROHV� +RZHYHU� IRU RXU SXU�
SRVH UDWLRQDO IXQFWLRQV DUH VXIILFLHQW��

)LUVW� WKH IROORZLQJ GHILQLWLRQ LV JLYHQ�

����� 'HILQLWLRQ�

�L� 6\VWHP ����� LV VDLG WR EH REVHUYDEOH DW D SRLQW
Q

[ 5∈Ö � LI WKHUH H[LVW DQ RSHQ VHW Q

8 5⊂ RI [Ö

DQG SRVLWLYH LQWHJHUV
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LV OLQHDUO\ LQGHSHQGHQW�

�LL� 6\VWHP ����� LV VDLG WR EH JHQHULFDOO\ REVHUYDEOH LI

LW LV REVHUYDEOH DW DOO WKH SRLQWV Q

[ 5∈Ö H[FHSW WKH

FRPPRQ ]HURV RI D ILQLWH QXPEHU RI VRPH QRQ]HUR

VFDODU�YDOXHG UDWLRQDO IXQFWLRQV RI [ � :

7KH GHILQLWLRQ RI REVHUYDELOLW\ DERYH LV GXH WR .UHQHU
DQG 5HVSRQGHN >�@� ,W LV ZHOO NQRZQ WKDW IRU JHQHUDO

QRQOLQHDU V\VWHPV JOREDO RU FRPSOHWH REVHUYDELOLW\ FDQQRW

XVXDOO\ EH H[SHFWHG� DQG WKHUHIRUH ORFDO RU JHQHULFDO RE�

VHUYDELOLW\ ZRXOG EH VXLWDEOH QRWLRQV� ,Q IDFW� WKH RE�

VHUYDELOLW\ LQ 'HILQLWLRQ ����� LPSOLHV WKH ORFDO ZHDN RE�
VHUYDELOLW\ >�@� >��@� ZKLFK LQWXLWLYHO\ PHDQV WKDW DQ\ VXIIL�

FLHQWO\ FORVH VWDWHV FDQ EH LQVWDQWDQHRXVO\ GLVWLQJXLVKHG�

)XUWKHU� WKH JHQHULFDO REVHUYDELOLW\ PHDQV WKDW WKH V\VWHP LV

REVHUYDEOH DW DOPRVW HYHU\ SRLQW LQ
Q

5 � L�H�� DW HYHU\ SRLQW

EHORQJLQJ WR VRPH RSHQ GHQVH VXEVHW RI
Q

5 � $OWKRXJK

WKHUH KDYH DSSHDUHG DOWHUQDWLYH GHILQLWLRQV LQ WKH OLWHUDWXUH

>�@�>�@� RXU GHILQLWLRQ JLYHQ DERYH LV D PRVW VXLWDEOH RQH WR
RXU SXUSRVH�

,,,� 6,03/( 3(563(&7,9( 6<67(06 $1'
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)LUVW� ZH LQWURGXFH WKH QRWLRQ RI SHUVSHFWLYH V\VWHPV DV

IROORZV�

����� 'HILQLWLRQ� 6\VWHP ����� LV FDOOHG SHUVSHFWLYH LI WKH

REVHUYDWLRQ YHFWRU \ LV JLYHQ DV D UDWLRQDO IXQFWLRQ LQ [

RI WKH IRUP
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,W LV ZHOO NQRZQ LQ PDFKLQH YLVLRQ WKDW ZKHQ D IHDWXUH

SRLQW
7
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= RI D ULJLG ERG\ PRYLQJ

LQ WKH ��GLPHQVLRQDO VSDFH
�

5 LV REVHUYHG ZLWK D &&'

FDPHUD� WKH REVHUYDWLRQ REWDLQHG RQ WKH LPDJH SODQH LV HV�

VHQWLDOO\ UHSUHVHQWHG DV WKH IRUP
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ZKLFK LV D VSHFLDO IRUP RI 'HILQLWLRQ ������ DQG FDOOHG WKH

RSWLFDO IORZ� 6HH� H�J�� >�@�>�@� $Q HVVHQWLDO SUREOHP LQ
PDFKLQH YLVLRQ LV WR HVWLPDWH LWV PRWLRQ DQG WR ORFDWH WKH

VXUIDFH IURP WKH REVHUYHG LQIRUPDWLRQ RI VHYHUDO IHDWXUH

SRLQWV VHOHFWHG RQ WKH VXUIDFH RI WKH ERG\�

7KH IROORZLQJ DUH VLPSOH H[DPSOHV RI SHUVSHFWLYH V\V�
WHPV� ZKLFK KDYH EHHQ VWXGLHG LQ PDFKLQH YLVLRQ >�@�>�@�

7KH ILUVW H[DPSOH LV JLYHQ E\
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DQG ZLOO EH FDOOHG D SHUVSHFWLYH OLQHDU V\VWHP LQ WKLV LQ�

YHVWLJDWLRQ� ZKHUH
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JXODU YHORFLW\ YHFWRU DQG
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= WKH WUDQVODWLRQ

YHORFLW\ YHFWRU� 7KH VHFRQG RQH LV D OLWWOH ELW PRUH JHQHUDO

WKDQ WKH ILUVW RQH� DQG LV JLYHQ E\
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DQG ZLOO EH FDOOHG D SHUVSHFWLYH 5LFFDWL V\VWHP >�@�

,Q ZKDW IROORZV� ZH FRQVLGHU WKH HVVHQWLDO SUREOHP RI

PDFKLQH YLVLRQ IRU WKHVH WZR SHUVSHFWLYH V\VWHPV
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EXW UHVWULFWLQJ RXUVHOYHV WR WKH FDVH ZKHUH RQO\ D VLQJOH
IHDWXUH SRLQW LV REVHUYHG DQG QR VXUIDFH ORFDWLRQ LV FRQ�

FHUQHG� 6R ZH IRFXV RXU DWWHQWLRQ WR WKH VWDWH HVWLPDWLRQ

DQG�RU SDUDPHWHU LGHQWLILFDWLRQ SUREOHPV EDVHG RQ DOO WKH

DYDLODEOH LQIRUPDWLRQ� 0RUH SUHFLVHO\� WKH SUREOHP ZH DUH

FRQFHUQHG ZLWK FDQ EH VWDWHG DV IROORZV� %DVHG RQ WKH FRQ�

WLQXRXVO\ REVHUYHG SHUVSHFWLYH REVHUYDWLRQ
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RU D SDUW RI LW� XQGHU ZKDW FRQGLWLRQV FDQ WKH VWDWH
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= RU D SDUW RI WKH

SDUDPHWHUV EH XQLTXHO\ GHWHUPLQHG " 7KHRUHWLFDO SRLQW RI

YLHZ� WKLV SUREOHP FDQ EH DQVZHUHG E\ LQYHVWLJDWLQJ WKH
REVHUYDELOLW\ DQG�RU LGHQWLILDELOLW\ RI QRQOLQHDU V\VWHPV
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)LUVW� ZH FRQVLGHU WKH REVHUYDELOLW\ IRU SHUVSHFWLYH OLQHDU

V\VWHP
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7KHQ� IURP 'HILQLWLRQ ������L�� LQ RUGHU WR FKHFN REVHUYDELO�

LW\ IRU V\VWHP
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)RU 6\VWHP
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6 � IXUWKHU FDOFXODWLRQ VKRZV WKDW

����� ����������GHW
���

��� ONML[0
ON

ML/E ≠∀≡ �

7KXV� 6\VWHP
/E

6 LV QHYHU LGHQWLILDEOH �REVHUYDEOH�� DQG

KHQFH WKH XQNQRZQ SDUDPHWHU FFE LV QHYHU LGHQWLILDEOH

IURP WKH SHUVSHFWLYH REVHUYDWLRQ JLYHQ E\ ������ 7KHUHIRUH�

WR PDNH FFE LGHQWLILDEOH� LW LV QHFHVVDU\ WR KDYH PRUH

LQIRUPDWLRQ� IRU LQVWDQFH� E\ REVHUYLQJ PRUH WKDQ RQH IHD�

WXUH SRLQW RU XVLQJ PRUH WKDQ D VLQJOH &&' FDPHUD� 7KLV

SUREOHP ZLOO EH LQYHVWLJDWHG HOVHZKHUH LQ WKH IXWXUH�

2Q WKH RWKHU KDQG� IRU 6\VWHP ω/6 � LW FDQ EH VKRZQ WKDW

����� ����������GHW
���

��� ONML[0
ON

ML/E ≠∀≠ �

WKDW LV� WKH GHWHUPLQDQW ��GHW
���

��� [0
ON

ML/E FDQQRW EH LGHQWLFDOO\

]HUR� DQG KHQFH FFω LV JHQHULFDOO\ LGHQWLILDEOH �REVHUY�

DEOH��

6XPPDUL]LQJ WKH UHVXOWV REWDLQHG LQ WKLV VHFWLRQ� ZH KDYH

WKH IROORZLQJ WKHRUHP�

������ 7KHRUHP� 7KH XQNQRZQ SDUDPHWHU FFE LQ 3URE�

OHP � LV QHYHU LGHQWLILDEOH IURP WKH SHUVSHFWLYH REVHUYDWLRQ

JLYHQ E\ ������ EXW WKH XQNQRZQ SDUDPHWHU FFω LQ 3URE�

OHP � LV JHQHULFDOO\ LGHQWLILDEOH� :

9,� &21&/8',1*5(0$5.6

&RQVLGHULQJ YHU\ VLPSOH SHUVSHFWLYH G\QDPLFDO V\VWHPV�
WKH JHQHULFDO REVHUYDELOLW\ RI VXFK V\VWHPV ZDV LQYHVWLJDWHG�

XVLQJ WKH REVHUYDELOLW\ UDQN FRQGLWLRQ GHYHORSHG IRU JHQHUDO

QRQOLQHDU V\VWHPV� DQG YDULRXV QHFHVVDU\ DQG�RU VXIILFLHQW

FRQGLWLRQV IRU REVHUYDELOLW\ ZHUH REWDLQHG� ,Q SDUWLFXODU� LW

ZDV ILUVW SURYHG WKDW D QHFHVVDU\ DQG VXIILFLHQW FRQGLWLRQ

IRU WKH SHUVSHFWLYH OLQHDU V\VWHP
/

6 WR EH JHQHULFDOO\ RE�

VHUYDEOH LV VLPSO\ �≠E � DQG VXUSULVLQJO\ WKDW WKLV UHVXOW LV

DOVR WUXH IRU WKH SHUVSHFWLYH 5LFFDWL V\VWHP
5

6 � )XUWKHU LW

ZDV VKRZQ WKDW� HYHQ IRU WKH VLQJOH RXWSXW SHUVSHFWLYH V\V�

WHPV
��

/6
L

DQG �����6
��

5 =L
L

� WKH JHQHULFDO VWDWH REVHUYDELOLW\

LV REWDLQHG IRU DOPRVW DOO SDUDPHWHUV FKDUDFWHUL]LQJ WKH V\V�

WHPV� )LQDOO\ LW ZDV VKRZQ WKDW WKH XQNQRZQ SDUDPHWHU

FFE RI WKH WUDQVODWLRQ YHFWRU E LV QHYHU LGHQWLILDEOH� EXW

WKH XQNQRZQ SDUDPHWHU FFω RI WKH DQJXODU YHORFLW\ YHF�

WRU LV JHQHULFDOO\ LGHQWLILDEOH�

5()(5(1&(6

>�@ .� .DQDWDQL� *URXS 7KHRUHWLFDO 0HWKRGV LQ ,PDJH
8QGHUVWDQGLQJ� 6SULQJHU 9HUODJ� �����

>�@ %� .� *KRVK DQG (� 3� /RXFNV� $ SHUVSHFWLYH WKHRU\
IRU PRWLRQ DQG VKDSH HVWLPDWLRQ LQ PDFKLQH YLVLRQ�

6,$0 -RXUQDO RQ &RQWURO DQG 2SWLPL]DWLRQ� YRO����

SS����������� �����

>�@ %� .� *KRVK� 0� -DQNRYLF DQG <� 7� :X� 3HUVSHFWLYH
SUREOHPV LQ V\VWHP WKHRU\ DQG LWV DSSOLFDWLRQV WR PD�

FKLQH YLVLRQ� -RXUQDO RI 0DWKHPDWLFDO 6\VWHPV� (VWL�

PDWLRQ DQG &RQWURO� YRO��� SS������ �����

>�@ %� .� *KRVK� +� ,QDED DQG 6� 7DNDKDVKL� ,GHQWLILFDWLRQ

RI 5LFFDWL G\QDPLFV XQGHU SHUVSHFWLYH DQG RUWKR�

JUDSKLF REVHUYDWLRQV� DFFHSWHG IRU ,((( 7UDQVDFWLRQV

RQ $XWRPDWLF &RQWURO� �����

>�@ :� 3� 'D\DZDQVD� %� .� *KRVK� &� 0DUWLQ DQG ;�

:DQJ� $ QHFHVVDU\ DQG VXIILFLHQW FRQGLWLRQ IRU WKH

SHUVSHFWLYH REVHUYDELOLW\ SUREOHP� 6\VWHPV DQG &RQ�

WURO /HWWHUV� YRO���� SS��������� �����

>�@ %� .� *KRVK DQG -� 5RVHQWKDO� $ JHQHUDOL]HG
3RSRY�%HOHYLFK�+DXWXV WHVW RI REVHUYDELOLW\� ,(((

7UDQVDFWLRQV RQ $XWRPDWLF &RQWURO� YRO����

SS��������� �����

>�@ 5� +HUPDQQ DQG $� .UHQHU� 1RQOLQHDU FRQWUROODELOLW\
DQG REVHUYDELOLW\� ,((( 7UDQVDFWLRQV RQ $XWRPDWLF

&RQWURO� YRO� $&���� SS��������� �����

>�@ $� -� .UHQHU DQG :� 5HVSRQGHN� 1RQOLQHDU REVHUYHUV

ZLWK OLQHDUL]DEOH HUURU G\QDPLFV� 6,$0 -RXUQDO RQ
&RQWURO DQG 2SWLPL]DWLRQ� YRO���� SS��������� �����

>�@ $� ,VLGRUL� 1RQOLQHDU &RQWURO 6\VWHPV� WKLUG HGLWLRQ�

6SULQJHU 9HUODJ� �����

>��@ -� /� &DVWL� 1RQOLQHDU 6\VWHP 7KHRU\� $FDGHPLF 3UHVV�

�����


