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Abstract. Perspective dynamical systems arise in machine
vision, and the essential problem in such a system is how to
determine any unknown states and /or any unknown pa-
rameters from its perspective observation. Considering sim-
ple perspective dynamical systems, we study the state ob-
servability and the parameter identifiability of such systems,
using the differential geometric method, that is, the ob-
servability rank condition, which has been developed for
general nonlinear systems, and present various necessary
and/or sufficient conditions for observability and/or identi-
fiability.

I. INTRODUCTION.

The essential problem in machine vision is how to
determine the position of a moving rigid body and/or any
unknown parameters characterizing the motion and shape of
the body from knowledge of the associated optical flow [1].
Perspective dynamical systems arise from mathematically
describing such machine vision problems, and this essential
problem can be described in system theory terminology as
the problem of determining any unknown state and /or of
identifying any unknown parameters of such a system based
on its perspective observations [2]-[6].

For perspective linear systems, the state observability
problem has already been studied in [5], [6] wherein a new
generalization of the Popov, Belevitch and Hautus (PBH)
condition has been described. While the PBH rank test is an
algebraic geometric technique and relies on the knowledge
of the associated optical flow, in this paper, we study the
local observability of perspective dynamical systems using
the differential geometric method [7]-[10], that is, via com-
puting the observability rank condition.

Since for any perspective dynamical system its com-
plete state at each instant of time is not available due to the
perspective observation, it is clear that any unknown pa-
rameters of such a system must be identified along with the
state estimation. Therefore the parameter identifiability
problem should be studied simultaneously with the state
observability problem, and hence even for a simple per-
spective linear system the observability problem becomes

H This work was supported in part by the Grant-Aid for General
Scientific Research of the Japanese Ministry of Education, Science
and Culture under Grant C-11650455, and in part by the Research
Center for Technology of Tokyo Denki University under Grant
Q978-05.

quite complicated. So this paper considers only two very
simple perspective dynamical systems, i.c., a perspective
linear system [2], [3] and a perspective Riccati system [4],
and presents various necessary and/or sufficient conditions
for observability and identifiability for such systems.

II. PRELIMINARIES.

First, some notations are introduced, which are used
throughout this paper. For a scalar-valued function

A:R" - R and a column vector-valued function
f:R" - R", define the following notations:
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x,'OR"and f=[f, f,- 1,1 .
L,A(x) is called the Lie derivative of A along f . and

its higher derivatives L’})\ (x)(k=012,---) are recursively

where x=[x, x,

defined as

DL‘})\ (x) = A(x),
22 0, 0 i _
ELf)\(x) = %;Lf A(x)@/(x), k=12,---

Further, we use the following notation:
(2.3)

L, dA(x) =dL,A(x) = fT(t)S(ﬁd)\) ul

1 +dA(x)g—f(x).

Ox X

Now, we consider a nonlinear system, having no input,
of the form

0x@0) = f(x(®), x(©0)=x,0R"
() = h(x (D)

where x(f)UR"and y()OR" with m <n are the state
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and the observation vectors, respectively, and f: R" - R”,
h:R" - R" (h=1lh h,
tor-valued rational functions. (More generally, these func-
tions can be extended to meromorphic functions; that is,

h,1") are column vec-



those functions represented as ratios of analytic functions
having only singular points of poles. However, for our pur-
pose rational functions are sufficient.)

First, the following definition is given.

(2.5) Definition.

(i) System (2.4) is said to be observable at a point
xOR", if there exist an open set U O R"of x
and positive integers k.k,,---,k, satisfying
k +k,+---+k =n such that for arbitrary x0OU

the set of row vectors defined by

U dh (0|1 =1 sk =10k, 3 ey
f 1 m

is linearly independent.

(i) System (2.4) is said to be generically observable if
it is observable at all the points x [ R”except the
common zeros of a finite number of some nonzero
scalar-valued rational functions of x. [

The definition of observability above is due to Krener
and Respondek [8]. It is well known that for general
nonlinear systems global or complete observability cannot
usually be expected, and therefore local or generical ob-
servability would be suitable notions. In fact, the ob-
servability in Definition (2.5) implies the local weak ob-
servability [7], [10], which intuitively means that any suffi-
ciently close states can be instantancously distinguished.
Further, the generical observability means that the system is
observable at almost every point in R”, i.e., at every point
belonging to some open dense subset of R”. Although
there have appeared alternative definitions in the literature
[71-19], our definition given above is a most suitable one to
our purpose.

III. SIMPLE PERSPECTIVE SYSTEMS AND
THE PROBLEM STATEMENT

First, we introduce the notion of perspective systems as
follows.
(3.1) Definition. System (2.4) is called perspective if the
observation vector y is given as a rational function in x

of the form
D6x 0 ooo
m+1xD E . D
y=h(x)=( : = R (1)
0Cx 0 EC %j
%jm+1x5 m+1D

where 1<m<nand C, OR™ (k=1---,m+1). O

It is well known in machine vision that when a feature
point x(¢) =[x,(1) x,() x,;()]" of a rigid body moving

in the 3-dimensional space R’ is observed with a CCD
camera, the observation obtained on the image plane is es-
sentially represented as the form

G2 YO=hEO)=[x,O)x O x,O/x O,

which is a special form of Definition (3.1), and called the
optical flow. Sce, ¢.g., [1]-[4]. An essential problem in
machine vision is to estimate its motion and to locate the
surface from the observed information of several feature
points selected on the surface of the body.

The following are simple examples of perspective sys-
tems, which have been studied in machine vision [1]-[4].
The first example is given by

3.3)
Dd (t)D b, O DO - w,
O
Edt F 0 %zm fo®s 0
&0 B8 Bw,
Dgyl (O0_ B 0)/x 01
3.0 Bo/x ot
and will be called a perspective linear system in this in-
vestigation, where w=[w, ®, ,]" represents the an-

gular velocity vector and » =[h, b, b,]" the translation

velocity vector. The second one is a little bit more general
than the first one, and is given by

w, M, (H0

W, 0%, (05
0 H 0H

x,(H#0

Ed Ex (00 O D711 dp  4p %1(0%
Dd |j€2(t)|] %7“] t s 92 9n D]jcz(t)D
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and will be called a perspective Riccati system [4].

In what follows, we consider the essential problem of
machine vision for these two perspective systems S,,S;,

but restricting ourselves to the case where only a single
feature point is observed and no surface location is con-
cerned. So we focus our attention to the state estimation
and/or parameter identification problems based on all the
available information. More precisely, the problem we are
concerned with can be stated as follows: Based on the con-
tinuously observed perspective observation

(3.5) Y@y =@ =@ »OI|0osT<n

or a part of it, under what conditions can the state
() =[x, () x,() x@®] and/or the parameters
w=[w, w ] . b=[h, b, b] or a part of the
parameters be uniquely determined ? Theoretical point of
view, this problem can be answered by investigating the
observability and/or identifiability of nonlinear systems
S.. Sy .



IV. OBSERVABILITY OF PERSPECTIVE LINEAR SYSTEMS

First, we consider the observability for perspective linear
system S; given by (3.3). For notational convenience, let

E 00 -w w O O
Ef(x)::_Qx+b, _Q::Ea)3 0 —wl b= 2%
U E_wz W 0 E @735
0

th(x)Od O /x,0
Onxy=0" ‘0=0" g x 20.
I XC e AN

Then, from Definition (2.5)(i), in order to check observabil-
ity for system S, it suffices to investigate the linear inde-
pendence of the set of row vectors given by
4.2)
{dhy(x),dh,(x),L ;dh(x). L ;dh, (x),Lf,th1 (x),Lf,th2 (x)}.
It is casily seen that
@3 d@=5- 0 -0 dum=0 ~ -0
K X 0 o % X3 O
and hence dh(x) and dh,(x) are linearly independent at
every xOR" with x, #0. Itis not difficult to see that the
other vectors in (4.2) can be represented in the form
@4 Lpdn(o=[a,x) B;(x) vy, i.j=12,
where @, (x), B, (x).y;(x) are some rational functions of

x=[x, x, x] . Now, define the matrices

Odh(x) O OYx, 0 -x/x0

45 M ()= QiR () E:E 0 Ix -x/xig
HidnoH H,0 B, v, [

i,j=12.

Then, their determinants can be easily computed as

(4.6) detM,, ,(x)= x—ls{a,.j (¥)x, + B, (0)x,
Y, (x5, 6 j=12
and using the MAPLE one can easily obtain
EdetML(U) (x) =(b,x, —b,x, )/x§
Odet M, ,, (x) = (b0, xI +4b,b,x, +b,0x]
+4b,w,x] —4b]x, —3b,w,x,x,
+2b,w, x,x, —2b,0,x,x,
+h,w,x,x; —4b,w, x,x, )/x36
detMm)l) (%) = (b;x, —b2x3)/x35

detML(z)z) (x) = (b1w3x32 +b3w1x32 —4b,b. x,

“.7

+ 4b3w1x§ + 4b3zx2 +b,w,x,x,

+2b,w,x,x, —3b,w,x,x,

MmMooOoOoooooomoooo

—2b,,x,x, —4b,,x, X, )/x36

First, the following lemma can be proved.

(4.8) Lemma.
(i) Arbitrary three vectors in (4.2) are linecarly depend-
ent forevery xOR’ with x, #0 if and only if

detd ,, ,(x)=0, x OR® withx, #0, i,j=12.
ey

(i) Eq. (1) is satisfied if and only if » =0.

Proof. For the statement (i), the necessity is obvious,
and hence only the sufficiency is proved. Assume Eq. (1)
holds. Since the vectors dh, (x),dh,(x) in Eq. (4.3) are
linearly independent for every x(JR’ with x, 20 and
are rational functions, it follows from Eq. (1) that every
vector Lj}dh,. (x)(i,j =12) can be represented as a linear

combination of dh (x),dh,(x) in the form
Lydh,(x) = a, ()l (x) + b, (x)dhy (x), i, j =12

where a,(x),b;(x) (i,j =12)are some rational functions.

»
Therefore, the set of vectors given in Eq. (4.2) has no more
than two linearly independent vectors, and hence the suffi-
ciency is proved.

The statement (ii) is easily verified from Eq. (4.7). In
fact, since every term in detAf,, ,(x) contains one of

b.b,,b,, =0 implies Eq. (1). Conversely, Eq. (1), in
particular, detA/,,,(x) =0 and detdf,, ) (x) =0 imply
b =b,=b,=0. O

Now, using Lemma (4.8), the following theorem can be
proved.

(4.9) Theorem. Perspective linear system S; given by
Eq. (3.3) is generically observable if and only if 5 #0.

Proof. It follows from Lemma (4.8) that
detd ,, ,(x) is not identically zero for some i,; if and

only if » #0 . Therefore, by Definition (2.5) the condition
b#0 is equivalent to System S, being observable at
every point x[(OR® except the zeros of this det M Lan(X).
Finally, since detM,, ,(x) is a rational function, it fol-
lows that the condition » #0 is equivalent to System S,

being generically observable. O

If 20 and
(4.10)

N, ={x0OR*| detM ,, ,(x) =0andx, 20, i, j =12},
then .#, # @ and is a strictly proper and very small subset
of R’ (in fact, the complement .#,° is an open and
dense subset of R’), and system S, is locally observable
at every point xO.#;".

Next, we consider a single output case in System S, ,

that is, the case where only one of the components
»(0),y,() 1is available, so that for i =12 §, is reduced



to the following systems:

@.11)
0 GO0 3,000 o @ DhO0
Egdcz(’)m %ZD oo 0 CemeOp

S g F0B BB Bo, o 0 H0F
O, =50
Ey,(f) o)’ x(#0.

In order to investigate the observability of S, it suffices
to check the rank of the matrices
U dh,(x) D
MP(x): —% dh, (x). i,j=12.
B/dhf(x)E
After a patient computation, we get
(4.13)

4.12)

EdetM Dxy= 16~{—(ct>2c03173 +w’h, + Wwh)x;
X3

+2(wwb; + w12b1)x1x2 ~200,,b, %, x5 + 2(W ;b

+ (,032173 )X, X;

+ 2(('031732 +wbby)x,

— (Wb, +ww,b, + wszbz)xsz
= 2(w,b,b, + Wb )x,}
det M (x) = —{-2(@,b, + Wib,)

X.

3
- 2((")2("’3172 + (4)32173 )x1x3 + wlwzbz + ((4)1(4)3173 + wgbl
+ (")1(")2172)3522 +20W,00;b,x,x; + (W wW;h, + a)32b1)x32
+2(0,b,b, + Wb )x, = 2(Wb,by + Wb )x,}.

I o

Clearly, when detA7%(x) is not identically zero, defining
NP ={x0OR | detM(x) =0andx; #0}, i =12,
we have
detM P (x)=3, OxO4, withx, 20, i=12,

and hence S is generically observable. Further, it is clear
that S is not generically observable if and only if
detM P (x) is identically zero, ie., detA/’(x)=0. A
simple but patient computation gives that detA/<" (x) =0

if and only if any one of the following conditions (i)-(v) is
satisfied:

03 w =0andw, =0

Jii) w =0,b, =0andb, =0
OGii) &, =0,b,=0andb, =0
Hav) b, =0.b, =0andb, =0
H(v) b, =0andwpb, +w,b, =0

(4.14)

and similarly detM P(x)=0 if and only if any one of the
following conditions (i)-(v) is satisfied:

03 w,=0andw, =0

(i) , =05, =0andb, =0
OGii) , =0, =0andb, =0
Hav) b,=0.b, =0andb, =0
H(w) b, =0andw,b, +wb, =0.

4.15)

Therefore, the following theorem has been shown.
(4.16) Theorem. Concerning the perspective linear sys-
tem S with a single output given by Eq. (4.11), the fol-
lowing statements hold.
(i) S is generically observable if and only if none of
the conditions (i)-(v) given in Eq. (4.14) is satisfied.
(i) S is generically observable if and only if none of
the conditions (i)-(v) given in Eq. (4.15) is satisfied.
[

Now, we consider the observability of perspective Ric-
cati system S, given by Eq. (3.4) in the same manner as

for the perspective linear system S, . First, defining

0 (b0 [, @, a,dk0
0,n=5 0.0 M O
0/ ) =, O fa % 9

E Bb.H Hy o, asHRH

0 Ox O

0 0.0

E % o oc 0 0 00D
@17 0 P ¢ 0 ¢ ¢ 0 :fm,

O H 0 ¢ 0 ¢ «F7 E

g X.

D 223D

E Hx; B

()0 O /x, 0

Theo = ROB=E5 T 20

- YO NEYANE

B

we can show for this Riccati system that the matrices
My, ;,(x) corresponding to Eq. (4.5) has the same form,

and their determinants are computed as follows:
(4.18)

EdetMR(u) (x) = (b,x, —b1x3)/x35

Odet M 5, (x) = ={=4b,b;x; +(a,\b, —a,;b,

2 2 2
ta,b,)x; tda, b,x +4b,x,

—2ayub,
—2a,b,xx,
—2a,,b,x,x, —3a,b,x,x, —2a,,b,x,x,
32b2x x +4a32b3x1x2 +3a33b3x1x3 }/x36

detMR(Z)D (%) =(byx, —b,x, )/x§

detMR(z)z) (x)=—{(ayb, +a,b, —a,b, —2a,, 2)x
—4b,b.x, +4a,b,x] +4blx, —a, b x,x,
—2a,,b,0,x,x, —2a,b,x,x, —2a,b,x x,

1 e

6
3a,b,x,X, +dayb,x,x, +3a,byx,x,}/x



As before, it is not difficult to see that
detM ,, ,(x)=0 (Ui, j=12) if and only if »=0, and
therefore, the following theorem is readily proved.

(4.19) Theorem. Perspective Riccati system S, given
by Eq. (3.4) is generically observable if and only if 5 Z0 .
[

It is very interesting to note that comparing the above
with Theorem (4.9) both S; and S; have the same nec-
essary and sufficient conditions for generical observability.

Now, we can construct single output perspective Riccati
systems S (i =1,2), corresponding to those S (i =1,2),
and investigate their observability. Although the argument
becomes much more complicated than before, we can get

necessary and sufficient conditions for S (i =12) to be

generically observable. In fact, the final result is stated
without details in the following theorem.

(4.20) Theorem.

(i S¥ is generically observable if and only if the pa-
rameters a,.b,,c, satisfy none of the following
conditions (a)-(g):

0 (a) b3202 —ayayby +ayayb, —a322b2 tay,a,uby =0
0 () apasb, —a322b1 =0

E (©) bbyc, —a,jaubh, taya,b, +2a,a,b,

E tayanby —ayagby —aa,by —ananb, =0
E (d) a122b3 —ay,ay,by =0

E © _blzcz _alzzbz tapaby —aanb, tajanb =0
E ) ayb, b, —a12b32 =0

H(® ay,bb, —a32b12 =0.

(i) S¢ is generically observable if and only if the pa-
rameters a,.b,,c, satisfy none of the following
conditions (a)-(g):

0 (a) a,,a,,b, —a321b2 =0
a ) a;bs —ayayb, =0
E () ayay,b, +a321b1 —ayayb, —a,a,b, +b3201 =0
% (d) —2ayay,b, —ayanb; tayasbs +ayasb,
O —a31a33b2 +a11a21b3 +a11a31b2 _2b2b301 =0
E © bzzc1 +a§1b1 —ayanby —a,ayb, tayasb, =0
E ) a21b32 —ayb,by =0
H® a31b22 —ayb,b, =0. [

It is not very difficult to show that if ¢, =0 (k =1,2,3)

and a,=0(=123) with a,=-a, (i#j) then Theo-
rem (4.20) reduces to Theorem (4.16).

V. IDENTIFIABILITY OF PERSPECTIVE LINEAR SYSTEMS

In this section, we consider the parameter identifiability

problem for the perspective linear system S; . By this

identifiability problem, we mean the problem of whether or
not some unknown parameters of the system can be deter-
mined uniquely from the perspective observation

G YO=HO=InO »OI [0sT<1.

Of course, in this problem, since the complete state x(f) is

not available, the parameter identifiability problem must be
considered along with the state observability problem.

To avoid too cumbersome argument, we consider only
the following two simplified identifiability problems.

(5.2) Problem 1. It is assumed that the angular velocity
vector w=[w, @, ,]" is known, and that when ex-
pressing  the  translation  velocity
bbb, b, b, theunitvector bh:=[b, b, b, is

known, but only the magnitude |4 is unknown. [J

vector as

Letting x, =41l and setting dx,/dt =0 to represent

that |5 || is a constant, Problem 1 is to check the state
observability of the following perspective linear system:

E G, (HO EO ~w, I;I%M(f)ﬂ
0d 20500, 0 - bok0Op
dt e, 0 L ) Ik, (0
(5.3) SLbﬁ@ tD3(t)|] g ©, @ 0 b, 3(t)|]
o x@Oogo o 0 o0FEx®O
0
0 OO OnO/x,n0 ()20 |

O 0=0

H 2:00 x0/x00

(5.4) Problem 2. It is assumed that the translation veloc-

ity vector b =[b, b, b,]" is known, and that when ex-

pressing the angular velocity vector as

w=wl[® @ &] only the magnitude ||wl is un-

known. []

In this time, letting x, :=[|wll and setting dx,/dt =0,

Problem 2 is equivalent to checking the state observability
of the following perspective nonlinear system:

0 0O B,0 00 -@, & 00

0d Oy, g0 0 -& 07

Edt%g(t)% %735 Ercbz @ 0 0%

O .o o o0 0 0 0g

E Eﬁq(f)m(t)&
(5.5) S .% (R 0x,0F
M ENGIAGIE

0 O O

0 0O x@ 0

0 DnOO_Bno)/x00

= ] %, (O #0.

0 B,of B.oynod *©

O

O

H

It should be noticed that S, is a perspective linear system,



but S, isa perspective nonlinear system.

As before, to check the observability of S,.S, . it suf-

fice to check the linear independence of
{dh.dh,, L dh, L dh,. Li,dhl, Li,dhz, Li,alh1 , Li,dhz} :

Lw >

Again, letting

q dn@=la,) B, v, 5,
E i=12,j=123
0
0 0L o -xn o B
6.6 O o | o 0
. =4 = _* 0
Mup®=g % = 5 0
. 9,00 B® y,m 5,3
O @, (x) B () ¥, 5kl(x)g
H G, )% (k,D), p=horw

one can obtain
(5.7) detM 7 (x)
=90,(x) detM, ,(x)~ 5,]. (x)det M, ,(x)
1 B r,(x) a,(x)0

= — [k, det
< 0,0 8,mE

B (x) By (x) % W, (x) vy,
ij(x) ykl(x) O ’ ij(x) 5kl (x)@
G, HNZEW&D, p=borw

+ x, det det

where Af,, . (x) is the matrix developed in Eq. (4.5).
For System S, , further calculation shows that
(5.8) det M7 () =0, OG. ) % (k.0D).
Thus, System S, is never identifiable (observable), and

hence the unknown parameter |4 is never identifiable
from the perspective observation given by (5.1). Therefore,
to make ||| identifiable, it is necessary to have more
information, for instance, by observing more than one fea-
ture point or using more than a single CCD camera. This
problem will be investigated elsewhere in the future.

On the other hand, for System S, , it can be shown that

Lw >

(5.9 detM &0 ()20, 0G, j)# k1),

Lb(i,j)

that is, the determinant detA/},7  (x) cannot be identically
zero, and hence ||w]| is generically identifiable (observ-
able).

Summarizing the results obtained in this section, we have
the following theorem.
(5.10) Theorem. The unknown parameter ||/ || in Prob-
lem 1 is never identifiable from the perspective observation
given by (5.1), but the unknown parameter ||| in Prob-
lem 2 is generically identifiable. [

V1. CONCLUDING REMARKS

Considering very simple perspective dynamical systems,
the generical observability of such systems was investigated,
using the observability rank condition developed for general
nonlinear systems, and various necessary and/or sufficient
conditions for observability were obtained. In particular, it
was first proved that a necessary and sufficient condition
for the perspective linear system S, to be generically ob-
servable is simply » # 0, and surprisingly that this result is
also true for the perspective Riccati system S, . Further it
was shown that, even for the single output perspective sys-
tems S”and SY (i =1.2), the generical state observability
is obtained for almost all parameters characterizing the sys-
tems. Finally it was shown that the unknown parameter
|51l of the translation vector b is never identifiable, but

the unknown parameter ||w|| of the angular velocity vec-
tor is generically identifiable.
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