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Abstract

A nonlinear feedback control law that achieves global
asymptotic stabilization of a 2D thermal convection
loop is presented. The loop consists of viscous Newto-
nian 
uid contained in between two concentric cylinders
standing in a vertical plane. The lower half of the loop
is heated while the upper half is cooled. We assume
that the gap between the cylinders is narrow and use
Boussinesq approximation to obtain the most general
PDE model based on �rst principles.

Stability analysis of the thermal convection loop shows
that the no{motion steady state for the uncontrolled
case is unstable for the values of the non-dimensional
Rayleigh number Ra > 1. The objective is to stabi-
lize the unstable no{motion steady state using bound-
ary control of velocity and temperature on the outer
cylinder. In our controller design we start by discretiz-
ing the original PDE model in space using �nite di�er-
ence method (both in radial and axial directions) which
gives a high order system of coupled nonlinear ODEs
in 2D. Then, using backstepping design, we obtain a
discretized coordinate transformation that transforms
the original coupled system into two uncoupled systems
that are asymptotically stable in l2{norm with homoge-
neous Dirichlet boundary conditions. Using the prop-
erty that the discretized coordinate transformation is
smoothly invertible for an arbitrary (�nite) grid choice,
we conclude that the discretized version of the original
system is globally asymptotically stable and obtain non-
linear feedback boundary control laws for velocity and
temperature in the original set of coordinates.

The control design is accompanied by an extensive sim-
ulation study. Numerical results show that the feedback
control law designed on a very coarse grid can success-
fully stabilize the system for a very wide range of the
Rayleigh number. This means that an excellent closed
loop performance is achieved using just a few measure-
ments of the 
ow and temperature �elds implying that
the proposed backstepping design has a potential to be
successfully applied in real experimental setting.

1 Introduction

A feedback boundary control law that globally stabi-
lizes the no{motion steady state is designed for a closed
convection loop that is created by heating the lower
half of the loop and cooling the upper half. The im-
posed temperature gradient induces density di�erence
between the lower and upper portions of the loop and
acts as a driving force in this system. This motion is

opposed by the damping e�ects of viscosity and thermal
di�usivity.

Natural convection loops have been extensively stud-
ied and used in solar energy heating and cooling sys-
tems, geothermal power production, greenhouses, per-
mafrost protection, emergency reactor cooling systems,
turbine blade cooling, engine and computer cooling
applications, and in process industries. Their exten-
sive use is primarily due to the fact that they pro-
vide a means for circulating the 
uid without the use
of pumps. Some of the studies of such loops include
work of Welander [13] who analyzed 
ow in a rectangu-
lar vertical loop with point heat source on the bottom,
point heat sink on the top, and two vertical branches.
Welander concluded that under given assumptions the
system had one steady solution, with warm 
uid rising
in one branch and cold 
uid sinking in the other, that
may become unstable in an oscillatory manner. The
work of Creveling et al. [5] focused on toroidal loop
heated from below by uniform heat 
ux and cooled
from above using concentric cooling jacket with high
coolant 
ow rate. They demonstrated, both experimen-
tally and analytically, that for the heat transfer rates in
the range between low and high the 
ow becomes un-
stable. Bau and Torrance [1] also introduced and exper-
imentally validated a model of an open, symmetrically
heated convection loop. Unlike Welander [13], Crevel-
ing et al. [5], and Bau and Torrance [1] who utilized
one{dimensional approach by averaging the governing
equations over the cross section of the loop, Mertol et
al. [9] derived two{dimensional model assuming axial
symmetry of the model and neglecting axial conduc-
tion, viscous dissipation, and the e�ects of curvature.

One of the ways to suppress instabilities occurring in
convection loops and change the nature of the 
ow is
through feedback control. Based on the model from
Bau and Torrance [1], Singer and Bau [10] and Wang
et al. [11] demonstrated, both analytically and experi-
mentally, that the heat convection in a toroidal vertical
loop can be successfully controlled by suppressing or en-
hancing disturbance occurring in the 
ow. In their work
Wang et al. [11] noticed that the model from Bau and
Torrance [1], that implicitly assumes the friction and
heat transfer laws similar to those of laminar, fully de-
veloped, Poiseuille 
ow, is not the most adequate choice
and suggested that a more realistic model might be
used. In fact, they have observed in their experiments
the development of a secondary circulation that may
signi�cantly modify both the friction and heat transfer



laws. Using celebrated Lorenz [8] equations as a sim-
pli�ed model of 
uid convection Bewley [2] examined
the application of linear control to a low{order nonlin-
ear chaotic convection problems. Global stabilization
of the Lorenz equations has been also investigated by
Wan et al. [12] and Jankovi�c [6] by means of nonlinear
feedback control. More recently, Burns et al. [3] have
designed an LQG controller, the �rst for a general two{
dimensional model of a circular pipe, that achives local
stability enhancement.

In this paper we use a model of a closed thermal con-
vection loop consisting of viscous Newtonian 
uid con-
tained in between two concentric cylinders standing in
a vertical plane. The equations governing velocity and
temperature distribution in this system are the same
as those used by Burns et al. [3]. The only assump-
tions made in the model are that the system parame-
ters are constant except for the density in the buoyancy
term (Boussinesq approximation), the gap between the
cylinders is narrow compared to the size of the loop
(implying dependence of the axial velocity on radial
coordinate only), and that the azimuthal velocity can
be neglected.

Our objective is to stabilize the unstable no{motion
steady state using boundary control of velocity and
temperature on the outer cylinder. To achieve that we
�rst discretize the original PDE model in space using
�nite di�erence method (both in radial and axial di-
rections) which gives a high order system of coupled
nonlinear ordinary di�erential equations in 2D. Then,
using backstepping design [7], we obtain a discretized
coordinate transformation that transforms the origi-
nal coupled system into two uncoupled systems that
are asymptotically stable in l2{norm with homogeneous
Dirichlet boundary conditions. The fact that the dis-
cretized coordinate transformation is invertible, for an
arbitrary (�nite) grid choice, implies global asymptotic

stability of the discretized version of the original system.
The coordinate transformation is then used to obtain
nonlinear feedback boundary control laws for velocity
and temperature in the original set of coordinates.

The paper is organized as follows. In Section 2 a two{
dimensional PDE model for the closed thermal convec-
tion loop is derived and stability analysis of the no{
motion steady state in terms of the loop Rayleigh num-
ber is presented. A nonlinear feedback control law that
achieves global asymptotic stabilization is presented in
Section 3, followed by the stability proof for the dis-
cretized system in modi�ed coordinates in Section 4.
Finally, the feedback control law designed on a very
coarse grid is shown to successfully stabilize the system
for a wide range of Rayleigh number in a simulation
study presented in Section 5.

2 Mathematical Model

In this section we derive a mathematical model for the
closed thermal convection loop. The loop consists of
viscous Newtonian 
uid contained in between two con-
centric cylinders standing in a vertical plane (see Fig-
ure 1). We assume that the gap between the cylin-
ders is narrow compared to the size of the loop, i.e.
R2 � R1 � R1 < R2. The narrow gap assumption al-

Figure 1: Thermal convection loop description

lows us to assume that the velocity of the 
uid inside
the loop depends on time and radial coordinate only.
The azimuthal velocity, i.e. velocity of the 
uid in a di-
rection perpendicular to the vertical plane, is assumed
to be zero. The properties of the 
uid are assumed to
be constant except for the density in the buoyancy term
(Boussinesq approximation). This assumption, in ad-
dition, implies that the continuity equation is the same
as for the incompressible 
uid. The thermal convection
loop to be analyzed represents a problem of coupled ve-
locity and temperature �elds. The lower half of the loop
is heated while the upper half is cooled. Since the 
uid
in the upper half of the loop is cooled it becomes more
dense and tends to move downwards. Conversely, 
uid
in the lover half is heated, becomes lighter and rises
upwards. The imposed average temperature gradient
therefore acts as a driving force in this system. This
motion is opposed by the damping e�ects of viscosity
and thermal di�usivity.

The Boussinesq equations governing velocity and tem-
perature in this system are those used by Burns et

al. [3]. The spatial domain, in terms of cylindrical coor-
dinates, is (r; �) 2 [R1; R2]� [0; 2�], where r stands for
the radial coordinate, � for the axial, and R2 > R1 > 0
respectively stand for radii of the outer and inner cylin-
ders. Representing the system from Burns et al. [3] in
cylindrical coordinates and integrating the momentum
equation along the circular path at �xed radius r elim-
inates the pressure term and gives the �nal form of the
governing equations in cylindrical coordinates as

vt(r; t) =
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with boundary conditions v(R1; t) = v(R2; t) = 0,
T (R1; �; t) =KR1 sin(�), and T (R2; �; t) =KR2 sin(�).
In the above system v denotes velocity vector, T stands
for temperature, g is vector of gravitational accelera-
tion, � and � are respectively coe�cients of kinematic
viscosity and thermal di�usivity, � is the coe�cient of
thermal expansion, 
 = jgj� and K is a constant pa-



rameter. We should emphasize that we could have pre-
scribed Neumann instead of Dirichlet boundary condi-
tions for the steady{state boundary temperatures, and
later designed the feedback control in terms of Neu-
mann boundary conditions. The only reason for choos-
ing Dirichlet boundary conditions is the fact that the
most of the work published on stabilization of convec-
tive problems uses Dirichlet boundary conditions for ac-
tuation. Under given conditions the system consisting
of equations (1) and (2) has a no{motion steady state
of the form (�v; �T ) = (0;Kr sin(�)). Introducing a new
temperature variable � =T� �T =T�Kr sin(�) we shift
the equilibrium to (v; �) = (0; 0), which is open loop
unstable for su�ciently high value of K. The objective
is to stabilize v(r; t) and �(r; �; t) for that case to zero
while keeping v(R1; t)�0 and �(R1; �; t)�0, and using
v(R2; t) and �(R2; �; t) for actuation. From a physical
point of view this implies that the total temperature
control on the outer boundary will consist of steady{
state componentKR2 sin(�) modulated by an unsteady
control �(R2; �; t). Note that, since v(R2; t) is a scalar
independent of � and �(R2; �; t) is a function of �, this
actuation is in�nite{dimensional. Even though actua-
tion is in�nite{dimensional, this is not a simple prob-
lem with distributed (body{force) actuation because
the boundary actuation is one dimensional, while the
spatial domain is 2D. The local LQG design in Burns
at al. [3] (our objective is global stabilization) uses only
�(R2; �; t) for control, while keeping v(R2; t) = 0. The
design that we present here uses also the scalar quan-
tity v(R2; t) for control. Physically, this means that we
are not only heating the \outer boundary" of the 
ow
domain but also rotating the boundary.

Before proceeding to stability analysis of the origin, we
nondimensionalize the system by introducing a set of
nondimensional variables as r0= r

d
, t0= t

d2

�

, v0= v
�

d

, and

� 0= �

�T
, where d=R2�R1 stands for the channel width

and �T =� 4
�
KR1+R2

2
is the average temperature dif-

ference between the upper and lower half of the loop.
Omitting superscripts 0 for convenience, we �nally ob-
tain the nondimensional form of equations (1) and (2)
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where we have introduced dimensionless Prandtl
and Rayleigh numbers respectively as P = �

�
and

Ra =
1
C


�Td
3

2��
, C being a nondimensional scaling fac-

tor, to be de�ned later, that is going to be used for
normalization of the stability criterion. In addition,
when using R1 and R2 we will assume nondimensional
values of the inner and outer dimension of the loop,
unless stated otherwise. To prove that the origin of
the system (3), (4) can become unstable for su�ciently
large values of the non{dimensional Rayleigh number
we start by expanding the temperature in Fourier se-
ries in terms of the angle �:

�(r; �; t)=

1X
n=0

Sn(r; t) sin(n�)+Cn(r; t) cos(n�) : (5)

The stability analysis that we are going to perform goes
along the same lines as one done by Wang at al. [11]
for the simpli�ed averaged model. The only signi�cant
di�erence is that in our case the system matrix has
di�erential operators at some of its entries, as opposed
to real numbers in the case of simpli�ed model analyzed
by Wang at al. [11].

Substituting (5) into the governing equations (3), (4)
and requiring that these equations be satis�ed in the
sense of weighted residuals, we obtain an in�nite set
of partial di�erential equations in t and r. Three equa-
tions will decouple from the rest of the set (ones involv-
ing S1(r; t) and C1(r; t)) and can be solved indepen-
dently. The three equations (we have labeled S1(r; t)
and C1(r; t) respectively as s(r; t) and c(r; t) for conve-
nience) are

vt = PRaCc+ P�rv (6)
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Linearizing in the vicinity of (v; c; s)=(0; 0; 0) we obtain
a decoupled system�
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Denoting the eigenvalues of �r with homogeneous
Dirichlet boundary conditions by ��i, we �nd the
eigenvalues �k of the system (9) to satisfy the equa-
tion

�k
2+(�j+P�i)�k+P�i�j�PRaC

d�

2(R1+R2)
=0 : (11)

It can be shown that the eigenvalue problem for �r

with homogeneous Dirichlet boundary conditions is a
special case of a regular Sturm{Liouville problem. As
shown in [4], it can be proven that �i � 0. In addi-
tion, for � = 0 the corresponding eigenfunction is of
the form C1r + C2r

�1 and can satisfy homogeneous
Dirichlet boundary conditions only for the trivial case
C1 = C2 � 0. Therefore, we have that �i > 0. Using
that fact we conclude that under given assumptions the
system becomes unstable if

Ra >
�i�j
d�

2(R1+R2)
C
: (12)

Since the function on the RHS of (12) reaches its min-

imum for i = j = 1, choosing C = 2�1
2

�d
(R1+R2) will

normalize the stability condition (12) into

Ra > 1 : (13)

Numerically �nding the �rst three eigenvalues of the
di�erential operator �r to be -1019.77, -4077.75, and
-9174.34, we get that the number of unstable eigenval-
ues increases to two, three, and four when the value of
the Rayleigh number respectively becomes greater than
3.999, 8.996, and 15.989.



3 Control Law

To discretize the problem, let us start by denoting

h = R2�R1

N
and g = 2�

M
, where N and M are in-

tegers. Then, with vi and tij respectively de�ned as
vi(t) = v(R1 + ih; t) and �ij(t) = �(R1 + ih; jg; t),
i = 0; : : : ; N and j = 0; : : : ;M � 1, we represent the
nondimensional system (3) and (4) as
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with v0 = 0 and �0;j = 0 for j = 0; : : : ;M �1. Since
v(R2; t) and �(R2; �; t) are the controls in the PDE,
the control inputs to the discretized system are vN and
�N;j for j=0; : : : ;M�1. We now suggest a backstepping
controller which transforms the original system into the
discretization of the system

!t = P
�
�

!

r2
+

!r

r
+ !rr

�
(16)

zt =
z��

r2
+

zr

r
+ zrr (17)

with boundary conditions !(t; R1) � !(t; R2) � 0,
z(t; R1; �) � z(t; R2; �) � 0, which is asymptotically
stable in L2{norm. The coordinate transformation is
sought in the form

!i= vi��i�1(v1;: : :;vi�1;�1;k=0;:::;M�1;�i�1;k=0;:::;M�1)(18)

zi;j= �i;j��i�1;j(v1;: : :;vi�1;�1;k=0;:::;M�1;�i�1;k=0;:::;M�1)

(19)

where !i(t) = !(R1+ ih; t), zij(t) = z(R1+ ih; jg; t),
and !0 = !N = z0;j=0;:::;M�1 = zN;j=0;:::;M�1 = 0. The
discretized form of equations (16) and (17) is
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By combining the above expressions, starting with �0 =
�0;j � 0, we obtain
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The controls are de�ned as vN = �N�1 and �N;j =
�N�1;j . By inspection of the recursive control design
algorithm one can verify that the coordinate transfor-
mation is invertible (which implies global asymptotic
stability of the discretized system) and that the control
law is smooth.

4 Asymptotic Stability of the Discretized
System in Modi�ed Coordinates

In this section we prove global asymptotic stabil-
ity for (20) and (21) in l2{norm with zero Dirich-
let boundary conditions !0 = !N = z0;j=0;:::;M�1 =
zN;j=0;:::;M�1 = 0. Note that by de�nition !k � 0
and zk;j � 0 if k > N or k < 0, and that due to
the periodicity in the axial direction zk;M+l = zk;l
for any l = � (M�1) ; : : : ; 0; : : : ;M � 1. To prove
the stability of (20) we start with Lyapunov function
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to time, along the trajectories of the system (20), to be
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Applying discretized version of the Poincar�e inequality
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and substituting h in terms of N in (24) will �nally give
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which implies that the system (20) is asymptotically
stable in l2{norm. Following an analogous approach
for system (21), we take Lyapunov function candi-

date V2d = 1
2

P
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P
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j=0 zi;j

2 and �nd its derivative

to satisfy _V2d � �
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global asymptotic stability of (21) in l2{norm since

4R1
2
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2
> R1

2
� (R2�R1)

2
> 0 due to the

narrow gap assumption. We therefore conclude that
the equilibrium (!i; zi;j) = (0; 0), i = 1; : : : ; N�1 and
j=0; : : : ;M�1, of the system (20), (21) with boundary
conditions !0 = !N = z0;j=0;:::;M�1 = zN;j=0;:::;M�1 =0

is globally asymptotically stable in l2{norm.

5 Simulation Study

In this section we present simulation results for the
narrow gap convection loop consisting of water con-
�ned in between two long cylinders standing in a ver-
tical plane. The simulation setup is the same as one
used by Burns et al. [3] (water at 60�F), with system
parameters given as R1 = 1:1975 ft, R2 = 1:2959 ft,

�=8�10�5 1
�F
, �=1:514�10�6 ft

2

s
, and �=1:22�10�5 ft

2

s
.

All simulations are run with the same initial distribu-
tion in velocity and temperature v(r; 0)=0, �(r; �; 0)=
0:01(sin(�)+cos(�)�sin(2�)�cos(2�)+sin(3�)+cos(3�)),

in ft
s
and �F respectively, using BTCS �nite di�erence

method for N = 30, M = 180 and the time step equal
to 0:1 s. One should note that the initial distribution in
temperature includes higher frequencies, that will even-
tually excite higher temperature modes of the system,
and is of the same order of magnitude as prescribed
steady{state boundary temperature components when
Ra = 1. As shown in Section 3, control laws for ve-
locity (22) and temperature (23) are given in a re-
cursive form that can be easily applied using symbolic
tools available. Once the �nal expressions for velocity
and temperature control are obtained, for some par-
ticular choice of N and M , one would have to use full
state feedback to stabilize the system, i.e. the complete
knowledge of velocity and temperature �elds is neces-
sary. Instead, we show that controllers of relatively low
order (designed on a much coarser grid) can successfully
stabilize the system for a wide range of nondimensional
Rayleigh number. In general, simulation results suggest
that to accommodate the 
ows with higher Rayleigh

number one would have to increase the order of con-
troller by applying recursive expressions (22) and (23)
for higher Nc and Mc, where the subscripts \c" stand
for controller. From now on we will use Nc and Mc to
refer to a coarse grid discretization used in controller
design, and N and M to refer to a �ne grid used to
simulate the behavior of the system described by equa-
tions (14) and (15).

Although we have designed and tested controllers for
both Nc = 2 and Nc = 3 and general Mc, we only
present results for the latter case and go brie
y over
the results for Nc = 2. The controller designed for
Nc =2 was capable of stabilizing the system with one

unstable eigenvalue (K=0:04
�F
ft
, which corresponds to

Ra=2:681) with Mc=2, and the system with two un-

stable eigenvalues (K = 0:1
�F
ft
, i.e. Ra = 6:702) with

Mc=4. For the case of three eigenvalues (K=0:17
�F
ft
,

i.e. Ra=11:394) we could not stabilize the system even
with Mc=M=180.

We now proceed to deriving control laws for Nc=3 and

general Mc by introducing hc = R2�R1

Nc
and gc = 2�

Mc
.

Starting with �0 = �0;j � 0 and using (22) and (23)
we �nd expressions for �1, �2, �1;j , and �2;j , where
�2 and �2;j are used as controls. The control signals
are dependent on vi(t) = v(R1 + ihc; t), and �ij(t) =
�(R1 + ihc; jgc; t) for i = 1; 2 and j = 0; : : : ;Mc� 1
only, which means that we use only two velocity mea-
surements inside the channel (v1 at R1+

d

3
and v2 at

R1+
2d
3
) and corresponding 2Mc temperature measure-

ments (�1;j=0;:::;Mc�1 and �2;j=0;:::;Mc�1) to compute
control laws. The temperature control law is computed
forMc equidistant points along the circumference of the
outer cylinder. For the case when Mc < M we �nd the
value of the control law for the remaining points using
cubic spline interpolation.

As expected, by re�ning the grid in controller de-
sign from Nc = 2 to Nc = 3 we were able to extend
the range of the nondimensional Rayleigh number for
which we can stabilize the system. We are now able
to stabilize the system with three unstable eigenvalues

(K =0:17
�F
ft
, i.e. Ra=11:394) with Mc=6. The tem-

perature evolution in time at �xed distance ri from the
center of the loop (ri=R1+i

d

5
, i=1; 2; 3; 4) is shown in

Figure 2. The velocity v(r; t) and temperature control
�(R2; �; t) are shown in Figure 3. The corresponding
temperature and velocity responses for the uncontrolled
case are respectively of the order of 0:3�F and 0:01 ft

s
even after 10000 s. We should mention that although
the simulations were performed with su�ciently small
time step (total of 100000 steps per simulation), we had
to sample the outputs of the system with much larger
time step when plotting them. Depending on the sig-
nal depicted, we have used from 50 to 200 points in
time trying to capture as much of the relevant signal
dynamics as possible. Although we do not show those
simulation results, the proposed control law was capa-
ble of stabilizing the \less critical" cases with one and
two unstable eigenvalues (Ra=2:681 and Ra=6:702 re-
spectively) with smaller control e�ort in less than 5000
s with Mc=6.



If we try to further increase Rayleigh number to Ra=

19:43 (K=0:29
�F
ft
), which corresponds to four unstable

eigenvalues, we see that the controller designed with
Nc = 3 can not stabilize the origin even with Mc =
M=180. However, the controller does reduce the state
error, especially in the middle of the loop. Withuot any
intention to state it as a \proven" fact, we notice that
a pattern of a certain kind is repeating for both Nc=2
and Nc=3 cases. For Nc=2 we were able to stabilize
the system with two unstable eigenvalues but unable to
do so for three unstable eigenvalues. For Nc = 3 the
same is true for three and four unstable eigenvalues.
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Figure 2: Temperatures �(ri; �; t) in �F at �xed radius

ri = R1 + i
d

5
(i = 1; 2; 3; 4) for Ra = 11:394

with controller designed for Nc = 3 and Mc = 6

6 Conclusions

A nonlinear feedback controller based on Lyapunov
backstepping design that achieves global asymptotic
stabilization of the unstable no{motion steady state for
a 2D thermal convection loop has been derived. The
result holds for any �nite discretization in space of the
original PDE model.

The simulation study indicates that the feedback con-
trol laws designed on a very coarse grid can be success-
fully used to sustain the no{motion steady state well
beyond the critical Rayleigh number associated with
the onset of instability in the uncontrolled system.

Several key questions present a challenge for future re-
search. It would be of interest to extend this result from
the case of an arbitrary �nite discretization of the model
in space to the continuous model itself. This would,
among other things, involve the proof that the proposed
coordinate transformation remains bounded in the limit
when the spatial grid becomes in�nitely �ne, i.e. when
N andM tend to in�nity. Another key question regard-
ing the applicability of the proposed approach is how
one would measure the velocity/temperature �eld in a

ow domain. In a CFD setting this would, of course,
not be a problem. However, in experimental applica-
tion one would typically have access only to quantities
near the wall. This would make it necessary to develop
observers and output{feedback control design for these

ow models.
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