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Abstract

In this paper, the problem of finite and infinite hori-
zon robust Kalman filtering for uncertain discrete-time
systems is studied. The system under consideration is
subject to time-varying norm-bounded parameter un-
certainty in both the state and output matrices. The
problem addressed is the design of linear filters hav-
ing an error variance with a guaranteed upper bound
for any allowed uncertainty. A novel technique is de-
veloped for robust filter design. This technique gives
necessary and sufficient conditions to the design of ro-
bust filters over finite and infinite horizon.

1 Introduction

One of the fundamental problems in control systems
and signal processing is the estimation of the state
variables of a dynamic system through available noisy
measurements. In the past three decades, this problem
has attracted the interests of many researchers and one
of the popular methods is based on the minimization
of the variance of the estimation error, i.e. the cele-
brated Kalman filtering approach (see, e.g. [1]). The
filtering algorithm requires the knowledge of a perfect
dynamic model for the signal generating system, and
that the noise sources are white processes with known
statistics. Thus, the standard Kalman filter may not be
robust against modeling uncertainty and disturbances.
This has motivated many studies on robust Kalman
filter design, which may probably yield a suboptimal
solution with respect to the nominal system, but it will
guarantee an upper bound to the filtering error covari-
ance in spite of large parameter uncertainties.

In recent years, several results have been derived on
the design of such robust estimators that give an upper
bound to the error variance for any allowed modeling

uncertainty (see, e.g., [2] — [3]). The continuous-time
case has been discussed in [4] and references therein. In
[4], both the finite and infinite-horizon filtering prob-
lems were addressed and necessary and sufficient con-
ditions for the existence of robust filters with an opti-
malized upper bound for the error variance were given.
As for the discrete-time case, [2], [5] and [6] only focus
on the design of the stationary robust filters, while in
[3], only the finite-horizon case was discussed by using
semidefinite programming method. Although in [7],
both the finite and infinite-horizon robust filters were
discussed, conditions for the design of such filters are
only sufficient.

In this paper, we consider the problem of robust a prior
Kalman filtering for discrete-time systems with norm-
bounded parameter uncertainty in both the state and
output matrices. The process and measurement noises
are assumed to be stationary white signals with known
statistics. The problem addressed is the design of lin-
ear filters that yield an estimation error variance with
a guaranteed upper bound for all admissible uncertain-
ties. Both the finite-horizon and infinite-horizon cases
are investigated, and necessary and sufficient condi-
tions for the existence of such filters are given.

The remainder of this paper is organized as follows:
In Section 2, we give the problem formulation. In
Section 3, the problem of robust Kalman filtering for
discrete-time systems with parameter uncertainty over
finite-horizon is studied. The infinite-horizon case is
discussed in Section 4. A numerical example is illus-
trated in Section 5. Finally, conclusions are drawn in
Section 6.

Notations: Most of the notations used in this paper
are fairly standard. The superscript ‘T’ denotes ma-
trix transposition. " denotes the n-dimensional Eu-
clidean space and ||- || refers to Euclidean vector norm.
150, N] stands for the space of square summable vec-
tor sequence over [0, N], and || - ||3 is the [2[0, N] norm



defined by || - [13 = S8 || - 1%

2 Problem Formulation

Consider the following class of uncertain discrete-time
system

Tpr1 = (A4 AAg)z, + Bwy (2.1)
yre = (C+ ACk)z) + v

where x;, € R" is the system state, wp € RY is the
process noise, yr € R™ is the measurement, v, € ™
is the measurement noise, and A, B and C' are known
real matrices with appropriate dimensions.

In addition, A A; and AC} are unknown matrices which
represent time-varying parameter uncertainties. These
uncertainties are assumed to be of the following struc-

ture
AAyl [ H
[A4) - [B]ne s

where Fj, € RV is an unknown real time-varying ma-
trix satisfying

F'r, < T, E>0 (2.4)

and Hy, Hy and E are known real constant matrices of
appropriate dimensions that specify how the elements
of the nominal matrices A and C are affected by un-
certainty in Fj,.

Next we shall adopt the following assumptions for the
process and measurement noises:

Assumption 2.1. For all integers k and | > 0,

(i) E(wr) =0, E(ww!) =Wé(k—1), W >0;

(i) E(vk) =0, E(vgv]) =V(k—1), V > 0;

(i) E(wpv])=0. o
In the above, E(-) denotes the expectation and §(k) is
the Kronecker Delta.

In this paper, we are concerned with the design of ro-
bust Kalman filters in both the finite horizon and infi-
nite horizon cases for the uncertain system (2.1)-(2.2).

For the finite horizon case, the system matrices in (2.1)-
(2.2) can be allowed to be time-varying, i.e., A, B and
C are replaced by Ay, By and Cy, respectively. How-
ever, for simplicity, we shall only derive the results for
constant system matrices. Our objective is to design a
robust filter of the form

Tpe1 = Afk:i’k + kayk , To=0 (2.5)
with the estimation error defined by

€ = l‘k—i‘k

where Ay, and Ky are time-varying matrices to be
determined in order that the variance of the estimation
error e = T — T 1S guaranteed to be smaller than a
certain bound for all uncertainty matrices Fj, satisfying
(2.4), i.e., the estimation error dynamics satisfies

and Si is minimized in some sense.

For the infinite horizon case, the system matrices 4, B,
C, Hy, Hy and E are confined to be constant matrices
and our objective is to design a time-invariant robust
filter (2.5) where Ay, = Ay and Ky, = Ky (k > 0)
are constant matrices to be determined in order that
the estimation error dynamics are asymptotically sta-
ble and there exists a symmetric nonnegative definite
matrix S such that in the steady state,

El(we — &) (xe — 1)) < S

for all uncertainty matrices Fj, satisfying (2.4).

3 Finite-Horizon Robust Filter
Design

In this section, a solution to the guaranteed cost robust
filtering problem over finite-horizon [0, N] will be given
using a Riccati equation approach.

3.1 Preliminaries

First, we assume that the initial condition x(0) is a
zero mean Gaussian random variable zy independent of
the noise wy and v, and with an unknown covariance
matrix that satisfies the following assumption:

Assumption 3.1.

(i) E[zozl] < Sp, where Sy = SZ > 0 is a known
matrix;
(i) rank[A H, BW?3]=n.

Next, in terms of system (2.1)-(2.2) and filter (2.5), the
state-space equations for the estimation error e are as
follows !:

&1 = (Aa +HaFyEa)é + G (3.1)
er = L& (3:2)

where

gk:|:gz:|)£0:|:x00:|)nk:|:(;j::|a

iIn order to simplify expression, we drop the subscript k in
Af and Kf.




[ A-K;C A-A;—K;C
= K, A+ KO |
_ | Hi— KyH, _
_|: fH2 :|7ECI_I:E E]7
B —-Kjy _
G_{O Kf],L_[I 0]. (33

Definition 3.1. The filter (2.5) is said to be a quadratic
filter associated with a guaranteed cost matriz X, =

Z{ > 0 if for some €, > 0, ¥y satisfies the following

difference Riccati equation (DRE):

Yit1 = AaTpAL + AuSiEL (e, ] — Eq X EL) ™!
EaSp AL + €' HaHY + GWGT (3.4)

and such that I—€,Eq X EL > 0, where Xy = diag{So, 0}
and W = diag{W,V}.

Note that since £o = I > 0, it follows that if for some
er > 0 a solution to (3.4) exists over [0, N], then it is
symmetric positive semidefinite.

Next we recall a linear matrix inequality result which
will be needed in the proof of our main result.

Lemma 3.1. ([8], [9]) Let A € R, H € R"*¢,
E e RI*" gnd Q = QT € R be given matrices.

(1) Then there ezists a real matriz ¥ = X1 > 0 such
that

(A+ HR.E)S(A+ HE.E)' +Q <0

for all Fy, satisfying FkTFk < I, if and only if there

exists a scalar € > 0 such that % — EXET >0 and
1 1
AXAT 4+ AXET (-1 - EXET)'Ex AT + —HHT
€ €
+Q < 0

(2) Then there ezists a real matriz ¥ = 1 > 0 such
that

(A+ HR.E)S(A+ HE.E)' +Q <0

for all Fy, satisfying FkTFk < I, if there exists a scalar
€ > 0 such that % — EXET >0 and

ASAT ¢ AEET(EI — EXET)'ExAT + Ygmr
€ €
+Q =0

Then we give the following result which shows that a
quadratic estimator will provide a known guaranteed
cost.

Lemma 3.2. Consider the uncertain system (2.1)-(2.2)
satisfying Assumption 2.1 and let (2.5) be a given quadratic
filter associated with a guaranteed cost matriz X =

Z{ > 0. Then the covariance matriz of & of the error
system (8.1)-(3.2) satisfies the bound

El&& 1<%k, Vke[0,N]
for all admissible uncertainties. Furthermore,
Eleref| < LS LT =%y, VE€E[0,N]  (3.5)

where X115 € R™*™ is the (1,1) block of the matriz Ty,
and ey, is the estimation error as defined in (2.6).

Next, we introduce the following two DREs which will
be related to our main results.

T ~1
Poo = APAT +APkET(— —EPkET) EP AT
€L
1 _
+—H,H' + BWBT, Py =5, (3.6)
€k
T T 1 T
Sk = AQAT - (AQuCT + aHlﬂg)

_ 1 T
(R, +CQ:CT) ™ (AchT n 6—H1H2T)
k
1 _
+—H,H' + BWBT | S, =S, (3.7)
€k

where € > 0 is a parameter to be chosen and

Q' = S;'-eE"E
R, = V+e 'HHY (3.8)

€k

Proposition 3.1. The DRE (3.7) can be re-expressed
as follows:

Skp1 = ASpAT — [ AStET  AS,CT + LHH] |

~L1+ ES.ET ES,CT -t
CSxET R., +CS,CT

[ ASLET  AS,CT + LH\HT 1T
1

+—H,H' + BWB”
€k

which can be equivalently rewritten in a clearer form:

Spr1 = ASRAT — (AS,CT + ByDF)
(C’kSkC‘E + Rk)il(ASkég + ka)z;)T
+BBF (3.9)
VerC A 1 1
whereC’k—{\/e_kE ,Bk—[BW ﬁHl 0],
. D - D.DT 0
Dk:{o’“},Rk:[ kok _I]Dk_[o H,
VeV ] O

In the following lemma, we shall show that the exis-
tence of P, and Sy is guaranteed by the existence of
Ek to (34)



Lemma 3.3.

(1) Under Assumption 3.1, if for a given filter of (2.5)
and for some scalar €, > 0, the DRE (3.4) has
a bounded solution ¥y, over [0, N] and such that
I - ekEclEkE£ > 0, then there exists a bounded
solution P, = P > 0 to the DRE (3.6) over
[0, N] for the same €, > 0, and such that P,;l —
EkETE > 0.

(i) Under Assumption 3.1, if for some scalar e, > 0,
the DRE (3.6) has a bounded solution Py over
[0, N] and such that P, ' —e, ETE > 0, then there
exists a bounded solution Sy, = ST > 0 to the
DRE (3.7) over [0, N] for the same €, > 0 and
such that Sk_1 — e,ETE > 0. Furthermore, P, >
Sk > 0 over [0, N].

Remark 3.1. From the proof of Lemma 3.3, we have
that if for some €, > 0 there exists a bounded solution
Yk to the DRE (3.4) over [0, N], then the solution Py
to the DRE (3.6) over [0, N] exists and is equivalent to
Y =Yk + B2k + o1k + Yoo o

3.2 Finite-horizon Robust Filters
Our next theorem presents a necessary and sufficient
condition for the existence of a quadratic filter.

Theorem 3.1. Consider that the uncertain system
(2.1)-(2.2) satisfies Assumptions 2.1 and 3.1. Then
there exists a robust quadratic filter for the system that
minimizes the bound on the error variance in (3.5) if
and only if for some e > 0, there exists a solution
P, = P > 0 over [0,N] to the DRE (3.6) with Py =
So, and such that P,;l — e ETE > 0.

Under this condition, an optimal quadratic guaranteed
cost a priori filter is given by

frer = (A+AAc)i + Kplye — (C + ACek) ]
30 =0 (3.10)

where
AAd.y = ey ASLET (I — ey ESL,ET) 'E (3.11)
AC., = exCSLET (I — ey ESLET) 'E (3.12)
1 _
Ky = (AQCT + —HHY) (Re, +CQuCT) " (3.13)
k
and Sy = S{ > 0 is a solution of DRE (3.7) over [0,N]
with Sy = Sy and satisfies Q,;l = S,;l —e,ETE > 0.
Moreover, the optimal guaranteed cost is
E[(xrs1 — &pr1) (@hir — Er41)"] < Sk (3.14)

Remark 3.2. It should be commented that although
the filter parameters of (3.10) does not depend on the

solution of the DRE (3.6), in order for this filter to
provide a bound on the error variance, it is not enough
to just find a solution to the DRE (3.7). O

Remark 3.3. It is worth noting that if there is no
parameter uncertainty in system (2.1)—(2.2), that is
H, =0, H, =0, E =0, then the robust filter of Theo-
rem 3.1 reduces to the standard finite-horizon Kalman
filter for the nominal system of (2.1)—(2.2). Since in
this case with the stability of A, a bounded solution
to DRE (3.6) always exists and DRE (3.7) recovers the
Riccati difference equation in the standard Kalman fil-
tering. a

Proposition 3.2. For the difference Riccati equation
(3.6), if & is the supremum of €, such that €, EP,ET <
1, then under Assumption 3.1, the difference Riccati
equation (3.6) exists a positive definite solution for any
er € (0,€). a

Proposition 3.3. In case of robust filter over finite-
horizon, €, is a scaling parameter. As a matter of fact,
such a parameter could be exploited to improve the filter
performance. In addition, if € is such that difference
Riccati equation (3.6) admits a positive definite solu-
tion, then €5 also gives rise to a positive definite solu-
tion for difference Riccati equation (3.7). a

Proposition 3.4. For ¢, € (0,€), tr(Py) and tr(Sk)
are both convex functions of €. a

4 Infinite-Horizon Robust Filter
Design

In this section, we discuss the design of stationary guar-
anteed cost robust filters over infinite-horizon. Atten-
tion is focused on the asymptotic variance of the esti-
mation error. Note that now the filter is also required
to be asymptotically stable.

We assume that the system (2.1) is quadratically sta-
ble. The definition is as follows,

Definition 4.1. ([2]) The system (2.1) is said to be
quadratically stable if there exists a symmetric positive
definite matriz P such that

(A+AA)TP(A+AAL) —P <0

for all admissible uncertainties AAy,.

and we also adopt the following assumption throughout
this section

Assumption 4.1. rank[A H; BW%] =n. |

Definition 4.2. The filter (2.5) is said to be a quadratic
stable filter associated with a guaranteed cost matriz



Y = ZZ > 0 if for some € > 0, X satisfies the follow-
ing algebraic Riccati equation (ARE):

Y = AuYAL + AaXEL ('] — EASEL) T E S AL
+e'H HY + GWGT (4.1)

and such that A = Ay +AqSEL (e ' [-E,SEL) 1B,
is asymptotically stable.

Next, we give the following result which is the station-
ary counterpart of Lemma 3.2.

Lemma 4.1. Suppose the uncertain system (2.1)-(2.2)
is quadratically stable and satisfies Assumption 2.1, and
let (2.5) be a given quadratic stable filter. Then, the
covariance matriz of & of the error system (3.1)-(3.2)
satisfies the following bound in steady state, i.e. as
k — o0

E&& 1<, Vke0,N]
Furthermore,
Elerei] < LESLT =%y, , Vk€[0,N] (4.2)
where X117 € R™ ™ is the (1,1) block of the matriz X.

We introduce the following two algebraic Riccati equa-
tions (ARE) which will be related to our main results.

P = APA” 4 APE"(11 - EPET) 'EPA"
€

1
+EH1H1T +BWB” (4.3)

S = AQAT — (AQCT + %HleT) (Re+CQC™)™
1
(4QCT + EH1H2T)T
1
+ZH1H1T +BWBT (4.4)

where Q7! = S™' —¢ETE and R =V + 1 H,H] .

Remark 4.1. Similar to the finite-horizon case, the
algebraic Riccati equation (4.4) can be re-expressed as
follows:

S = ASAT —(ASCT + BDT)(CSCT + R)™!
(ASCT + BDT)T + BBT (4.5)
A | VO | 4 1o A —
where €' = { Ver |1 B= [ BW: LH 0 ],D_

D 4 DDT 0 ] = .

= = 2 O

[0 ],R { . _[},D [o Hy &V ]
Definition 4.3. (Stabilizing Solution)([10]) A real
positive symmetric matriz P (or S) is said to be a
stabilizing solution to ARE (4.3) (or ARE (4.4)) if
P (or S) satisfies ARE (4.3) (or ARE (4.4)) and the
matriz Ay = A — APET(EPET — L)™'E (or Ay =
A—(ASCT + BDT)(CSCT + R)’lé) is Schur stable,
i.e. all its eigenvalues lie in the open unit circle. O

The following result is a stationary counterpart of
Lemma 3.3.

Lemma 4.2.

(1) Under Assumption 4.1, if for a given filter of (2.5)
and for some scalar € > 0, the ARE (4.1) has a
stabilizing solution ¥ = LT > 0 and such that
I — €E.XEL > 0, then there ezists a stabilizing
solution P = PT > 0 to the ARE (4.3) for the
same €, and such that P~' — eETE > 0.

(i) Under Assumption 4.1, if for some scalar € > 0,
the ARE (4.8) has a stabilizing solution P =
PT > 0 and such that P~* — eETE > 0, then
there exists a stabilizing solution S = ST > 0
to the ARE (4.4) for the same ¢, and such that
S—1 — e, ETE > 0. Furthermore, P > S.

The next theorem provides a solution to the robust
filtering problem for the uncertain system (2.1)-(2.2)
in the steady state case.

Theorem 4.1. Consider the uncertain system (2.1)-
(2.2) satisfying Assumptions 2.1 and 4.1. Then there
exists a stable quadratic robust filter if and only if for
some € > 0, there exists a stabilizing solution P =
PT > 0 over [0,00] to the ARE (4.3) and such that
P! —e¢ETE > 0.

Under this condition, an optimal quadratic stable filter
is given by

Frp1 = (A+AA)E + Kyp[yr — (C + AC)iy]
(4.6)
where
AA, = eASET(I-€¢ESET)™'E
AC, = eCSET(I—€¢ESET)™'E

Ky

(AQCT + %H1H2T )(R.+CQCT)™"

and S = ST > 0 is a stabilizing solution of ARE (4.4)
satisfying Q' = S~ —eETE > 0.

Moreover, the optimal guaranteed cost is
El(xk41 — Eha1) (@pp1 — Erg1)"] < S

Remark 4.2. It can be shown using monotonicity re-
sults on the algebraic Riccati equation that if system
(2.1)-(2.2) is quadratically stable, then there exists an
€ > 0 such that for any € € (0, €, there exists a stabiliz-
ing solution to ARE (4.3) ([8]). And min, trace(S) is a
convex optimization problem. O



5 Numerical Example

We consider the following uncertain discrete-time sys-
tem ([2]),

[0 -05 L[ -6
Tt =l 144 | 1

[ —100 10 ]l‘k + vk

] wr, (5.1)

Y = (5.2)

where ¢ is an uncertain parameter satisfying 6] < 0.3.
Note that the above system is of the form of system

(2.1)-(2.2) with H; = [ 100 ] ,Hy=0,E=1]0 0.03 ]
W=1landV =1.

We now want to estimate the signal z;, = Lxj with
L =11 0], i.e., only partial state needs to be estimated.
In such case, the guaranteed cost is given by tr(LSLT).

We apply the stationary filter design procedure of Sec-
tion 4 to the system (5.1)-(5.2). By considering Re-
mark 4.2, we obtain € = 1.38. The optimal parameter
also equals to €, i.e. €,y = 1.38 with the correspond-
ing optimal guaranteed cost tr(LS.,,, L") = 69.2. And
the actual cost with § = 0, § = 0.3 and § = —0.3 are
51.06, 54.44 and 52.80, respectively. All these results

are better than those in [2].

The corresponding optimal robust filter is given by

Tpe1 = Ai‘k + Kf [yk - Ci‘k]
where A = [ oo o } , 0 =[-100 27.94]
and Ky = { _000%057 ] . We also have
2255 —195.3
Ps(eopr) = [ ~195.3 3904 ]
and
69.2 —79.0
Ss(€opt) = [ ~79.0 234.1 ]

6 Conclusion

In this paper, we give a solution to the problem of fi-
nite and infinite horizon robust Kalman filtering for un-
certain discrete-time systems. Necessary and sufficient
conditions to the design of robust filters are obtained.
Results of this paper are demonstrated by a numerical

example. It shows that our result is better than that
of [2].
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