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7R VXSSUHVV WKH UHVRQDQFH PRGHV RI qH[LEOH PDQLSX�
ODWRU DQG WR H[SHGLWH WKH FRQYHUJHQFH� D K\EULG VOLG�
LQJ PRGH FRQVLVWLQJ RI )UHTXHQF\ 6KDSHG 2SWLPDO 6OLG�
LQJ 0RGH �)6260� DQG 7HUPLQDO 6OLGLQJ 0RGH �760�
LV SURSRVHG DQG DSSOLHG WR WZR�OLQN qH[LEOH PDQLSX�
ODWRU� ZKLFK LV DQ H[WHQVLRQ RI RXU SUHYLRXV ZRUN >�@�
$Q $GDSWLYH 9DULDEOH 6WUXFWXUH &RQWURO �$96&� LV GH�
VLJQHG WR HVWLPDWH WKH XSSHU ERXQGV RQ WKH QRUP RI XQ�
FHUWDLQWLHV� 7KH DGDSWDWLRQ ODZ JHQHUDWHV D UHODWLYHO\
VPDOO JDLQ LQ WKH LQLWLDO VWDJH WR UHGXFH WKH LPSDFW WR
WKH V\VWHP DQG D KLJKHU JDLQ DW WKH HTXLOLEULXP WR ORZHU
VWHDG\ VWDWH HUURU� 'HDG ]RQH VFKHPH LV LQWURGXFHG WR
IXUWKHU LPSURYH V\VWHP UREXVWQHVV� $WWUDFWLYHQHVV RI
WKH GHDG ]RQH IRU WKH SURSRVHG $96& LV SURYHQ� 6LPX�
ODWLRQ UHVXOWV GHPRQVWUDWH WKH HoHFWLYHQHVV RI WKH SUR�
SRVHG PHWKRG�

.H\ZRUGV� 0XOWL�OLQN )OH[LEOH 0DQLSXODWRU� 9DULDEOH
6WUXFWXUH &RQWURO� $GDSWLYH (VWLPDWLRQ� 'HDG =RQH�
)UHTXHQF\ 6KDSHG 2SWLPDO 6OLGLQJ 0RGH� 7HUPLQDO
6OLGLQJ 0RGH� /\DSXQRY 'LUHFW 0HWKRG� &KDWWHULQJ
(OLPLQDWLRQ�

� '\QDPLF )RUPXODWLRQ

,Q WKLV SDSHU� D FODPSHG�ORDGHG (XOHU�%HUQRXOOL EHDP LV
VHOHFWHG DV WKH DSSUR[LPDWH PRGHO IRU HDFK qH[LEOH OLQN
LOOXVWUDWHG LQ )LJXUH �� %\ WKH DVVXPHG�PRGH DSSURDFK�
WKH EHDP XQGHU IUHH YLEUDWLRQ LV VXSSRVHG WR FRQWDLQ U
pQLWH GRPLQDQW PRGHV� 7KH GHIRUPDWLRQ LV H[SUHVVHG DV
\L�[L� W�  �7
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TL  >TL�� TL�� c c c� TLU@7 � L  �� �� OL� PL� (L,L� ~L� $L� �L�
vL� zL DQG -LK DUH WKH OHQJWK� PDVV� qH[XUDO ULJLGLW\� YRO�
XPH GHQVLW\� FURVV�VHFWLRQDO DUHD� FRQWURO WRUTXH� ULJLG
DQJXODU GLVSODFHPHQW� HODVWLF GDPSLQJ FRHrFLHQW DQG
DFWXDWRU
V PRPHQW RI LQHUWLD RI WKH LWK qH[LEOH EHDP�
P�W LV WKH PDVV RI WKH DFWXDWRU DW 2

� DQG 0W LV WKH
PDVV RI SD\ORDG� 8VLQJ /DJUDQJLDQ DSSURDFK� RQFH WKH
WRWDO NLQHWLF HQHUJ\� SRWHQWLDO HQHUJ\ DQG 5DOHLJK GLVVL�

� : HQ �- X Q & DR LV Z LWK 'DWD 6 WRU DJH ,Q VWLWX WH� 1 DWLRQ DO 8 Q L�
Y HU VLW\ RI 6 LQ JDS RU H� '6 , % X LOG LQ J� � ( Q JLQ HHU LQ J 'U LY H �� �Ro
.HQ W 5LG JH & U HVFHQ W� 1 8 6 �� 6 LQ JDS RU H ������� 7 HO� ��������
����� )D[ � ������������� ( P DLO� Z MFDR#G VL�Q X V�HG X �VJ�

� - LDQ �; LQ ; X LV Z LWK WK H ( OHFWU LFDO ( Q JLQ HHU LQ J 'HS DU WP HQ W�
1 DWLRQ DO 8 Q LY HU VLW\ RI 6 LQ JDS RU H� �� .HQ W 5LG JH & U HVFHQ W� 6 LQ �
JDS RU H ������� 7 HO� ������������� ( �P DLO� HOH[ X M[ #Q X V�HG X �VJ�

SDWLRQ IXQFWLRQ DUH GHWHUPLQHG� ZH GHULYHG WKH G\QDPLF
HTXDWLRQ RI WZR�OLQN qH[LEOH PDQLSXODWRUV ODERULRXVO\x
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DQG VXEVFULSW H LV XVHG WR GHQRWH WKH YDOXH RI WKH YDUL�
DEOH RFFXUULQJ DW WKH WLS RI WKH XSSHU OLQN� L�H� WKH YDOXH
DW [�  O�� G LV WKH H[RJHQRXV GLVWXUEDQFH DVVRFLDWHG
ZLWK FRQWURO WRUTXH � DQG G  >G� G�@

7 �

� $GDSWLYH 96& 'HVLJQ

)UHTXHQF\ 6KDSHG 2SWLPDO 6OLGLQJ 0RGH �)6260� ZDV
RULJLQDWHG LQ >�@ WR VXSSUHVV WKH UHVRQDQFH PRGHV� 7KH
ORZ VZLWFKLQJ VORS VORZV GRZQ WKH WUDQVLHQW UHVSRQVH�
DQG WKH VWHDG\�VWDWH HUURU FRXOG EH UDWKHU ODUJH� 7HU�
PLQDO 6OLGLQJ 0RGH �760� >�@ LV FKDUDFWHUL]HG E\ DQ
LQFUHDVLQJ HTXLYDOHQW VZLWFKLQJ VORSH DV WKH WUDFNLQJ
HUURU GHFUHDVHV� 7KH ODUJH VZLWFKLQJ VORSH H[SHGLWHV

FRQYHUJHQFH DQG UHGXFHV VWHDG\�VWDWH HUURU� 7R VXS�
SUHVV WKH UHVRQDQFH PRGHV RI qH[LEOH PDQLSXODWRUV DQG
WR H[SHGLWH WKH FRQYHUJHQFH� D K\EULG VOLGLQJ PRGH FRQ�
VLVWLQJ RI )6260 DQG 760 ZDV RULJLQDWHG DQG DSSOLHG
WR VLQJOH�OLQN qH[LEOH PDQLSXODWRUV LQ RXU ZRUN >�@ ZKLFK
IXOO\ H[SODLQV WKH PRWLYDWLRQ� IRUPXODWLRQ DQG SURSHUW\
DQDO\VLV RI WKH K\EULG VOLGLQJ VXUIDFH�

+HUH ZH H[WHQG RXU K\EULG VOLGLQJ VXUIDFH WR FRQWURO
WZR�OLQN qH[LEOH PDQLSXODWRU� 7KH K\EULG VOLGLQJ VXU�
IDFH RI WKH LWK OLQN RI qH[LEOH PDQLSXODWRU LV
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'HQRWH WKH VHW SRLQW IRU WKH LWK OLQN DV vLG� 7KH IRO�
ORZLQJ FDQ EH GHULYHG IURP V\VWHP G\QDPLFV ��� DQG
VOLGLQJ VXUIDFH ���
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/HPPD � )RU WKH qH[LEOH PDQLSXODWRU V\VWHP ���
ZKHUH RQO\ pQLWH QXPEHU RI qH[LEOH PRGHV DUH FRQVLG�
HUHG� c LV SRVLWLYH�GHpQLWH� DQG T�� T�� BT� DQG BT� DUH
DOO ERXQGHG�
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P�� ! �� DQG WKH qH[LEOH V\VWHP KDV D pQLWH LQHUWLD�
$V ZH FRQVLGHU RQO\ pQLWH QXPEHU RI qH[LEOH PRGHV LQ
WKH WUXQFDWHG PRGHO ���� WKH ERXQGHGQHVV RI T� DQG T�
HQVXUHV WKDW BT� DQG BT� DUH DOO ERXQGHG�

)URP WKH G\QDPLFV RI WKH V\VWHP ���� LW LV IRXQG
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7KHRUHP �� )RU WKH V\VWHP ���� WKH FRQWURO ODZ ���
HQVXUHV WKDW VOLGLQJ VXUIDFH ��W�  � FDQ EH UHDFKHG LQ
D pQLWH WLPH�
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7DNLQJ WKH WLPH GHULYDWLYH RI 9 DQG XVLQJ UHODWLRQ ����
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7KH VOLGLQJ FRQGLWLRQ LV VDWLVpHG DQG VOLGLQJ VXUIDFH
��W�  � FDQ EH UHDFKHG LQ D pQLWH WLPH�

)URP WKH G\QDPLFV RI WKH V\VWHP� LW LV IRXQG WKDW NDLM
GHSHQGV XSRQ v��T�� BT��T�� BT�� G DQG V\VWHP SDUDPH�
WHUV P�W� 0W� PL� OL� zL� -LK� 7KH SHUWXUEDWLRQ ERXQGV
IRU V\VWHP SDUDPHWHUV DUH DVVXPHG WR EH NQRZQ� v�
LV ERXQGHG DQG FRPSRQHQWZLVH LQ >�� �}@� $FFRUGLQJ
WR /HPPD �� T�� T�� BT�� BT� DUH DOO ERXQGHG� 7R LP�
SOHPHQW D 96&� HVWLPDWLRQ IRU .e� WKH XSSHU ERXQG
RI .D� PXVW EH PDGH� ,Q SUDFWLFH� KRZHYHU� D VXLW�
DEOH HVWLPDWLRQ IRU .e LV GLrFXOW DV ZH DUH QRW DEOH
WR DQWLFLSDWH WKH YDULDWLRQ ERXQGV RI v��T��T�� BT� DQG
BT�� 2YHUHVWLPDWLRQ PD\ UHVXOW LQ XQQHFHVVDULO\ KLJK
JDLQV DQG ODUJH FKDWWHULQJ ZKLFK GHJUDGH V\VWHP SHU�
IRUPDQFH� 8QGHUHVWLPDWLRQ� RQ WKH RWKHU KDQG� LV QRW
SHUPLWWHG DV LW PD\ OHDG WR LQVWDELOLW\� 7R DOOHYLDWH WKH
GLrFXOW\ DULVLQJ IURP PDNLQJ FRQMHFWXUDO GDWD IRU qH[L�
EOH PRGHV� SDUDPHWHU YDULDWLRQV� GLVWXUEDQFH DQG RWKHU
V\VWHP XQFHUWDLQWLHV� DQ DGDSWDWLRQ ODZ IRU HVWLPDWLQJ
.e LV SURSRVHG� ,W WDNHV WKH IROORZLQJ IRUP

BA.��d�  qM�M�M�M7� � A. MW � ���d�� ���

$QRWKHU DGYDQWDJH IRU XVLQJ WKH DERYH DGDSWLYH HVWL�
PDWLRQ LV WKDW WKH IHHGEDFN JDLQ A. FDQ EH VHW WR EH
]HUR DW WKH LQLWLDO VWDJH� ,Q WKH VHTXHO� WKH VPDOO A. LQ
WKH LQLWLDO VWDJH UHGXFHV WKH LPSDFW WR WKH V\VWHP� 2Q
WKH FRQWUDU\� WKH LQFUHDVLQJ JDLQ ZKHQ DSSURDFKLQJ WKH
HTXLOLEULXP FDQ ORZHU VWHDG\�VWDWH HUURU�

7KHRUHP �� )RU WKH V\VWHP ���� WKH FRQWURO ODZ ���
ZLWK DGDSWDWLRQ ODZ ��� HQVXUHV WKDW A. DQG M�M� DUH
ERXQGHG DQG
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ZKLFK LV QHJDWLYH�GHpQLWH LI � � ��d�� 7KLV VKRZV B9 LV
QHJDWLYH VHPLGHpQLWH LQ WKH ��� j� VSDFH� 7KHUHIRUH WKH
ERXQGHGQHVV RI 9� �L DQG A. DUH HQVXUHG DQG �L � /� �
7KH ERXQGHGQHVV RI �L LPSOLHV WKH ERXQGHGQHVV RI ]�L
DQG ]�L� KHQFH � DQG M�M� DUH ERXQGHG� %HFDXVH .�
A.� �� M�M� DQG c DUH DOO ERXQGHG� LW FDQ EH FRQFOXGHG
IURP ��� DQG ��� WKDW B�L LV ERXQGHG� 7KH LQHTXDOLW\ ���
DOVR PHDQV WKDW �L DUH DEVROXWH LQWHJUDEOH DV=
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� $GDSWLYH 9DULDEOH 6WUXFWXUH &RQWUROOHU ZLWK

'HDG =RQH 6FKHPH
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VPDOO QHDUE\ WKH HTXLOLEULXP� ZH LQWURGXFH WKH GHDG
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7R GHPRQVWUDWH WKH HoHFWLYHQHVV RI WKH SURSRVHG
PHWKRG� D FDVH VWXG\ RQ D WZR�OLQN qH[LEOH PDQLSX�
ODWRU LV FRQGXFWHG� 7KH EHDP LV FRQVWUXFWHG IURP $OX�
PLQXP ZLWK D UHFWDQJXODU FURVV�VHFWLRQDO DUHD� 7KH
pUVW IRXU qH[LEOH PRGHV DUH FRQVLGHUHG IRU HDFK qH[L�
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IUHTXHQF\ DERYH �F WKDW LV ORZHU WKDQ WKH ORZHVW QDWX�
UDO IUHTXHQF\ RI WKH OLQNV� 7KH LQLWLDO SRVLWLRQV RI WKH
ORZHU DQG XSSHU OLQN DUH LGHQWLFDOO\ DW ��r� 7KH FRP�
PDQGHG pQDO SRVLWLRQ IRU WKH ORZHU DQG XSSHU OLQN DUH
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WKH DERYH PHQWLRQHG VHFRQG�RUGHU pOWHU LV FDOFXODWHG WR
EH �L  BHL � ����HL � �������]�L � ������]�L� 760 IRU

WKH LWK OLQN LV FKRVHQ WR EH �L  BHL����H
�

�

L � 7KH GHULYD�
WLRQV RI DGDSWLYH 96& IRU WKH )6260 DQG 760 FDVHV
DUH VLPLODU WR WKH FRQWUROOHU GHVLJQ IRU WKH K\EULG VOLGLQJ
PRGH FDVH E\ FKRRVLQJ o  � DQG o  � UHVSHFWLYHO\�
7KH K\EULG VOLGLQJ VXUIDFH IRU WKH LWK OLQN LV FKRVHQ E\
VHWWLQJ o  ��� DV

�L  BHL � �����HL � ���O�H
�

�

L �b ��������]�L b �������]�L�

$V WKH H[WUD '2)V SURYLGHG E\ ]�L�W� DQG ]�L�W�� UHDFK�
LQJ SKDVH LV HOLPLQDWHG E\ FKRRVLQJ

>]�L���� ]�L���@
7
 
K
�� �����

�������
HL��� �

���
�������

H
�

�

L ���

L7
�

7KH VDPSOLQJ LQWHUYDO LV 7V  � PVHF� 7KH LQLWLDO YDO�
XHV IRU A. LV VHW WR EH ���d� DQG WKH DGDSWDWLRQ JDLQ
LV FKRVHQ DV q  ���� 6DWXUDWLRQ IXQFWLRQ LV FKRVHQ DV
�L  ����� ,Q VLPXODWLRQ� WKH PHDVXUHG vL�W� DQG BvL�W�
DUH FRQWDPLQDWHG E\ ZKLWH QRLVH ZL�W� DQG YL�W� UHVSHF�
WLYHO\ ZKLFK DUH QRUPDOO\ GLVWULEXWHG� ZLWK ]HUR PHDQ
DQG YDULDQFH �������� 7R GHPRQVWUDWH WKH UREXVWQHVV
RI WKH V\VWHP� WKH IROORZLQJ GLVWXUEDQFH GL�W� LV DOVR
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7KH WLS WUDMHFWRU\ LV SORWWHG LQ )LJXUH � IRU K\EULG VOLG�
LQJ PRGH� ,W ZDV REVHUYHG WKDW WLS FRQYHUJHG PRUH
VPRRWKO\ WKDQ WKH 760 FDVH� LW PRYHG IDVWHU DQG SUR�
GXFHV VPDOOHU VWHDG\�VWDWH HUURU WKDQ WKH )6260 FDVH�
,W ZDV REVHUYHG IURP )LJXUH � DQG � WKDW WKH PDJQL�
WXGHV RI FRQWURO WRUTXHV DUH VPDOO DQG UDWKHU VPRRWK�
)LJXUH � LOOXVWUDWHV WKH HVWLPDWH AN�D YHUVXV �

7� ZLWK
GHDG ]RQH VFKHPH� 6\VWHP VWDWH HQWHUV DQG OHDYHV GHDG�
]RQH IRU � WLPHV� WKHQ LW NHHSV VWD\LQJ LQVLGH LW IRUHYHU�

� &RQFOXVLRQ

,Q WKLV SDSHU� D K\EULG VOLGLQJ PRGH ZKLFK FRPELQHV
)6260 DQG 760 SHQDOL]HV WKH LQKHUHQW UHVRQDQFH
PRGH RI qH[LEOH PDQLSXODWRU DQG H[SHGLWHV WLS FRQYHU�
JHQFH� $Q $GDSWLYH 9DULDEOH 6WUXFWXUH &RQWURO ZLWK
GHDG ]RQH PRGLpFDWLRQ LV SUHVHQWHG� 7KH XQQHFHVVDULO\
KLJK JDLQV DQG VHULRXV FKDWWHULQJ FDXVHG E\ RYHUHVWL�
PDWHG V\VWHP XQFHUWDLQWLHV DUH DYRLGHG E\ WKH SURSRVHG
DGDSWLYH HVWLPDWLRQ DOJRULWKP� 'HDG ]RQH LQWURGXFHG
LPSURYHV V\VWHP UREXVWQHVV�
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>�@ -��;� ;X DQG :��-� &DR� ?6\QWKHVL]HG VOLGLQJ
PRGH FRQWURO RI D VLQJOH�OLQN qH[LEOH URERW�� ,QWHUQD�
WLRQDO -RXUQDO RI &RQWURO� YRO� ��� QR� �� SS� ���^����
�����

>�@ .� '� <RXQJ DQG 8� 2]JXQHU� ?)UHTXHQF\ VKDS�
LQJ FRPSHQVDWRU GHVLJQ IRU VOLGLQJ PRGH�� ,QWHUQDWLRQDO
-RXUQDO RI &RQWURO� YRO� ��� SS� ����^����� �����

>�@ =� 0DQ� $� 3� 3DSOLQNVNL� DQG +� 5� :X� ?$
UREXVW PLPR WHUPLQDO VOLGLQJ PRGH FRQWURO VFKHPH IRU
ULJLG URERWLFV PDQLSXODWRUV�� ,((( 7UDQVDFWLRQV RQ
$XWRPDWLF &RQWURO� YRO� ��� QR� ��� SS� ����^����� �����

>�@ $� $OEHUW� ?&RQGLWLRQV IRU SRVLWLYH DQG QRQQHJ�
DWLYH GHpQLWHQHVV LQ WHUPV RI SVHXGRLQYHUVHV�� 6,$0
-RXUQDO RI $SSOLHG 0DWKHPDWLFV� YRO� ��� SS� ���^����
�����

>�@ &� $� 'HVRHU DQG 0� 9LG\DVDJDU� )HHGEDFN V\V�
WHPV LQSXW�RXWSXW SURSHUWLHV� $FDGHPLF 3UHVV� 1HZ
<RUN� �����

>�@ .� 6� 1DUHQGUD� 6WDEOH DGDSWLYH V\VWHPV�
3UHQWLFG�+DOO ,QWHUQDWLRQDO� (QJOHZRRG &OLoV� 1HZ -HU�
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