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Abstract

To suppress the resonance modes of flexible manipu-
lator and to expedite the convergence, a hybrid slid-
ing mode consisting of Frequency Shaped Optimal Slid-
ing Mode (FSOSM) and Terminal Sliding Mode (TSM)
is proposed and applied to two-link flexible manipu-
lator, which is an extension of our previous work [1].
An Adaptive Variable Structure Control (AVSC) is de-
signed to estimate the upper bounds on the norm of un-
certainties. The adaptation law generates a relatively
small gain in the initial stage to reduce the impact to
the system and a higher gain at the equilibrium to lower
steady state error. Dead zone scheme is introduced to
further improve system robustness. Attractiveness of
the dead zone for the proposed AVSC is proven. Simu-
lation results demonstrate the effectiveness of the pro-
posed method.

Keywords: Multi-link Flexible Manipulator, Variable
Structure Control, Adaptive Estimation, Dead Zone,
Frequency Shaped Optimal Sliding Mode, Terminal
Sliding Mode, Lyapunov Direct Method, Chattering
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1 Dynamic Formulation

In this paper, a clamped-loaded Euler-Bernoulli beam is
selected as the approximate model for each flexible link
illustrated in Figure 1. By the assumed-mode approach,
the beam under free vibration is supposed to contain r
finite dominant modes. The deformation is expressed as
yilwi 1) = @] (w:)a;(t) where ¢; = [dir, dia, - - - bir ",
a = (i1, qios - @r), 1= 1,20 1, my, By, pi, Ai, T,
0;, p; and J;p are the length, mass, flexural rigidity, vol-
ume density, cross-sectional area, control torque, rigid
angular displacement, elastic damping coefficient and
actuator’s moment of inertia of the ith flexible beam.
mq, is the mass of the actuator at O’ and M, is the
mass of payload. Using Lagrangian approach, once the
total kinetic energy, potential energy and Raleigh dissi-

1Wen-Jun Cao is with Data Storage Institute, National Uni-
versity of Singapore, DSI Building, 5 Engineering Drive 1, (off
Kent Ridge Crescent, NUS), Singapore 117608. Tel: +65-874-
8779. Fax: +65-776-6527. Email: wjcao@dsi.nus.edu.sg.

2Jjan-Xin Xu is with the Electrical Engineering Department,
National University of Singapore, 10 Kent Ridge Crescent, Sin-
gapore 119260. Tel: +65-874-2566. E-mail: elexujx@nus.edu.sg.

pation function are determined, we derived the dynamic
equation of two-link flexible manipulators laboriously
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and subscript e is used to denote the value of the vari-
able occurring at the tip of the upper link, i.e. the value
at 9 = l3. d is the exogenous disturbance associated
with control torque 7 and d = [d; da]”.

2 Adaptive VSC Design

Frequency Shaped Optimal Sliding Mode (FSOSM) was
originated in [2] to suppress the resonance modes. The
low switching slop slows down the transient response,
and the steady-state error could be rather large. Ter-
minal Sliding Mode (TSM) [3] is characterized by an
increasing equivalent switching slope as the tracking
error decreases. The large switching slope expedites

convergence and reduces steady-state error. To sup-
press the resonance modes of flexible manipulators and
to expedite the convergence, a hybrid sliding mode con-
sisting of FSOSM and TSM was originated and applied
to single-link flexible manipulators in our work [1] which
fully explains the motivation, formulation and property
analysis of the hybrid sliding surface.

Here we extend our hybrid sliding surface to control
two-link flexible manipulator. The hybrid sliding sur-
face of the ith link of flexible manipulator is

0; = €9; + aceier; + (1 — a)epil(er;) + aciizi + acgize;
where i = 1,2, e3; = €15, p= L, p1 =2m1 + 1,my =
0,1+, pp=2ma+1, my=1,2--+, p1 € [Pz;ﬂ’pz),
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and [ 21 29 ]T are the states of a second-order high-
pass filter. It can be rewritten into
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The frequency shaping compensators are combined as

z=Fz+ Gey
where
0 1 0 0 0 0
2
| —wie —2wie 0 0 110
F= 0 0 0 1 G = 0 0
0 0 —w2,  —2wa, 0 1

Denote the set point for the ith link as 6;4. The fol-
lowing can be derived from system dynamics (1) and
sliding surface (2)

A6 = ’T+K1[9]2 9.19.2 9% ]T+K2[é1 9.2 ]T
+Ks3[ 211 221 212 722 ]T
+K4+(1 *OL) PCpLDez

= 7+ K"'x+ (1 —a)PC,Lpey (3)

where K is given in Appendix and
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Lemma 1 [4]. The following linear matriz inequality

{ S0 7 } =

where Q(x) = QT (x), R(x) = RT(x) and S(x) depends
affinely on x, is equivalent to

R(x) >0, Q(x) — S(x)R'(x)ST(x) > 0.

Lemma 2 For the flexible manipulator system (1)
where only finite number of flexible modes are consid-
ered, A is positive-definite, and q1, qz, q1 end Qs are
all bounded.

Mgpr MRgr
Mgy Mrr
triz and hence positive-definite. According to Lemma
1, straightforwardly we have Mppr > 0, A = Mgr —
MppMp ;M > 0. From the dynamics of the system
(1), a1 and qq are bounded to ensure that m;; > 0 and
mgg > 0, and the flexible system has a finite inertia.
As we consider only finite number of flexible modes in
the truncated model (1), the boundedness of q; and q9
ensures that gq; and ¢s are all bounded. m

Proof: Since { } in (1) is an inertia ma-

From the dynamics of the system (1), it is found
that A depends on 63, q, q and system parameters
me, My, Ly gy Jin. Define Apa.(A) as

Araal(B) = sup max 3,(8)

02, a, a4, mi, mi, i, pi, Jin J

where ¢ = 1,2 and j = 1,2. Denoting

A
wii = [lwl fwa| + - fwal]

one obtains the following conventional VSC law

T=—(1—-«a)PC,Lpes —sgn(o) {K]TOX2|X\1 + 6} (4)

where
K = [k k]
. . . . T
_ kin Ry oeor R kg }
kot koo -+ koo kog ’
kig = kio =k =kpr =0,
sgn(o) = diag [ sgn(o1) sgn(oq) ],
§ = [6 6], 6 >0, 6 >0,
Ka = >\maz<A)KA_17 Ka = [ka,ij]vf( = [ffij]
K* = [k:;] k; = sup kaij: l%ij Z /{Z} (5)

Theorem 1: For the system (1), the control law (4)
ensures that sliding surface a(¢) = 0 can be reached in
a finite time.

Proof: Consider the following Lyapunov candidate

1
V= §Amaw(A)a'Ta'.

Taking the time derivative of V' and using relation (3),
control law (4) and inequality (5) obtain

V = Anaz(D)aTAT A
— Amae(B)aT A {sen(o) [KTIxlr + 0] + K™}
= “Amae() [7 A sgn (o) KT x|,
+oT A sgn(o)d — o TAT K x].

Since A~ is Hermitian positive-definite,

" A 'sgn(e) K x| > Noen (D) o7 K" X,
1
T A —1 > T .
o' A" 'sgn(o)d > )\mm(A)\Uh(s

Using the above and (5) we have

Vo< —o[TE (x| + 6" Amac(A)AT KT x — 0[] 6
= —Jol{K"|x|s +o" Kl x —|o|{6 < —|o[{é.

The sliding condition is satisfied and sliding surface
o(t) = 0 can be reached in a finite time. m

From the dynamics of the system, it is found that kq;;
depends upon 602, q1,q1, 92, g2, d and system parame-
ters mqy, My, m;, Ui, i, Jin. The perturbation bounds
for system parameters are assumed to be known. 65
is bounded and componentwise in [0,27]. According
to Lemma 2, q, q2, 1, 92 are all bounded. To im-
plement a VSC, estimation for K*, the upper bound
of K,, must be made. In practice, however, a suit-
able estimation for K* is difficult as we are not able
to anticipate the variation bounds of 62, q1,q2,q: and
J2. Overestimation may result in unnecessarily high
gains and large chattering which degrade system per-
formance. Underestimation, on the other hand, is not
permitted as it may lead to instability. To alleviate the
difficulty arising from making conjectural data for flexi-
ble modes, parameter variations, disturbance and other
system uncertainties, an adaptation law for estimating
K* is proposed. It takes the following form

Kiox2 =7|x1lo|T, K |i=0= 010x2. (6)

Another advantage for using the above adaptive esti-
mation is that the feedback gain K can be set to be
zero at the initial stage. In the sequel, the small K in
the initial stage reduces the impact to the system. On
the contrary, the increasing gain when approaching the
equilibrium can lower steady-state error.

Theorem 3: For the system (1), the control law (4)
with adaptation law (6) ensures that K and |x|; are
bounded and

lim o(t) = 0.

t—o0



Proof: Define the estimation error ® = K — K* and
consider the following Lyapunov function

1 1
Vi, ®) = 5)\maw<A>UTU + 57_1757"(106 [PT].

Differentiating the above with respect to time once and
using equation (3), control law (4) and adaptation law
(6) yield

Vo= Muae(A)eTAT T+ (1 —a)PC,Lpey

2

. T
+KTx] Jr’)"_ltrace {(K — KK }

< —Jo|TK"xh +o K] 'x — |o|]d
+o[TE  |xh — o [f K" |xx

= o"Klx—lol{ K" |xh —|o|{d

< —loffs (7)

which is negative-definite if & # 054 1. This shows Vs
negative semidefinite in the (o, ®) space. Therefore the
boundedness of V, ¢; and K are ensured and o; € L™
The boundedness of o; implies the boundedness of zy;
and z9;, hence x and |x|; are bounded. Because K,
K7 X, |x|1 and A are all bounded, it can be concluded
from (3) and (4) that &; is bounded. The inequality (7)
also means that ¢; are absolute integrable as

[ et < £ () - Voo
0 i

i.e., 0; € L'. Since 0; € L' N L™, 0, € L? [5]. Finally,
0; € L2 N L*® and the boundedness of &; conclude that
limy_, 00 05 (t) = 0. [6]. [

3 Adaptive Variable Structure Controller with
Dead Zone Scheme

The adaptive variable structure controller proposed in
the previous section has two potential problems: (1)
The adaptation law (6) is a positive integration pro-
cess. In practical implementation, & = 0 can hardly
be reached due to the presence of system perturbations
and limited sampling rate. These residues in o, though
small, will keep the adaptation integration going on and
eventually lead to very high gains or even instability.
(2) The control law (4) is discontinuous crossing switch-
ing surface & = 0 due to the sgn(o) term. This charac-
teristic may induce the undesirable chattering problem.

Considering the fact that system perturbations are very
small nearby the equilibrium, we introduce the dead
zone scheme to shut the adaptation mechanism off when
switching surface enters a sufficiently small bound. To
overcome the second drawback , saturation function is
used to replace the signum function, and the saturation

boundary layer is chosen to be consistent with the dead
zone. The revised scheme is given below:

T = — (1 — a) PCpLDez
—sat(o) {K10x2|X\1 + 5} . (8)

1 _ yixhlelf oTo >eTe
Kiox2 = { 010,y oo <ele (9)
wherei=1,2, e = [ g1 €9 ]T7
sat(o) = diag|[ sat(oq, €1) sat(og, €2) |,
oy sign{o;)  |o1| > €1 or |og] > &
Sat(a“ 67') o { O_i/gi ‘0'1| < €1 and |02| < €9

The size of dead zone is defined by veTe.

Theorem 3: For the system (1), the control law
(8) and adaptation law (9) make the dead zone
{Eo |oTo < ETE} be an attractive region. Any sys-
tem state lies outside the region will reach and enter it
at some finite time. Moreover, system states will stay
inside dead zone permanently eventually.

Proof: Define €2, {5 as

0 = {t|oeTo <eTe}, Q 2 {t|oTo >e"e}

so that ;U = RT. Consider the following Lyapunov
function V (o, ®)

2

I\ mac(A)eTe + %’y*]trace [@Tq)] tec

_ { I\ mae(A)oTo + %'}r’qtrace [@Tq)] t ey
2

Note that V(o, ®) > 1”& > 0; V(o, ®) is continuous
in the (o, ®) space and V = 0 for t € ;. When
t € €9, system states stay outside the dead zone and

olo > e'e, the control law (8) is the same as (4). In
term of (7), V < —|a|Td. Since

lo|T8 = |o1|61 + |o2]d2 > min g;6;, i =1, 2,
K3
then

V < —mingid; <0, t € Q. (10)
K3

The negative definiteness of V results a finite time
to reach dead zone and the total time during which
adaptation takes place is finite.

Due to system perturbations, it is possible that system
states leave Eg at some time ¢1. As a result of (10),
the controller law and adaptation law will drive the
states to re-enter dead zone at a finite time to > 1.
Integration of (10) from ¢; to f2 gives

V(tg) < V(tl) — min 81'(51‘At1, Atl = tz — tl.
i

Assume that the system states move out of Ey at time
t3 again and re-enter it at ¢4. In general, system states



leave dead zone at t9,_1 and re-enter at t,,. Now let
us show that such motion can only repeat for finite
times (n < oo) and system states will stay within the
dead zone Ey forever. For an arbitrary number n, the
following stands

V(tan) < V(tzn—1) —mingi0;At, < ------
K3

n—1

L(tl) — E mingiéiAtn_j,
i
=0

IN

where At,,_; = ta, 2j — tan_2;—1. Since V(t1), & and
d; > 0 are all finite positive constants, and V (ta,) is
positive definite, we have

n—1

Vit
> Aty < AC)HES
j=0

~ min; £;0;

Hence At,, — 0 as n — o0, i.e., the system states stay
inside Fy forever eventually. ]

4 Case Study

To demonstrate the effectiveness of the proposed
method, a case study on a two-link flexible manipu-
lator is conducted. The beam is constructed from Alu-
minum with a rectangular cross-sectional area. The
first four flexible modes are considered for each flexi-
ble link. The physical parameters are: [1 =l = 1 m,
E\I, = By, = 68.04 Nm?2, m; = my = 0.5859 Kg,
= 0.01, the lowest resonance frequency is 5.89 rad/s.

To apply FSOSM, w,. and a of the second-order filter
for both links are chosen to be 5 rad/sec and 10 re-
spectively. This ensures a 40 db roll-off rate for any
frequency above w. that is lower than the lowest natu-
ral frequency of the links. The initial positions of the
lower and upper link are identically at 45°. The com-
manded final position for the lower and upper link are
90° and 0° respectively. FSOSM for the ith link with
the above mentioned second-order filter is calculated to
be 0; = é; + 0.0le; + 24.1893z; + 8.486%@1-. TSM for

the ith link is chosen to be o; = é; +1.5¢7. The deriva-
tions of adaptive VSC for the FSOSM and TSM cases
are similar to the controller design for the hybrid sliding
mode case by choosing @ = 1 and a = 0 respectively.
The hybrid sliding surface for the ith link is chosen by
setting « = 0.8 as

3
5

o; = é +0.008¢; + 0.3l(e] ) — 19.351442;; — 6.789122y;.

As the extra DOF's provided by z1;(t) and z9;(t), reach-
ing phase is eliminated by choosing

[21:(0), 22:(0)]" = | 0, 9205 ¢,(0) + ZL2—c3(0) }T'

g.7s0126i\V) + 578012 €

The sampling interval is Ts = 1 msec. The initial val-
ues for K is set to be 010x2 and the adaptation gain
is chosen as v = 200. Saturation function is chosen as
g; = 0.05. In simulation, the measured 6;(t) and 6;(¢)
are contaminated by white noise w;(t) and v;(t) respec-
tively which are normally distributed, with zero mean
and variance 0.00025. To demonstrate the robustness
of the system, the following disturbance d;(t) is also
0Nm t<1 sec

01 Nm t>1 sec. '
The tip trajectory is plotted in Figure 2 for hybrid slid-
ing mode. It was observed that tip converged more
smoothly than the TSM case; it moved faster and pro-
duces smaller steady-state error than the FSOSM case.
It was observed from Figure 3 and 4 that the magni-
tudes of control torques are small and rather smooth.
Figure 5 illustrates the estimate ks, versus o’ ¢ with
dead zone scheme. System state enters and leaves dead-
zone for 3 times, then it keeps staying inside it forever.

applied to the ith link d;(t) =

5 Conclusion

In this paper, a hybrid sliding mode which combines
FSOSM and TSM penalizes the inherent resonance
mode of flexible manipulator and expedites tip conver-
gence. An Adaptive Variable Structure Control with
dead zone modification is presented. The unnecessarily
high gains and serious chattering caused by overesti-
mated system uncertainties are avoided by the proposed
adaptive estimation algorithm. Dead zone introduced
improves system robustness.
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Figure 1: A two-link flexible robotic manipulator
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