Fast Algorithms for Exact and Approximate
Feasibility of Robust LMIs!

G1userPE CALAFIORE? AND BORIS PoLyAK?

Abstract

In this paper, we discuss fast randomized algorithms
for determining an admissible solution for robust lin-
ear matrix inequalities (LMIs) of the form F(z,A) <0,
where z is the optimization variable and A is the uncer-
tainty, which belongs to a given set A. The proposed
algorithm is based on uncertainty randomization: it
finds a solution in a finite number of iterations with
probability one, if a strong feasibility condition holds.
Otherwise, it computes a candidate solution which min-
imizes the expected value of a suitably selected feasi-
bility indicator function. The theory is illustrated by
examples of application to uncertain linear inequalities
and quadratic stability of interval matrices.

1 Introduction

In this paper, we discuss the problem of determining
feasible or approximately feasible solutions to robust
Linear Matrix Inequality (LMI) constraints, using fast
iterative methods based on uncertainty randomization.
The definitions of feasible and approximately feasible
solutions will be detailed in the sequel.

Robust LMI constraints arise naturally from standard
LMI problems, when uncertainty is present in the data
matrices. More formally, let S be a prescribed subspace
of RP-?  which accounts for structure in the uncertainty
(e.g. block-diagonal), then we shall consider structured
norm-bounded uncertainty

A=A, ={AeS: Al <o), (1)
where || || denotes any matrix norm, and p denotes the
uncertainty radius. Alternatively, the uncertainty may
be described by a set of finite cardinality N,, i.e.

A= Af = {Ala "'7ANU}' (2)

A robust LMI is defined as the matrix inequality

F(z,A) <0; VA€ A, z€R", (3)
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where

F(z,A) = Fp(A) + ZmiFi(A)a (4)

and where F;(A) = FF'(A) € R¥" are functions of the
uncertainty A. Let X C R™ be a (non-empty) convex
and closed set, then the robust feasibility problem is
posed as

Find x € X such that F(z,A) <0, VAe A. (5)

A vector & that satisfies (3) is said a robustly feasible
solution.

To motivate our developments, we notice that the con-
straint (3) is a convex constraint on z, but the number
N, of such constraints, in the case of discrete uncer-
tainty (2), or the number of vertices in the case (1) with
a polytopic matrix norm, can be extremely large and
determining a robustly feasible solution is in general
N P-hard, [9]. When the uncertainty A enters F(z,A)
in a linear fractional form (LFT), the robust feasibility
problem may be dealt with using the recently emerged
techniques of robust semidefinite programming, [4, 9].
Even in the special (albeit quite general) case of LFT
uncertainty, robust SDP techniques provide in general
only sufficient conditions for robust feasibility. Also,
these techniques transform the original uncertain prob-
lem in a convex problem of much larger size. When un-
certainty is present, even problems that are originally
of small size result in convex optimization problems
that push to the limits the existing SDP solver codes.
As an example, the problem of assessing quadratic sta-
bility for an interval matrix of dimension n, may be
cast as a problem of finding a common solution to
N, = on” Lyapunov inequalities for the vertex ma-
trices, [6]. For n = 4, this results in an LMI problem
involving a symmetric matrix of dimension M x M,
with M = 4 x 216 = 262,144.

Another problem related to (5), is that there may ac-
tually exist no robustly feasible solution. In this case,
it may be of interest to determine a solution that satis-
fies the constraints in some averaged sense, to be more
clearly defined later. A similar approach for approxi-
mate feasibility has recently been proposed by Barmish
and Scherbakov in [3].

In this paper, we present simple and efficient algorithms
for the computation of feasible or approximately feasi-
ble solutions for robust LMIs. The proposed algorithms



are devised to address the previously mentioned draw-
backs, i.e. conservatism of the solutions based on La-
grangian relaxations, and practical intractability due
to the dimension of the resulting problem. They also
provide approximately feasible solutions, in case no ro-
bustly feasible solution exists. Also, a feature of the
presented theory is the absence of assumptions on the
way the uncertainty enters into F'(z,A). This frame-
work may therefore accommodate the cases in which
the uncertainty cannot be described using the LFT for-
malism. The price to pay for the fore-mentioned en-
hancements is that the proposed algorithms are based
on randomization in the space of the uncertainty, there-
fore their solution and convergence properties can only
be assessed in a probabilistic sense.

The algorithms proposed here are based on an adap-
tation of stochastic gradient methods. The first algo-
rithm is aimed to the solution of unfeasible inequali-
ties, while the second one is appropriate for the fea-
sible case. A deterministic counterpart of the second
method can be traced back to Kaczmarz method for
solving linear equations [11], and to Agmon-Motzkin-
Shoenberg method for solving linear inequalities, [1],
[12]. For non-linear convex inequalities, it has been
proposed in [15]. A version with finite convergence for
linear inequalities was used by V. Yakubovich in the
middle of the sixties for solving adaptive control prob-
lems (see [5] and references therein) and extended to
nonlinear inequalities by V. Fomin [10]. The method
has some common features with the method of alternat-
ing projections [17], but an iteration of our method is
not a projection on the corresponding inequality. The
randomized counterpart of these algorithms, and their
adaptation to robust LMIs are new, to the best of the
authors’ knowledge.

Related algorithms, oriented to robust LQR design
problems, are proposed in [16], while applications of
stochastic gradient algorithms to set-membership iden-
tification problems have been recently proposed in [8].

2 Preliminaries

We will assume that the uncertainty A is a random
matrix, with given probability distribution fa over its
support set A, and that it is possible to generate sam-
ples of A according to this probability distribution. We
will not discuss here issues related to the choice of the
probability distribution fa. A natural choice (which
also has theoretical rationale behind, see [2]) is to as-
sume uniform distribution in the space of A. In this
case, efficient algorithms for the generation of samples
on A are discussed in depth in [7].

We introduce a scalar function ¢(z, A), defined as
oz, A) = [|Fy(z,A)]], (6)

where the notation A, indicates the projection of the

matrix A onto the cone of positive semidefinite matri-
ces, see more details below. This function will be called
a feasibility indicator function (FIF) in the sequel. It
follows from the definition that ¢(z, A) > 0 if and only
if F(z,A) A0, and it is zero otherwise. With these
premises, a vector & € R™ is robustly feasible for (3)
iff it satisfies o(Z,A) < 0, for all A € A. If there
exist no robustly feasible point, we say that # is an
approzimately feasible solution for (5) if

& = argmin B{p(z,A)}, (7)

where E denotes expectation with respect to A. In
this case, the proposed solution takes into account un-
certainty by minimizing the expectation over A of the
constraint violation.

We introduce the notation [¢]x to denote the projection
of element £ onto X, i.e.

1€ =[]l = min € — yll.

Let S™ denote the Hilbert space of n x n real symmetric
matrices, equipped with the Frobenius norm and the
scalar product < A, B>= Tr AB. Let C be the cone of
positive semidefinite matrices, C = {4 € S™: A > 0}.
The following lemma will be used in the sequel.

Lemma 1 Let A, be the projection of A onto the cone
C, then the following conditions are equivalent

1. Ay =[A]c, i.e. Ay is a projection of A onto C;

2. A=A, +A_, where A, € C, A_ € —C, and
<Ay, A_>=0;

8. A, = RD.R", where R and D =
diag (dy,...,d,) are the eigenvector and
eigenvalues matrices of A, respectively, that is
A = RDR”, and D, = diag(d],...,d}), being
di = max(d;,0).

A proof of this lemma may be found in [14]. We remark
that the assertion 3. provides an efficient method for
explicitly computing the projection A, .

We recall that a function f : R™ — S™ is convex (in
matrix sense) if for any x1,x2 € R™,

flxi+(1—t)zs) < tf(x1)+(1—1t)f(x2), for 0 <t < 1.

The following lemmas, whose simple proofs are omitted
for brevity, hold.

Lemma 2 The function Fy(x,A) is convex in x, in
the above sense.

Lemma 3 If a function f : R™ — C is convez, then
the function g : C = R, g(x) = ||f(z)]| is also convez.

As an immediate corollary, we have



Lemma 4 The function p(z,A) = ||Fy(z,A)||, where
F(z,A) is defined in (4), is convez in .

The subgradient of this function can be found as fol-
lows.

Lemma 5 Let p(x,A) be defined as in (6), where
F(z,A) is defined in (4), and let
) TeF Fy (2, A)
Vo(r,A) = ——— : ,
(2 o(z,A) :
TeF, Fy (z, A)
then

Ouiplz, A) = { Voln,A) i ol 8) £0,

otherwise

is a subgradient of p(z,A) at z.

3 Algorithm for Approximate Feasibility

In this section, we propose an iterative randomized al-
gorithm for determining an approximately feasible so-
lution for (5). The main result is presented in the fol-
lowing theorem.

Theorem 1 Consider the robust feasibility problem
(5). Let A be a random matriz with given probabil-
ity distribution fa over the support A. Let p(z,A) be
a feasibility indicator function, and let

f(x) = E{p(x, M)},

where E denotes expectation with respect to A. Suppose
further that X is a convex and closed set, f(x) has a
minimum point & on X, and ||0.{p(z,A)}| < u, for
allz € X, A € A.

Given an initial vector xqy, consider the recursion

Tt1 = [T — MOy {p(zh, A}, (8)

where 0, denotes a subgradient with respect to x, and

A¥ k=0,1,... are i.i.d. random samples drawn from
fa. Let
mMp— A
T = k 155k—1 + —kwk, 9)
my mg

for o =0,mp = 0, mg = mg—1 + Ag, A\ > 0.

Then
Ef(z) - f(2) < C(k), (10)
—F2P 2Rz
where C'(k) = llzo — 2| —:iul 2izo N . Moreover, if it
23 o Ai

holds that X\; — 0, > A\ = oo, then

Jm Ef(zr) = f(2).

Proof. Consider the distance from the current point
Zp41 to the optimal point Z. By the definition of pro-
jection, we have that ||[z]x — z*|| < ||z — z*||, for any
x, and for any z* € X, therefore

lZher = 2° < flow — 2]
— 2\ (zx — &) T 0p (i, A*) + AF||0p (zr, AF)|.(11)

Now, for a convex function ¢(z), for any z,z* it
holds that (z — z*)Tdg(x) > g(z) — g(z*), hence
(z, — )T 0p(xr, A*) > p(x, AF) — (&, A¥). On the
other hand, from the boundedness condition on the
subgradients we have that ||0p(xy, AF)||? < p?, there-
fore (11) writes

|z — 27 < loe — 2|7
— 2\ (p(zr, AF) — (&, AF)) + Aip®. (12)

Denoting uy = E||lzx — #||?, and taking expectation of
both sides of (12), we get

uppr < up — 20 (Bf (2r) — f(E)) + \ip?,

and ug < uo—2 Y120 Ni (Bf(w:) = £(2)+1> Dl A2,
therefore

k—1 k—1
SN (Bf ) — f(#) < 3w+ 523X, (13)
i=0 i=0

It is obvious that (9) provides a recurrent version of

a Cesaro mean, therefore Z;, is an averaged version of
k
— F_g AT . .
the xp’s: zp = %OT From Jensen inequality for
i=0 "
convex functions, we then have

L Ef:g Aix; Zf:g Aif ()
=1 () < B

)

therefore

Zfzo MN(Ef(zi) — f(2))
27];::0 Al

)

and, by (13)

uo + 4 Ef:o A7
250 o\
which proves (10). With the further assumptions on

the step sizes > .o A = 00; A; — 0, it immediately
follows that Ef(z) — f(&), for k — oo. O

Ef(zy) — f(2) <

Y

Remarks. The above algorithm can be considered as
a modification of a general algorithm by Nemirovskii
and Yudin [13], adapted for the problem at hand.

The previous theorem gives an estimate of accuracy for
a finite sample. In particular, optimizing C'(k) over \;,
we get A; = \* = Wﬁ i=0,...,k — 1. If the
number of iterations is fixed in advance to k, then the



best choice are constant step sizes \* = ”T#I“, which

yields
Ef(zy) — f(2) <2

If we do not fix a-priori the number of iterations, a good
choice for the steps is Ay = ﬁ, which provides asymp-

totically the same estimate Ef(Zy) — f(2) = O (ﬁ) .

In the next section, we provide a similar algorithm (but
with different stepsize rule) which guarantees that a ro-
bustly feasible solution will be found in a finite number
of steps with probability one.

4 Algorithm for Feasible Case

We now consider the case when a robustly feasible so-
lution exists. In particular, we assume that a strong
feasibility condition holds: there exist * € X,e > 0
such that

o(x,A) <0, VezeX:|lz—z%||<egVAecA. (14)
Consider the following recursion
i1 = [z — M {p(zr, A}, (15)

where 9, denotes a subgradient with respect to z, and
A* k=0,1,... are ii.d. random samples drawn from
fa. Define the stepsizes A\ as

{ o(wp, AF) + e]|0: {p(xr, AF)}]

if (g, AF) £ 0;

otherwise,

Ak = |10z { (s, AR} |2

(16)
where 0 < n < 2 is a parameter of the algorithm. We
shall also need the following technical assumption, that
guarantees non-zero probability to distinguish if a vec-
tor z is a feasible solution or not.

Assumption 1 If x is not a robustly feasible solution
for (3), then it must hold that

Pr(F(z,A) £0) > 0.

This means that the measure of the set of “bad” A’s
with respect to the probability density fa must be non-
Z€ero.

The convergence result for the recursion is stated in the
following theorem.

Theorem 2 If Assumption 1 and the strong feasibil-
ity condition hold, then for any xo € X, the recursion
(15) finds a robustly feasible solution of (3) in a finite
number of iterations with probability one.

A related result for quadratic matrix inequalities, has
been developed in [16] in the context of a robust con-
troller design problem. The proof of Theorem 2 has

similarities to the one in [16], and is given in the Ap-
pendix.

Remarks. In stepsize rule (16) we have assumed that
the value of ¢ (the radius of a ball contained in the
feasibility set) is known. If it is not the case, we can
replace ¢ in (16) by &), where s(k) is the number
of correction steps performed before k-th iteration and
gs > 0,65 = 0,Y 00 &5 = 0o. Then, the last inequality
in the proof of the theorem (see the Appendix) writes

s(k)
lzers — 2% < Jlo — 2|2 —n2—n) Y el
s=0

From this inequality, we can again conclude that the
modified algorithm terminates in a finite number of
steps with probability one.

5 Applications

In this section, we present numerical examples of ap-
plication of the proposed theory. In particular, we will
consider an example involving robust feasibility of un-
certain linear algebraic inequalities, and problems re-
lated to quadratic stability of interval plants.

5.1 Uncertain Linear Inequalities
Consider a robust feasibility problem for a set of linear
algebraic inequalities in the form

A(Ax)r < b(Ap), (17)

where A € R, x € R™, Ay, Ay are matrices that ac-
count for the structured uncertainty acting on A and b,
and the < sign is to be intended element-wise. In par-
ticular, we will consider a randomly generated example
with additive, independent uncertainty acting on each
entry of the data A, b:

A(A4) = Ao+ Au; b(Ap) =bo + Ay,

where
—12.8819 13.6427 —8.1623 1.6820
—9.5296 4.8204  20.9407 0.5936

Ay = 7.7817 —7.8707 0.8015 ; bo = 0.7902 ;
—0.0633 7.5200 —9.3730 0.1053

52449 —1.6689 6.3574
A=[Ax Apl; [[Afleo <,

—0.1586

where ||.||~ denotes the £, norm (each element of the
matrix is independently bounded in magnitude). It
is clear that (17) can be rewritten as a robust LMI
problem (see for instance [18]), therefore the algorithms
proposed above may be applied to determine a feasi-
ble or an approximately feasible solution. However, we
can in this case dispense with the general matrix no-
tation, and repeat a similar reasoning for the cone of
non-negative vectors. A feasibility indicator function
is in this case simply given by ¢(z,A) = ||(Az — b)+ ||,
where the suffix + is now to be intended as projection



onto the cone of non-negative vectors. A subgradient
is easily computed following Lemma 5 as

[ AT(Az = b) /(A = b)4]| if (e, A) £ 0;
Orp(w,A) = { 0 otherwise.

We first set r = 0.65, and run N = 250 iterations
of the stochastic gradient algorithm proposed in Sec-
tion 3, starting with zp = 0, and found the solu-
tion zy = [-0.2724 —0.2526 —0.0882]7. We then
performed a Monte-Carlo test using zn, to estimate
the empirical probability of robust feasibility. Us-
ing 100,000 uniformly generated samples of the un-
certainty, we obtained pfeos = 0.9989.! Then, we
set 7 = 0.55, and applied the algorithm of Section 4
with n = 1.8, xp = 0. This algorithm converged in
less than N = 30 iterations to the solution zn ; =
[ —0.1697 —0.1719 —0.0565 ]T. Checking 100,000
randomly generated systems of inequalities (17), we
verified all of them to be satisfied. It is interesting
to note that the point zn also satisfies all inequalities
with r = 0.55.

5.2 Quadratic Stability of Interval Plant

We here consider the problem of assessing quadratic
stability for a linear system described by a matrix
whose elements belong to independent intervals, that
is

A(A) =Ap+ A, |Azg| < T‘Sij, r > 0. (18)
We will first use a 3 x 3 example system taken from [3],
where
-2 =2 0 1651 9394 5691
Ag=1| 1 0 0 |; S=| 2451 4727 1457 |.

1 0 -2 .7004 .4014 .3141

It is well-known (see for instance [6]) that the system
(18) is quadratically stable if and only if there exists a
matrix P > 0 that simultaneously satisfies N, = o’ =
512 Lyapunov equations involving the vertex matrices

AT(AMP 4+ PA(AY) <0, E=1,...,N,,

where AF represents the k-th vertex of the polyhedron
described by |A;;| < rS;j.

We first set r = 0.5. In this case we know from [3] that
there exist a common solution for all the Lyapunov
inequalities involving the vertices. The algorithm pro-
posed in Section 4, drawing one uniform random vertex
samples of the uncertainty at each iteration, converges
in less than N = 50 iterations to the solution

1.2487 0.8155 0.3177
0.8155 2.0443 0.2425
0.3177 0.2425 0.5371

Py =

ILevels of probability cannot be estimated exactly using
Monte-Carlo techniques. In general, they can be estimated
within a given accuracy and with a probabilistic confidence level
on the result, depending on how large is the number of samples
used, [7]. Using the result of Chernoff, for instance, 100,000
samples guarantee the result up to accuracy 0.005, with 99%
confidence.

This solution may be checked to actually satisfy simul-
taneously all the required Lyapunov inequalities.

We then set r = 1. In this case it may be proved that no
common solution exists for the Lyapunov inequalities.
We computed an approximately feasible solution using
the algorithm in Section 3. After N = 250 iterations
we obtained the solution

{ 1.2042  0.9899 —0.2649]
Py = 09899 1.7455 —0.0967 | .
[—0.2649 —0.0967 0.5577 J

For this solution, we computed the empirical probabil-
ity of satisfaction of robust feasibility, using 100,000
uniform random samples of the uncertainty, obtaining
Dteas = 0.996. It should be remarked that the above so-
lutions are computed in about one second on a standard
workstation. Also, as already mentioned, the exact si-
multaneous solution of the above Lyapunov equations
goes beyond the capabilities of most of the existing
LMI solvers, for systems of order greater than four. As
a more challenging example, we considered a system of
order n = 10, with nominal matrix Ao available at
http://www.polito.it/"calafior/data.htm. The
considered system was obtained by integer truncation,
and it is nominally stable. We want to determine a
common Lyapunov matrix P > 0 that proves quadratic
stability, for independent element-wise uncertainty on
the entries of Ay, with » = 0.5. Using standard
tools, this would require the simultaneous solution of
2100 ~ 1,26 10%° Lyapunov inequalities.

We used the algorithm of Section 4, starting from an
initial point Py that solves the Lyapunov equation for
the nominal plant, AgPO + PyAp = —I. The algorithm
converged in about N = 2000 iterations to the solu-
tion Py which, for space reasons, is reported at the
above web address. For this solution, we estimated the
empirical probability of robust feasibility on 100,000
randomly selected vertices, obtaining pfeqs = 1.0.

6 Conclusions

Two fast randomized algorithms for determining feasi-
ble or approximately feasible solutions to robust LMI
problems have been discussed in the paper. These tech-
niques proved to be useful for problems which are in-
tractable by means of standard exact LMI methods.
In all cases, the solutions provided by the randomized
approach (which came at very low computational cost)
may serve as a good initial guess for a deterministic
algorithm.

The first algorithm is general purpose, and can be ap-
plied in the case when we do not know in advance if a
robustly feasible solution exists. The second algorithm
converges faster that the first one, if a robustly feasible
solution exists, and in this case guarantees termination
in a finite number of steps. This latter algorithm may



also be applied to unfeasible problems: unfeasibility is
in this case revealed by lack of convergence of the algo-
rithm, which can be stopped after a pre-defined num-
ber of iterations. The “goodness” of resulting solution
may then be checked via Monte-Carlo randomization,
as discussed in the examples.

It is expected that these techniques will be applied ad-
vantageously to the solution of various problems re-
lated to robust control design and identification, [16],
[8]. Further research is needed in the direction of de-
veloping similar algorithms for the optimization of a
functional under robust constraints, which is the sub-
ject of current study.

Appendix: Proof of Theorem 2

Define
5

102 {p(ak, AF)}H]

where z* is a robustly feasible solution. Then, due to
(14), z is a feasible solution of (3) and, in particular,
o(z, A*) < 0 for all k. Now, due to the properties of a
projection

ka1 — ¥ < |z — 2% = MBa{ip (@, AMYPP =

llzx — 2% > + A¢ 102 {ep(zk, AM)}II?

20k — )7 0u{ o1, AF)} = 2243 — 2%)T D, fiplan, AV)).

Ou{p(zi, AF)},

T=x"+

We now consider the last two terms in the inequality
above. Due to convexity of p(z, A) and to the feasibil-
ity of Z, we obtain

(mk - f)Tal{ﬂo(mlwAk)} 2 @(wk,Ak) - @(i'vAk) 2 (P(Q:kvAk)v
while, due to definition of &
(@ — 2") T 0u{p(a®, A)} = e[|0u {ip (zx, AT}

Thus, we write

|zher — 2*|* < |lzg — 2*|1° + AR |0z {p (2, AF) HI?

=2Xp, (p(@r, A*) + |0 {p(zx, AF)Y]) -
Now, if (2, AF) > 0, substituting the value of Ay
(16), we get

[zk1 — 2*[|* <

n(2=n)(e(zi,A") +e| |0 {o(xe.AD}D?

S [0-L2 (o, A0 HI?
llor, = 2*[|* = &*n(2 = ).

||z — 2*[]* -

Therefore, if ¢(zy, A¥) > 0, then we obtain
lzkr1 = 2*|* < flog — 2| = *n(2 - n).

From this formula, we conclude that no more than
M = ||zo — z*||?/(e?1(2 — 1)) correction steps can be
executed. On the other hand, if z; is unfeasible, than,
due to Assumption 1, there is a non-zero probability to
make a correction step. Thus, with probability one, the
method can not terminate at an unfeasible point. We
therefore conclude that the algorithm must terminate
after a finite number of iterations at a feasible solution.
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