
A Composite Energy Function Based Sub-optimal Learning

Control Approach for Nonlinear Systems with

Tima-varying Parametric Uncertainties

Tan Ying and Xu Jian-xin

Department of Electrical and Computer Engineering

National University of Singapore

Singapore 117576

Abstract

In this paper, a novel composite energy function (CEF)
is introduced to provide a general framework for in-
corporating system information along both time and
learning repetition horizon. Based on the CEF, learn-
ing control is integrated with nonlinear sub-optimal
control to enhance control performance for a class of
nonlinear system with time-varying parametric uncer-
tainties. Sub-optimal control strategy based on control
Lyapunov function (CLF) and Sontag’s formula pro-
vides a sub-optimal performance as well as stability
along time horizon for the nominal part of the nonlin-
ear dynamic system. Learning mechanism tries to learn
unknown time-varying parametric uncertainties so as
to eliminate uncertain effects. The proposed control
scheme achieves asymptotical convergence along learn-
ing repetition horizon. At the same time, the bound-
edness and pointwise convergence of the tracking error
along time horizon are also ensured.

1 Introduction

Nonlinear optimal control has been an active subject
of considerable research work over past few decades.
Because of difficulties in solving the nonlinear partial
Hamilton-Jacobi-Bellman (HJB) differential equation,
sub-optimal control and inverse optimal control based
on control Lyapunov function (CLF) have been pro-
posed in the design of nonlinear optimal control [1-4].
However it would be difficult to apply these methods in
the presence of system uncertainties and disturbances.
In this work, learning control is integrated with sub-
optimal control and applied to nonlinear systems with
time-varying parametric uncertainties without the prior
knowledge of the uncertainty bounds. Under repeat-
able control environment, the time-varying parametric
uncertainties are learnable. A repeatable tracking con-
trol environment is specified by the following two fac-
tors. 1) repeatable tracking control tasks: finite inter-
val but uniform tracking requirement over the entire in-

terval; 2) deterministic dynamic system with the same
initial condition, and possibly subject to time-varying
parametric uncertainties and interval uncertainties. Re-
peatable control problems are well encountered both in
motion control and process control areas such as wafer
process, batch reactor control, IC welding process, in-
dustrial robot control on assembly line, etc. The sys-
tem repeatability warrants the learnability of the sys-
tem time-varying parametric uncertainties. By virtue
of internal model principle, the learning control mech-
anism can completely nullify the influence of system
uncertainties from tracking performance. Hence learn-
ing control can be regarded as another kind of optimal
control schemes in the sense of canceling the learnable
uncertainties existed in nonlinear systems. By integra-
tion, the advantages of both optimal control and learn-
ing control can be retained — the “sub-optimal” perfor-
mance along time horizon and “optimal” performance
along learning repetition horizon. A number of deter-
ministic learning control schemes have been proposed
[5-8]. To lay the foundation for control integration and
rigorous analysis, we introduce a novel composite en-
ergy function (CEF) into learning control, which con-
sists of two parts. The first part is a control Lyapunov
function (CLF) which facilitates the derivation of sub-
optimal control law and assesses system behavior along
time horizon for each learning cycle. The second part is
a L2 norm of parametric learning error which facilitates
the derivation of learning control law and evaluates the
learning effect.

This paper is organized as follows. In Section 2, the
problem formulation is given. A brief introduction of
nonlinear optimal control is presented in Section 3. In
Section 4, the CEF and sub-optimal learning are de-
fined and discussed in details. Section 5 provides an
illustrative example.



2 Problem Formulation

Consider a class of MIMO nonlinear dynamic determin-
istic system with time-varying uncertainties represented
by the following equation (throughout this paper, for
the sake of brevity, arguments are sometimes omitted
when no confusion is likely to arise)

ẋ = f(x, t) + B(x, t)(u+ d)

= f(x, t) + B(x, t)[u + Θ(t)ξ(x, t)] f (0, ·) = 0, (1)

where x ∈ Rn is the measurable state vector of the
system (1); u ∈ Rm is the control input vector, where
m < n; nonlinear function (x, t) : Rn × R+ → Rn

and B(x, t) : Rn ×R+ → Rm×n are known continuous
functions with respect to the argument x and t; d is
the nonlinear uncertainties which can be factorized as
d = Θ(t)ξ(x, t), where Θ ∈ Rm×n1 is the time-varying
uncertainties and ξ(x, t) : Rn × R+ → Rn1 is known
nonlinear vector valued function which may in general
include the global and local Lipschitzian functions as
the subset. Here n1 is a finite integer.

Regarding the uncertain nonlinear system (1), assump-
tion A1 is necessary for a repeatable control environ-
ment.

Assumption 1 The initial resetting condition xi(0) =
xd(0) is satisfied for all learning cycles where i denotes

the i-th learning cycle.

The desired trajectory xd ∈ Rn is continuously differ-
entiable. The control objective is to find an appropriate
control input sequence ui for the nonlinear system (1)
so as to achieve the perfect tracking performance as
follows

lim
i→∞

||ei(t)|| = 0 ∀t ∈ [0, Tf ] (2)

where || · || is the Euclidean norm for vectors. e(t) is

the tracking error defined as e(t)
�
= x(t) − xd(t).

3 Nonlinear Optimal Control

First, we consider the nonlinear optimal control for the
nominal part of nonlinear uncertain system (1) as fol-
lows

ẋ = f(x, t) + B(x, t)u f (0, ·) = 0 (3)

the error dynamics is:

ė(t) = ẋ(t) − ẋd(t)

= f(x, t) + B(x, t)u(t) − ẋd(t)

= f̃(e, t) + B̃(e, t)u(t) (4)

where f̃ (e, t) = f(e + xd, t) − ẋd(t), B̃(e, t) = B(e +
xd, t). The objective function of optimal control is:

J = inf
u(·)

∫ Tf

0

(q(e) + uTu)dt (5)

where q(e) : Rn → R+ is a continuously differentiable
class-KR function with the desired solution being a
state-feedback control law.

The HJB equation from above system (4) and objective
function (5) is

q(e) −
1

4
V ∗
e
B̃B̃TV ∗

e

T + V ∗
e
f̃(e, t) = 0 (6)

where V ∗ is commonly referred to as the value function

and can be obtained from current error state e(t) [9]

V ∗(e(t)) = inf
u(·)

∫ Tf

t

[q(e(τ )) + uT (τ)u(τ )]dτ (7)

If the continuously differentiable solution of (6) exists,
the optimal control law is given as

u∗ = −
1

2
B̃TV ∗

e

T (8)

The HJB partial equation solves the optimal control
problem for every initial condition all at once. However
it is difficult or almost impossible to solve HJB equation
in general. Sontag’s formula [2] provides a stable con-
troller for system (4). The modified Sontag’s formula
[4] is introduced to provide a sub-optimal solution to
nonlinear system (4) as follows

uop =

{
−{

Ve f̃+
√

(Ve f̃)2+q(e)ααT

ααT }αT α �= 0

0 α = 0
(9)

where α
�
= VeB̃, Ve

�
= ∂V T

∂e
∈ R1×n and V is an ar-

bitrary control Lyapunov function (CLF) [1] which is
a continuously differentiable, positive, and radially un-
bounded function. For system (4), the existence of CLF
implies that ∀e �= 0,

VeB̃ = 0 ⇒ Ve f̃ < 0.. (10)

The existence of CLF is a sufficient condition for sta-
bility of system (4).

Remark 1 The sub-optimal control law (9) has the
sector margin [1,∞). The existence of sector margin
makes the sub-optimal control law (9) robust with re-
spect to certain classes of input disturbance (sector non-
linearities), but impossible to deal with general nonlin-
ear time-varying uncertainties d = Θ(t)ξ(x, t) in (1).
To overcome this problem, learning control is incorpo-
rated to deal with the learnable uncertainties and ensure
the stability of the dynamic system.



Remark 2 From the above sub-optimal control law
(9), it can be seen that

Ve(f̃ + B̃uo) ≤ 0, (11)

tracking error e of (4) is bounded since V̇ ≤ 0.

Next, we show that the sub-optimal control law (9) is
bounded.

From the definition of the sub-optimal control law
(9), uop is continuous except for the surface VeB̃ =

0. Hence when ||VeB̃(e)|| ≥ ε, where ε is a non-
infinitesimal constant, uop is bounded from the bound-
edness of tracking error.

Assume that at a point e0, VeB̃|e=e0 = 0 and
Ve f̃ |e=e0

< 0. Since both f̃ and B̃ are continuous with
respect to all arguments, and V is continuously differ-
entiable, ∀ε > 0, ∃δ > 0, such that when ||e− e0|| < δ,
there are |VeB̃(e)| < ε, and Ve f̃(e0) < 0. Define

b
�
= Ve f̃ ∈ R and ||α|| �=

√
αTα, then

||uop|| ≤ |−|b|+
√
b2 + q(e)||α||2
||α||2 | ||α||

≤ |−|b|+ |b|+
√
q(e)||α||

||α||2 | ||α||

≤
√
q(e) (12)

4 CEF and Sub-optimal Learning Control

Approach

The error dynamics of system (1) is:

ė(t) = f̃ (e, t) + B̃(e, t)[u+ Θξ̃(e, t)], (13)

where ξ̃(e, t) = ξ(e+ xd, t).

Define a non-negative composite energy function (CEF)
at the i− th learning cycle as:

Ei(t) = V (ei(t)) +
1

2βv

∫ t

0

trace[∆ΘT
i ∆Θi]dτ (14)

where V can be an arbitrary CLF defined in Section 3

and satisfies (10). By definition, ∆Θi
�
= Ψi(t)−Θ(t) is

the parametric learning error at i-th learning repetition.

Remark 3 Composite energy function (CEF) is orig-
inated from Lyapunov function and subsequently ex-
tended to consecutive learning cycles. There are two
parts in CEF. Control Lyapunov function part V (e(t))
in CEF not only guarantees the finiteness of system
states within a finite interval but also makes learn-
ing scheme applicable to general nonlinear system with-
out satisfying global Lipschitz condition. A L2 norm
of parametric learning errors is also incorporated into
CEF. Consequently the learning effect with respect to

repeated learning cycles can be evaluated. By demon-
strating the asymptotical convergence of CEF along the
learning repetition horizon, the perfect tracking will be
achieved.

The integrated control law consists of two parts

ui(ei, t) = ui,o(ei, t) + ui,l(ei, t)

ui,l(ei, t) = −Ψiξ̃(ei, t) (15)

where ui,o is the sub-optimal control part at i−th learn-

ing cycle which comes from (9), Ψiξ̃(ei, t) is the learning
control part and is updated as follows

Ψi = Ψi−1 + βvα
T
i ξ̃

T
(ei, t)

αi = VeiB̃i (16)

where the positive constant βv is the learning rate. Here
the initial value of learning part is set as Ψ0(t) = 0 ∀t ∈
[0, Tf ]. We consider tracking performance from the
first learning cycle i = 1. The convergence of proposed
control scheme is given by the following theorem.

Theorem 1 The learning control law (15, 16) and op-
timal control law (9) under resetting condition A1 guar-
antee the bounded and pointwise convergence of track-
ing error and the control signal is norm-bounded over
[0, Tf ] when the learning repetition approaches to in-
finity.

Proof: The proof consists of three parts. Part A derives
the negative definiteness of the difference of the com-
posite energy function (CEF). Part B proves the perfect
tracking performance. Norm-boundedness property of
the internal control signals is proved in Part C.

Part A: The difference of CEF

From (14), the difference of Ei is

∆Ei(t)
�
= Ei(t)−Ei−1(t)

= V (ei(t)) +
1

2βv

∫ t

0

trace[∆ΘT
i (∆Θi)]dτ

− 1

2βv

∫ t

0

trace[(∆Θi−1)T (∆Θi−1)]dτ

−V (ei−1(t)) (17)

According to assumption 1, control law (15), updating
law (16) and property (11)

V (ei(t)) =

∫ t

0

Vei [f̃i + B̃(ei, τ )(ui + Θξ̃(e, τ))]dτ

+V (ei(0))

≤
∫ t

0

αi[−Ψi−1ξ̃(ei, t) + Θξ̃(ei, τ )]dτ

−
∫ t

0

βvαiα
T
i ξ̃(ei, t)

T ξ̃(ei, t)dτ



≤
∫ t

0

ς(τ )dτ (18)

ς(t)
�
= αiΘξ̃(ei, t)−αiΨi−1ξ̃(ei, t)

−βvαiα
T
i ξ̃(ei, t)

T ξ̃(ei, t). (19)

Note the following property of trace

trace(yvTQ) = yTQv (20)

where Q ∈ Rm×n, v ∈ Rm×1 and y ∈ Rn×1. According
to the learning update law (16)

1

2βv
{trace[(∆ΘT

i ∆Θi]− trace[∆ΘT
i−1∆Θi−1]}

=
1

2βv
trace[(Ψi −Ψi−1)T (Ψi + Ψi−1 − 2Θ)]

= αiΨi−1ξ̃(ei, t)−αiΘξ̃(ei, t)

+
βv

2
αiα

T
i ξ̃(ei, t)

T ξ̃(ei, t)

= −ς(t)− βv

2
αiα

T
i ξ̃

T
ξ̃(ei, t). (21)

According to (18) and (21), αiα
T
i ξ̃(ei, t)

T ξ̃(ei, t) =
||αi||2||ξ̃(ei, t)||2, we have

∆Ei(t) ≤ −
∫ t

0

βv

2
||αi||2||ξ̃(ei, t)||2dτ

−V (ei−1(t)) ≤ 0. (22)

The finiteness of Ei(t) is ensured for any learning cycle
provided E1(t) is finite.

Remark 4 From (22), it shows that a larger learning
gain βv may improve the convergence rate.

When i = 1, Ψ1 = βvα
T
1 ξ̃

T
(e1, t). We prove in the fol-

lowing step that the learning control law (15) and sub-
optimal control law (9) can guarantee that the tracking
error at the first learning cycle is bounded. The energy
function E1 is

E1(t) = V1(t) +
1

2βv

∫ t

0

trace[∆ΘT
1 ∆Θ1]dτ.(23)

Taking the derivative of the composite energy function

Ė1(t) = Ve1 [f̃1 + B̃(e1, τ )(uo,1 −Ψ1ξ̃(e1, t)

+Θξ̃(e1, t))] +
1

2βv
trace[∆ΘT

1 ∆Θ1]

≤ −α1Θξ̃(e, t)− βvα1α
T
1 ξ̃

T
(e1, t)ξ̃(e1, t)

+α1Θξ̃(e1, t) +
1

2βv
trace(||Θ||2)

+
βv

2
α1α

T
1 ξ̃

T
(e1, t)ξ̃(e1, t)

≤ −βv

2
||α1||2||ξ̃(e1, t)||2

+
1

2βv
trace(||Θ||2)

≤ 1

2βv
trace(||Θ||2). (24)

Since Θ(t) is a continuous function,
1

2βv
trace(||Θ||2) ≤

θ0 ∀t ∈ [0, Tf ]. Therefore E1(t) ≤ θ0Tf is bounded
in the finite time interval [0, Tf ]. The boundedness
of tracking error comes from the boundedness of CLF
V (ei(t).

Remark 5 The tracking error is bounded at each
learning cycle so that the proposed control scheme can
prevent the finite escape time phenomenon.

Part B: Learning convergence

Since ∆Ei(t) ≤ 0, following (22) the CEF at k-th learn-
ing cycle is:

Ek(t) = E1(t) +
k∑

i=2

∆Ei(t)

≤ E1(t)−
k∑

i=1

V (ei−1(t)). (25)

When k →∞,

lim
k→∞

Ek(t) ≤ E1(t)− lim
k→∞

k∑
i=1

V (ei−1(t)). (26)

∀t ∈ [0, Tf ], Ek(t) is a non-increasing series with upper
bound. Therefore lim

k→∞
Ek(t) exists. Since

lim
k→∞

Ek(t) ≤ E1(t)− lim
k→∞

k∑
i=1

V (ei−1(t)), (27)

∑∞
i=1 V (ei−1(t)) converges and lim

i→∞
V (ei−1(t)) =

0 ∀t ∈ [0, Tf ] is guaranteed. From the definition of
CLF, V is radially unbounded function, therefore,

lim
i→∞

V (ei−1(t)) = 0 ∀t ∈ [0, Tf ]

⇒ lim
i→∞

ei(t) = 0. (28)

Hence the tracking error also converges to zero ∀t ∈
[0, Tf ]. The system state can track the desired trajec-
tory perfectly as the learning repetition approaches to
infinity.

Part C: Norm-bounded control profile

We consider the total energy of the control authority
over the learning cycle defined as the following norm

||u||[0,Tf ]
�
=

∫ Tf

0

||u||2dτ. (29)

It can be seen from the construction of the control law
(15), when the learning repetition is finite, the learning
control part is continuous in finite time interval. The
boundedness of learning control part is ensured from
the boundedness of tracking error. At the same time,



since the tracking error is bounded, sub-optimal con-
trol part is bounded. Hence the norm-boundedness of
control law is ensured for finite learning repetitions.

When learning repetition approaches to infinity,∫ Tf
0

trace[∆ΘT
∞∆Θ∞]dτ ≤ E∞(Tf ) ≤ E1(Tf ) ≤ M

where M is the maximum value of E1(t). Define

aj,k
�
= {∆Θ∞}j,k, j = 1, . . . ,m, k = 1, . . . , n1,

∫ Tf

0

trace[∆ΘT
∞∆Θ∞]dτ =

∫ Tf

0

∑
j,k

|aj,k|2dτ ≤M, (30)

hence
∫ Tf
0
|aj,k|2dτ is bounded for j = 1, . . . ,m, k =

1, . . . , n1. Since L2 ⊂ L1,
∫ Tf
0
|aj,k|dτ is also

bounded. Define ψj,k
�
= {Ψ∞}j,k, θj,k

�
= {Θ}j,k j =

1, . . . ,m, k = 1, . . . , n1. The boundedness of∫ Tf
0
|ψj,k|dτ is ensured from the boundedness of∫ Tf

0
|aj,k|dτ and θj,k. Assume that max

t∈[0, Tf ]
|θj,k(t)| ≤

M1 for j = 1, . . . ,m, k = 1, . . . , n1,

∫ Tf

0

ψ2
j,kdτ ≤

∫ Tf

0

|aj,k|2dτ + 2

∫ Tf

0

|ψj,k| |θj,k|dτ

−
∫ Tf

0

θ2j,kdτ

≤
∫ Tf

0

|aj,k|2dτ + 2M1

∫ Tf

0

|ψj,k|dτ

−
∫ Tf

0

θ2j,kdτ, (31)

∫ Tf
0

ψ2
j,kdτ is bounded, so is

∫ Tf
0
||Ψ∞||2dτ . The bound-

edness of ||e(t)|| leads to the boundedness of ||ξ̃(e, t)||,
which is denoted as max

t∈[0, Tf ]
||ξ̃(e, t)|| ≤M2 <∞. Since

u∞ = −Ψ∞ξ̃(e∞, t)

||u∞,l||[0, Tf ] =

∫ Tf

0

||u∞,l||2dτ

≤
∫ Tf

0

||Ψ∞||2||ξ̃(e∞, t)||2dτ

≤ M2

∫ Tf

0

||Ψ∞||2dτ, (32)

hence the norm-boundedness of the control input is en-
sured because the sub-optimal control part is always
bounded at every learning cycle.

5 Illustrative Example

To show the effectiveness of the proposed learning con-
trol method, the following chaotic Duffing system is
considered.

ÿ = −0.1ẏ − y3 + 12cos(t) + u(t) (33)

which is a nonlinear time-varying system and shows
chaotic behavior when u(t) = 0. Here 12cos(t) is the
unknown parametric uncertainty. The objective is to
drive the system state [x1(t), x2(t)]T to follow the given
trajectory [sin(3t), 3cos(3t)]T . The tracking period is
[0, 2π].

The control Lyapunov function is chosen to be V =
(ce1 + e2)2 + e21. The objective function of the system
(33) is

J =

∫ 2π

0

[k(e21 + e22) + u2]dτ (34)

where k is a penalty factor which balances the perfor-
mance between better tracking and less control effort.

Remark 6 In real application, the learning cycle can

hardly be repeated infinite times. Learning update is

ceased when the tracking error reaches the pre-defined

error bound, i.e.

max
t∈[0, Tf ]

||ek(t)|| ≤ ε0 (35)

In this example , the error bound is chosen to be ε0 =
0.005.

To compare the control performance, the objective
function with different weightings are considered. First,
for fast tracking error convergence, k = 1 is selected.
The tracking error profile along learning repetition hori-
zon is shown in Fig. 1, from which the learning effect
is evident.
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Figure 1: The convergence of tracking error along learning
repetition horizon when k = 1

When less control effort is required, a smaller k is cho-
sen to be 0.0001. The tracking error profile along learn-
ing repetition horizon is shown in Fig. 2. It can be seen
that, more learning repetitions are needed to reach the
prespecified error bound. At the same time, the max-
imum tracking error is also larger compared with the
same learning repetition when k = 1.

Now let us compare the control inputs in above two

cases. Define ||ui||s
�
= max

t∈[0, Tf ]
|u(t)|. Different ||ui||s



are shown in Fig. 3 and Fig. 4 for k = 1 and k = 0.0001
respectively. When k = 1, i.e., fast tracking conver-
gence is preferred, the maximum control inputs at the
first few learning repetitions are quite large. When
k = 0.0001, i.e., less control effort is preferred, the
maximum control effort can be kept at a lower level
less than half of the former case.

In a word, by tuning the value of the penalty factor k,
we can effectively change the convergence rate of the
tracking error and the magnitude of the control effort.
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Figure 2: The convergence of tracking error along learning
repetition horizon when k = 0.0001
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Figure 3: The maximum control input along learning rep-

etition horizon when k = 1
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Figure 4: The maximum control input along learning rep-

etition horizon when k = 0.0001

6 Conclusion

A new method of integrating learning control and non-
linear sub-optimal control is proposed in this paper.
The idea of the composite energy function (CEF) is in-
troduced, which provides a framework to facilitate the
design and analysis of sub-optimal learning control sys-
tems. The proposed method can achieve the perfect
state tracking with sub-optimal control performance
for a class of nonlinear systems with the time-varying
parametric uncertainties. Sub-optimal control based on
Sontag’s formula is utilized to effectively change the
convergence rate of the tracking error and the mag-
nitude of the control effort. The sub-optimal control
scheme also provides stability margin of the dynamic
system so as to enhance the robustness with respect to
input disturbance. The learning control part, on the
other hand, can effectively handle the unknown time-
varying parametric uncertainties. The control perfor-
mance is enhanced along learning repetition horizon so
that perfect tracking can be achieved asymptotically.
At the same time the norm-boundedness of control sig-
nal is guaranteed . The validity of the proposed scheme
has been confirmed by simulation results.
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