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Abstract

In this article we consider robust filtering and
smoothing for Markov Modulated Poisson Processes
(MMPPs). Using the EM algorithm, these filters and
smoothers can be applied to estimate the parameters
of our model. Our dynamics do not involve stochas-
tic integrals and our new formulae, in terms of time
integrals, are easily discretized.
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1 Introduction

The well known EM algorithm [5] provides a scheme for
solving a problem common in signal processing: esti-
mating the parameters of a probability distribution for
a known, partially observed dynamical system. This
problem has received considerable attention for com-
mon signal models, such as the discrete time Gauss-
Markov model, or the observation of a Markov process
through a Brownian motion, [14][10]. In this article
we propose EM algorithms for the so called Markov
modulated Poisson process (MMPP).

An MMPP is a Poisson counting process whose rate
of arrivals depends upon the state of a Markov chain.
These models have enjoyed many successful applica-
tions in queueing theory and recently have been studied
in the context of packet traffic estimation and biomed-
ical, and optical signal processing.

The parameter estimation problem we consider, con-
cerns computing estimates for the rate matrix of the
Markov chain and the vector of Poisson intensities for
the observation process. Traditionally the EM algo-
rithm is implemented by maximizing a log likelihood
function over a parameter space. In some applications
this approach can lead to technical difficulties. For ex-
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ample the form of the log likelihood function could
be complicated, or the maximization of this function
might be difficult. Also the storage of estimated quan-
tities can be a problem with the EM algorithm.

The implementations of the EM algorithms we present
are the so called filter-based and smoother-based EM
algorithms, [7][10]. In the filter-based scheme, the pa-
rameter estimates are computed by running a bank of
four recursive filters whose only storage requirements
are previous estimates. A fundamental feature of our
EM algorithms is that no stochastic integrations are
required. By using gauge transformations we compute
Duncan-Mortenson-Zakai equations, where the obser-
vation processes appear as parameters, rather than as
stochastic integrators.

The paper is organised as follows: in §2 the signal mod-
els for the state process and the observation process are
defined. In §3 we briefly recall the EM algorithm. In §4
we compute a robust filter-based EM algorithm for an
MMPP. Finally, in §5, we compute a smoother-based
EM algorithm for an MMPP.

2 Signal Models

Initially we suppose that all processes are defined on
the measurable space (2, F) with probability measure
P.

2.1 The State Process

Suppose the state process X = {X;,0 < t} is a finite
state Markov chain. We use the canonical represen-
tation introduced in [7], so without loss of generality
the state space of X is £ = {ey,es,...,em,}, where ¢;
denotes a column vector in R™ with unity in the i*?
position and zero elsewhere. The dynamics for this
process are

t
Xt:X0+/ AXst+Mt7 (1)
0

where M; is a martingale and A € R™*™ is a rate
matrix.

2.2 The Observation Process
Suppose that the state process X is observed through
a counting process whose Doob—Meyer decomposition



is
¢
Nt:/ (X5, A)ds + V. (2)
0
Write Y = {);} for the filtration generated by N,

where Yy = o{N,,0 < s < t}. Here V is a (P,Y)
martingale and A is a vector in R™ with strictly posi-

tive components A N2 \(m)

Write
Fi =0{Xs;0 < s <t} (3)
Gy = o{Ns, X;5;0 < s <t} (4)

2.3 Reference Probability
We have under the ‘real world’ probability P dynamics
of the form:

{dXt = A X,dt + dM;, 5)

ANt = (X;, \) dt + dV.

Suppose PT is a reference probability, under which X is
still a Markov chain with dynamics (1) and the obser-
vation process N is a standard Poisson process. That
is, under Pt the observation process is a Poisson pro-
cess with unit intensity, independent of the process X.
Denote by A the Radon-Nikodym derivative

dP
apt

= AO,tv (6)
G

where

Ao = J (xs, 02 exp(/ot(l - (XS,)\>)ds)

0<s<t (7)

=1+ /t Ag— (X5, ) — 1) (AN, — ds).
0

3 The EM Algorithm

The EM algorithm is a two step iterative process
for computing maximum likelihood estimates (MLEs).
This process is usually terminated when some measure
of convergence for the sequence of MLEs is observed.

Let # index a given family of probability measures Py
where 6 € ©. All such measures Py, defined on a mea-
surable space ({2, F), are assumed absolutely contin-
uous with respect to a fixed probability measure Fj.
Suppose Y C F.

The two iterative steps in the EM algorithm are:

Expectation Step: Set 0* = 6, and compute
Q(-,0%), where

dpP

Q(6,0%) = Ej- [log |

»ooo®

Maximization Step: Maximize Q(6,6*) over
the space O,

041 € argmaxQ(6,6%). (9)
O

The so called filter-based form of the EM algorithm for
a continuous time Markov chain observed in Brownian
motion was presented in [7] and a robust version given
in [10]. This method is based essentially on four quan-
tities, each concerning the indirectly observed Markov
process X and each computed using the information
up to and including time ¢.

1. X, the state of the Markov chain. This quan-
tity can be estimated from the observed counting
process N by solving the stochastic equation

t
a =qo+/ Ag,ds
y (10)

+/ diag{(A,e;) — 1} (dNs — ds).

Here diag{(\,e;) — 1} denotes a diagonal matrix
with entries (A\,e1) —1,...,(\,e;,) — 1, A is the
rate matrix for the process X and

PO = i 30 = gt

A proof of equation (10) is given in the Appendix.

2. J}, the amount of time spent by the process X in
state e; up to time ¢:

Jt’:/o (Xs,ei)ds. (11)

3. Nti’j, the number of transitions e; — e; of X
where ¢ # j, up to time ¢:

N = / (X, o) (dXore;).  (12)
0
4. Gt, the level integrals for the state e;,

t
G = / (X, e5) dN;. (13)
0

Using Bayes’ Theorem, (see [9]), if H = {H;,0 < t} is
any G adapted integrable process

Ef[Ao,Hy | V]

E[Ht | yt] = ET[AO,t | yt]

(14)

Here E'[] denotes an expectation under the measure
Pt
Write

o(Hy) = EY[Ao Hy | Vi) (15)



Indexing the sequence of passes of the EM algorithm by
k =1,2,3..., the update formulae for the parameter
estimates are:

: EIN | Vi)
Ayl = S 1] 16
[ k+1] »J E[J%—v | yT] ( )
1,3
and by (14), this is U(NT; ) and
o(Jy)
(e = 2o 1l 2G0) —yq)

E[Tp [ Yr] — o(Tp)

The conditional expectations in equations (16) and (17)
are computed using the previous (at k) parameter es-
timates for A and A. This process is repeated, thereby
generating a sequence of local maxima on the log like-
lihood surface.

4 A Robust Filter-Based EM Algorithm

In the previous section, the updates [Ak](m) and

(;\k, e;) were computed by evaluating the expectations
in equations (16) and (17) respectively. However, it is
in general not possible to compute individual dynamics
for the processes o(J?), o(N*/) and o(G?). It is how-
ever, possible to compute dynamics for the associated
quantities o(J} X;), o(N;? X;) and o(Gi X;), where,
for example,

o(Gi X,) = E'[AGL X, | Vi) (18)

This is the central idea behind the filter-based EM al-
gorithm.

4.1 Vector-Valued Process Dynamics

Theorem 1 The vector process o(J' X) € R™ satis-
fies the stochastic integral equation

t t
a(JtiXt):/ Aa(J;Xs)der/ (s, e:) dse;
0 0
t
+ [ diag{(hen) = 1o X.) (@N, - ds),
0

(19)

where o(J¢ Xo) = 0 and q is the solution of equation

(10).

Theorem 2 The vector process o(N® X) € R™ sat-
isfies the stochastic integral equation

o(N{7 Xy) :/ Ao (NP X,) ds
0
t
+/ (gs,ei)(Aes,ej)dse;
0

+ [ diag{Oh en) = 1)}o(VI Xo) @, -
0
(20)

where J(Né’i Xo) =0 and q is the solution of equation
(10).
Theorem 3 The vector process o(G* X) € R™ satis-

fies the stochastic integral equation

o(Gi Xy) :/0 Ao(GE Xs)ds+/0 (qs—, e} (N e;) dNge;
+/ diag{(\,e;) — 1}o(G:_ X,_) (dNs —ds) (21)
0

where o(G§ Xo) = 0 and q is the solution of equation

(10).

A proof of Theorem 3 is given in the Appendix. The-
orems 1 and 2 can be readily proven by similar means.
By using the solutions of equation (19) (20) and (21),
the updates for the parameter estimates are:

Apiliy = : 22

[ k+1]l7] <O'(J%XT)71> ) ( )
and

3 (o(Gr X7),1)

App1,€) = ————=1—L 23

Wt €00 = 0 3 X 1) >
Here 1 = (1,1,...,1) € R™.
4.2 Observation-Parameterized Process Dy-

namics

The dynamics given by equations (19), (20) and
(21), each contain stochastic Lebesgue-Stieltjes integral
terms. These stochastic integrals with respect to N can
be eliminated by using a version of a gauge transfor-
mation due to Clark [3].

Consider the diagonal matrix
[, = diag{;} € R™*™ (24)
where 7} = (A, )Vt exp{((\, e;) — 1) t}, with v§ = 0.

Note that the matrix I'; !is nonsingular. Using the Itd
rule one can show

t
! :/ diag{(\,e;) — 1}T; 1 ds
0

‘ (25)
/ L diag ! 1}an,
r — .
- 0 oo 18 <)‘7 6[> ’
. _ A A1
With g, =I'; ~¢; we have
t
7, =G +/ ;' AT, g, ds. (26)
0
Equation (26) was established in [11].
For any F-adapted integrable process H, write
(H) =T 'o(H;). (27)



Let us first consider the process o(G* X). Dynamics
for the gauge transformed process
7(Gi Xy) = T 'o(Gi X;) can be computed by applying

the product rule,
ATy o (GE Xy)) = T td(o (G Xy)) + dTy !

+ AT Ao (Gl Xy).

O'(Gi_ Xt—)

(28)
AH, =H;— H;_. (29)
The result of this calculation is,
. t .
10(G;Xt):/r;1,4rsa(a; X,) ds
0
t
+/ <qsvei><)\7€i>stei
0
t
+/ {)\e,—l} (Gi_ X,_) (AN, — ds)
0
t
+ [ diagd (A, e) — 1;7(GE X
[ des{ o0 - 1} 50
t
+/ dlag{ 1}5 (Gi_ X,_)dN,
0
t
+ diag —1+(q,,ei){\ ei) dNge;
[ el ey -1}
t
+/ dlag{ l}dlag{ (A er) — 1} x
0
E(Gg_ X,_)dN,.
(30)

Several stochastic integrals in equation (30) cancel,
noting

diag{()gq) - 1} + diag{ <)\,lel> - 1} +

- 1}diag{<A,e,> - 1} =0eR™™,
(31)

. 1
ding{ 7570

giving

t t
a(G;’Xt):/ F;lAFsa(Gng)der/ (s, i) ANy ;.
0 0

(32)

The stochastic integral in equation (32) can be simpli-
fied by stochastic integration by parts,

t t
/ <qsv ei> st €; = <qtvei> Nt - / N5<dqsvei>' (33)
0 0
Finally our dynamics for (G X;) read

t

F7(GiXy) = / I ATG(GLX,) ds
0

(@, €i) Nee; (34)

/ N dasvez

T(N? Xy).

Similarly, one can apply the product rule to com-
pute process dynamics for the quantities o(J; X;) and
The results of these calculations are, re-
spectively,

t t
E(JtiXt):/ r;lArsa(J;Xs)der/ (T, ei) dse;
0 0

(35)

and

t
(N Xy) = / T AT G (N X,) ds
0
t (36)
+/ <as7€i><Aei,ej>dsej.
0

4.3 Discrete-Time Filters
To compute the update formulae given by equations
(22) and (23), we must first compute the filtered quan-
tities o (J} X¢), o(N? Xy) and o(GEXy), at t = T.
Note also that the filters for some of these quantities
depend upon ¢;. To implement these filters on a digital
computer or device, we must first choose an approxima-
tion in discrete time. Consider a regular partition on
the time interval [0,T]. For K € Ny, write A = T/K
and t, = nA, where n = 1,2,..., K. From equation
(26) we have
Tn ~Qy,_, + T, AT G, A, (37)

soqi, =I4,q;, =Ty, I‘t_nl_1 I+ A A]gq, ,. Writing the
dynamics given by equation (34) recursively at sam-
pling instants ¢, and t,_1, we get

a(G}, Xt,) =7(Gy,, Xp, )

tn )
+/ [, AT 5(GLXS) ds

tn—1

+<qt , € >Nt ez_<qtn 17 >Nt 1 €
tn

- Ns<dasvei>el
tn—1

Making the approximation

tn tn
/ N (dg,,e;)e; = / NS<I‘;1 ATqG, ds, e;)e;
t

~ Ntn_lftiL{l <Aqtn_17€i> Aei

(39)
and with some algebraic manipulation,

(T, ei) Ni, ei — (G4, _,-€i) Ni,_, ei =

ot g, ei) (Ng, — Ntn De+AT (Aqr, . e) Ny, e

(40)



we see that

(G, th)~—(Gin Xt,_1)
tn 1AI‘t (G;n X, o)A

+ T, (@, 1rei) (N, — Ni, oy e (41)

+Artn_1<Aqtn 12€i) Ne, e

— Ntn,lra{1<Aqtn,1aei> Ae;.

Now, by multiplying both sides of equation (41) on the
left by the matrix I'y , we get,

o(Gy, Xt,) =Tp, Tyt 0(Gy | X, y)
+ Ftnl‘*nl Ao(G Xy, )A
+ 10T Qi) (N, — Nio_y) e
S S 1<A Qtn_yr€i) (Nt, — Ni,_y) e
=9, . I+AAc(G ;n_l Xt 1)

+ ‘Iltn7tn—1 [<Qtn_1 ’ ei> + A<A Qtr—1> ez>] X
(Nt, = Nie,_,) eis
(42)

where ‘Iltn7tn—1 = Ftn F;LI e

After similar calculations the remaining discretized fil-
ters read

o(Np? Xp)) = Uy 4 I+ AAlG(NT Xy, )
+ Wt (G _1s€i)(Aes,e5) Aey,

(43)
O'(Jti" th) = ‘Iltn,tn_l[l + AA] O-(Jtin,1 th—l)
(44)
+ Ut ity Gty s €0) €
and
qt, = ‘Iltnytn—l [I + AA] t_y - (45)

Summarizing the results from the previous sections,
our filter-based EM Algorithm reads

Step 1 Choose [Ao]i,j and \o.
Step 2 Using (22) and (23), compute
the MLEs, [Ak+1]z,j and )\k-',-l
Step 3 Decide to stop, or, continue from step 2.

5 A Robust Smoother-Based EM Algorithm

In many implementations of the EM algorithm, for
example [14], the expectation step is completed with
smoothed, rather than filtered estimates. Typically
the smoothing scheme used is the so called ’fixed in-
terval smoother’. Computing smoothing schemes for
MMPPs can be particularly difficult, see for example

[16]. One source of this difficulty is the task of de-
veloping backwards dynamics. This task usually leads
to constructing stochastic integrals evolving backwards
in time. However, the approach we use to develop
smoothing algorithms completely avoids these difficul-
ties. To compute our smoothers we exploit a duality
between forward and backwards robust dynamics and,
as a consequence, do not need to consider backward
stochastic integration at all.

Recall the state estimation MMPP smoother presented
n [12]. For a smoothed estimate for the process

X € R™, we wish to evaluate the expectation E[X; |
Yr], where 0 <t < T. By Bayes’ rule, [9],

Ef[AoxrX: | Vr]
E[X; | Vr]= ——F——7—. 46
[ t | T] ET[A07T | yT] ( )
Consider the numerator of equation (46),
re 2 B'Ao 12X, | V1]
= E'[AoAe,r X | V1] (47)

[

[
= EYME Ao AerXe | YoV F | Vil
= E"[Ao: X:E[Arr | Yo V Fi | V1)

Under the measure Pt, X is a Markov process, so the
inner expectation in the previous line of (47) is

EfAur | VoV Rl =EAur | Yo Vo{X,}]. (48)
Write
= EfAsg | Yrand X; = e;]. (49)

Omitting further calculations, it can be shown, see [12],
that

re = (qe, €1)(ve, e1) e1 + (e, e2)(ve, €2) €2, . ...
+ <Qtvem><vt7€m> em € R™. (50)

The normalized smoothed state estimate of X is then

E[X, | V] = <7:1>. (51)
Note that
(re, 1) = (qr, ve)
= E'[Ao,r(X¢,1) | Vr] (52)
= E'[Ao,r | V1]
is independent of ¢. Therefore,
%(rt, 1) = %(qt,vt) =0. (53)

The vector vy = ((vg,e1), (vg, ea), ..., (v, em)) incorpo-
rates the extra information obtained from the obser-
vations between ¢ and 7. Computing dynamics for v
can be difficult. However, by exploiting a duality we



can compute dynamics for its dual process 7. What
we must do, is find a process T such that the following
duality holds

for all t € [0, T
(54)

(@ 0e) = (L; 'qe, Trve) = (qr, vr),

That is, v; 2 [yve. Using (53) one can show that,

dvy .

dt = FtA Ft U (55)
where v = I'ropr = 7.
Following the same strategy above, we consider the du-
ality

(0(G} Xp),v0) = (T ' o(Gy Xy), Tyvy)

S _ (56)
= (0(G Xt),vy).
Now define
5(Gi X) 2 7(GE X¢) — (@eq) Neei. (57)
Then
d5(Gi X;) =TT AT G (G X,) dt 58)
— N(TTT AT G, e4) e dt.
Now

(@(G1 X1), ) = (5(G} X1),0) + Ne(qy, €3) (i, €3)

(59)
and

Ni(@,, ei) (T, ei) = Ni(qe, eq) (v, ei). (60)

From the dynamics of 5(Gi X;) we have

d(3(G X;), ;) = (TP AT T (GE Xy), Ty) dt

— N(T7MATG,, e4) (e, Ty) dt

— (0(G} Xy), T AT, o) dt
= (T, "ALo(G) Xy), vy dt

— N(T; L AT G, e:) (i, T ) dt

— (o(G} Xy) —

@y, e:) Ny ej, FtA*F;16t> dt

= —N(T; L ATq,, e;) (ei, T¢) dt

+ Ni(G;, e:) (T, L AT e, T) dt

(61)

ie.
) T
(G X1),77) = — / (TS AT, e) (e1,D,) ds
0

T
+ / N (q,, ei)(FS_lAFSei7 Ts) ds.
0
(62)

Therefore

(0(G4 X1),0r) = (7(GYy , X1),77)

= (6(G% X71),v7) + No(Gr, e:) (07, €;)
= —/ N(T;LATq,, e:){ei, D) ds
0
T
/ Ns<§s7ei>(FS_1AFSei,Es>d8+
0
Nr{qr,e){vr,e;)
T
- / No(Ady, e){ei, v5) ds
0
T
+ / Na(ger e3)es, A%v,) ds

+ Nrlqr,ei)(vr, ;).
(63)

By using similar calculations one can also show that,

) T
(@ (T X1),07) = / (@ore)(verey s, (64)
and
(F(NH Xr), o) = /0 (Aei,e)(as, e3) (vs, ;) ds.
(65)

Recalling (16) and (17), our smoother-based update
equations read

T
/ (gs, e:)(vs, e5) ds
[Ak+1]z,3 - Ak]w OT (66)
/ (gs,ei){vs,e;) ds
0
and
T
Ny(gqs,ei){ei, A*vs) ds
k41 =

/0T<qs, ) verei) ds

T
/ No(A gy, ei){e, vs) ds + Nr(gr, e3) (or, e3)
—_ 0 .

T
/0 <qsv ei><’Us, €i> ds
(67)

Summarizing, our smoother-based EM Algorithm
reads

Step 1 Choose Ag and 5\0
Step 2 Using (66) and (67), compute
the MLEs, Ak+1 and /\k+1
Step 3 Decide to stop, or, continue from step 2.



6 Appendix

Derivation of equation (10):

We wish to estimate X given the observations ) of N.
By Bayes’ rule

ET[AO,tXt | V]

X = g @
Note (X;,1) = 1.
So,
(E'[Ao,e Xe | Vi), 1) = EMAo(X, 1) | V] (69)
= E'[Aos | Vi)
That is, if we write
@ = B [Aos X | Vi), (70)
then
S B Y= 7, .

To compute the expectation at (70), we first apply the
product rule to determine the decomposition for the
process AX:

t t
AO,tXt = XU + / A()’SAXS ds + / As, dMS +
0 0

/ X (Xee ) -

t t
:X0+/ AO,SAXsd3+/ Ay dM, +
0 0

1)Ao,q— (AN, — ds)

Z/O (Xo e (M e;) — D)Ao (dANy — ds) e;

(72)

By conditioning both sides of equation (72) on Y; under
the reference probability P, it then follows that the
process ¢ has the dynamics

t
q =qo+/ Ag,ds
y (73)

+/0 diag{(\, e;) — 1}gs— (dNs — ds).

Proof of Theorem 3

To compute the dynamics of the process o(G!X),
we must evaluate the expectation ET[A;Gi X, | Vi].
Using the product rule, we compute the decomposition

of the process GXA,
' t
AtG%Xt = / AS—XS<XS7ei> dNS
0

t
+/ AGLAX, ds
0
t .
+/ AGE dM,
/ G Xy Ay (X0, A) — 1) (N, — ds)

/ X, (X, ei)A

s ((Xs,A) — 1) (dN, — ds).

(74)

The result follows by conditioning both sides of equa-
tion (74) on ), using a version of Fubini’s theorem
[17] and noting that under the measure P! the process
N is a standard Poisson process. Consequently we see
that

t
EYAGEX, | V] :/ Ef[Ay X, (X, e;) | V] dN,
0

+/OtET[ASG§AXS|yS] ds

+/t EYAGE | V] dM,
/ET GL X Ay (X5, A) — 1) | V5] (AN, — ds)
/ EX (X, e) A ((X5,A) —

= / Ao(GLX
0

+/ diag{(\,e;) — 1} 0(G* X,) (AN, — ds)
0

1) | Ys] (dNg — ds)

+ /0 (@5, €)M e5) dNes.
(75)
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