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Abstract

The author presents solutions to input-to-state stabilization
and integral input-to-state stabilization problems for nonlin-
ear systems based on the novel concept of state-dependent
scaling design. Both state-feedback and output-feedback con-
trollers are constructed in a uni�ed way. The method provides
global solutions whenever the system is in the strict-feedback
or output-feedback form. The paper encompasses input-to-
state stabilization and integral input-to-state stabilization in
the presence of structured, static and dynamic uncertainties.

1 Introduction

The notion of input-to-state stability(ISS) has played an
important role in recent development of nonlinear control
theory[11], which was originally introduced in [13]. The
ISS has already found wide applicability such as nonlin-
ear stabilization and backstepping design[11], inverse opti-
mal control[3, 10], small-gain theorem[9], stability and per-
formance of interconnected systems[16].

The concept of ISS is a natural answer to the situation where
boundedness of operator norms( `�nite linear gains' in other
words) is far too strong a requirement for general nonlinear
systems. The ISS replaces the �nite linear gains with nonlin-
ear gains instead of focusing only on local properties[4]. ISS
is a global property which takes into account not only initial
states in a manner fully compatible with Lyapunov stability,
but also the e�ect of input perturbations. The idea of non-
linear gain was extended by the integral input-to-state stabil-
ity(iISS) in which the size of inputs is measured by integral
norms[14]. For linear systems, both ISS and iISS are equiv-
alent to asymptotic stability. For general nonlinear systems,
the iISS is strictly weaker than ISS, and ISS implies iISS. A
nonlinear system is iISS if and only if there is some output
function which makes the system smoothly dissipative and
weakly zero-detectable[1]. This equivalence describes an im-
portant connection between iISS and another popular concept
`dissipation' which has guided developments of nonlinear H1
control and related robust control techniques.

This paper addresses the problem of designing input-to-state
and integral input-to-state stabilizing control laws. The con-
cept of state-dependent(SD) scaling design is employed and
it leads to an explicit construction of state feedback and out-
put feedback control laws. The SD scaling design is a new
technique which thoroughly utilize the SD scaling and dif-
feomorphism to design nonlinear control systems[6, 8]. This
paper does not repeat the concept and details of the SD scal-
ing design framework which has been already presented in
the previous papers and references therein. In [6, 7], the SD
scaling design method has succeeded in directly solving ro-
bust nonlinear global stabilization and inverse optimal con-
trol problems without resort to ISS, by contrast with other

previous methods based on ISS. Since abovementioned papers
bypassed the ISS, it was not clear how to solve an important
class of nonlinear control problems by using the SD scaling de-
sign approach when the problems are characterized directly in
terms of ISS and iISS. This paper presents new characteriza-
tions of ISS and iISS problems through the SD scaling design
and introduces some necessary nontrivial modi�cations to the
scaling, Lyapunov functions and recursive design of feedback
gains and observers presented in [6, 8]. The stabilizing control
laws are systematically generated by selecting SD scaling and
parameters of the coordinate change recursively.

The paper presents both state-feedback and output-feedback
global stabilization of nonlinear systems in the strict-feedback
form. Input-to-state and integral input-to-state stabilization
are considered for uncertain systems as well as known sys-
tems. The uncertainties are allowed to be either static or
dynamic. The existence of solutions are demonstrated and
the controller designs of all problems are done within a single
uni�ed framework. The recursive design procedure is written
by scalar-valued simple inequalities in terms of design param-
eters, which is amenable to e�cient numerical computation.
Proofs can be found in [5].

2 State Feedback Stabilization

Consider the uncertain nonlinear system � described by

� :
n

_x = A(x)x+B(x)w +B�(x)w� +G(x)u
z� = C�(x)x+D�(x)w� +H�(x)u

: (1)

where x(t) 2 Rn is the state, u(t) 2 R is the control input,
w(t) 2 Rp is the disturbance input, and w�(t); z�(t) 2 R

q are
channels through which the uncertain components a�ect the
system. Functions A(x), B(x), G(x) B�(x), C�(x), H�(x) and
D�(x) are C

0. The two signals z� and w�

z� =

2
4 z�1
z�2

z�m

3
5 ; w� =

2
4 w�1
w�2

w�m

3
5 ; w�i(t) 2 R

qi

z�i(t) 2 R
qi

qi � 0; q =
Pm

i=1
qi

are connected by an uncertain system �� which is represented
by a causal static nonlinear mapping � : z� 7! w�.

�� : � = block-diag[�1;�2; � � � ;�m]; (2)

Some of the mappings �i : zi 7! wi, i = 1; 2; : : : ;m can be
zero in vector size qi. Each mapping �i is de�ned as

�i : w�i = h�i(z�i ; t); (3)

where h�i is a vector-valued function satisfying h��i
(0; t)=0

for all t�0. We assume that �i are square in size of input and
output vectors, which does not cause any loss of generality.
The uncertainty �� is said to be admissible if �i satis�es

kz�i(t)k � kw�i(t)k; 8t 2 [0;1) : (4)



Uncertainty components having super-linear growth in x can
be included by a judicious choice of B�(x), C�(x), D�(x)
and H�(x). Indeed, these matrices specify the \nonlinear
size"(including magnitude, nonlinearity, location and struc-
ture) of uncertainties. Consider the state-feedback control:

u = K(x)x (5)

where K is a C0 function. We use a global di�eomorphism

� = S(x)x (6)

between x 2 Rn and � 2 Rn. The time-derivative of � is

_� =
h
@S

@x1
x;

@S

@x2
x; � � � ;

@S

@xn
x
i
_x+ S(x) _x = T (x) _x ;

where T (x) is a C0 function. Then, the closed-loop system
consisting of (1) and the feedback law (5) is obtained as

�cl :

�
_� = T

�
ÂŜ�+Bw +B�w�

�
z� = Ĉ�Ŝ�+D�w�

Ŝ =

�
S�1

KS�1

�
; Â = [A G] ; Ĉ� = [C� H�] :

This paper employs the idea of state-dependent scaling to
achieve input-to-state stabilization of the uncertain nonlinear
system. De�ne the following set of scaling matrices

L=

�
�=

m

block-diag
i=1

�i : �i=�i(x)Iqi ; �i(x)>0 8x2Rn

�
(7)

Here, Iqi denotes an identity matrix which is compatible in
size with z�i . The scaling matrices are functions of the state
variable. The state-dependent scaling is useful for estimat-
ing the worst case value of the time-derivative of Lyapunov
functions[6]. As in [6], another type of SD scaling matrices
for repeated uncertainties can be incorporated in the set of
scaling matrices straightforwardly. For brevity, they are not
included in this paper. The following provides new character-
ization of the ISS property in the state-feedback case.

Theorem 1 If there exist a positive de�nite matrix P , pos-
itive real numbers �, � and a scaling function matrix � 2 L
such that

Msf (x)=

2
6664
�
ŜTÂTT TP+
PTÂŜ + �P

�
PTB PTB� Ŝ

T ĈT
� �

BTT TP ��I 0 0
BT
� T

TP 0 �� DT
� �

�Ĉ�Ŝ 0 ��D ��

3
7775< 0 (8)

is satis�ed for all x 2 Rn, the state-feedback law (5) renders
the nonlinear system � input-to-state stable for all admissible
uncertainties ��.

The characterization in the above theorem is addressed by
a strict inequality. It can be replaced with a non-strict in-
equality Msf � 0 . A control law satisfying the non-strict in-
equality assures the existence of appropriate �; �;� for which
Msf < 0 is satis�ed if � is well-posed for all admissible un-
certainties.

When q = 0, the system � involves no uncertainty. In such
a case, the above theorem reduces to the standard ISS with
respect to the mapping between the disturbance w and x.

Corollary 1 Suppose q = 0 holds. If there exist a positive
de�nite matrix P and positive real numbers � and � such that

Nsf (x)=

�
ŜT ÂTT TP + PTÂŜ + �P PTB

BTT TP ��I

�
< 0 (9)

is satis�ed for all x 2 Rn, the state-feedback law (5) renders
the nonlinear system � input-to-state stable.

For linear systems, it is veri�ed that the condition in Corollary
1 is satis�ed if and only if there exist � > 0, � > 0, � > 0 and
P > 0 such that�
A+GK+

�

2
I
�T
P + P

�
A+GK+

�

2
I
�
+��1PBBTP+�I=0

By virtue of the theory of Riccati equations, the existence of
the parameters (�; �; �; P ) and K is guaranteed if and only if
the pair (A;G) is stabilizable. This property is precisely the
same as the fact that a linear closed-loop system is ISS if and
only if (A+GK) is a Hurwitz matrix[14].

Now, we focus on the existence of the state-feedback law and
the construction of the controller solving the condition in The-
orem 1. We shall prove the existence for the nonlinear system
� satisfying the following structural assumptions.

A(x)=

2
664

a11 a12 0 0
a21 a22 a23 0 0

0
an�1;1 an�1;2 an�1;n
an1 an2 ann

3
775 ;G(x)=

2
4 0

0
an;n+1

3
5(10)

B(x) =

2
4 B11 0 0
B21 B22

0
Bn1 Bn;n�1 Bnn

3
5 (11)

aij(x) = aij(x1; x2; ; xi); 1 � i � n; 1 � j � i+ 1 (12)

ai;i+1(x1; x2; ; xi) 6= 0; 1 � i � n; 8x 2 Rn (13)

Bij(x)=Bij(x1; x2; ; xi); 1 � i � n; 1 � j � i (14)

In addition, the system � is supposed to satisfy m = 2n and

B�(x)=

2
4B�;11 UL1 0 0 0 0
B�;21 U21 B�;22 UL2

0 0
B�;n1 Un1 B�;n2 Un2 B�;nn ULn

3
5 (15)

C�(x)=

2
66666664

C�;11 0 0 0 0
0 UR1 0 0 0

C�;21 C�;22 0 0 0
0 0 UR2 0 0

C�;n�1;1 C�;n�1;2 C�;n�1;n�1 0
0 0 0 UR;n�1

C�;n1 C�;n2 C�;n;n�1 C�;nn

0 0 0 0

3
77777775
(16)

D�(x)=

2
66664
D�;1 0 0 0 0 0
0 0 0 0 0 0
0 0 D�;2 0 0
0 0 0 0 0

0 0 0 0 D�;n 0
0 0 0 0 0 0

3
77775 ; H�(x)=

2
4 0

0
URn

3
5 (17)

where B�;ij 2 R1�q(2i�1) , C�;ij 2 Rq(2i�1)�1, D�;i 2
Rq(2i�1)�q(2i�1) , UL;i 2 R

1�q2i and UR;i 2 R
q2i�1 satisfy

B�;ij(x)=B�;ij(x[i]); C�;ij(x)=C�;ij(x[i]) (18)

ULi(x)=ULi(x[i]); URi(x)=URi(x[i]); Uij(x)=Uij(x[i])(19)

D�;i(x)=D�;i(x[i]); I�D�;i(x[i])D
T
�;i(x[i])>0; 8x 2 Rn(20)

for 1 � i � n and 1 � j � i. Let x[k] denote the �rst k
components of the state:

x[k] = [x1; x2; � � � ; xk]
T :

We also make a standard assumption

a2i;i+1(x) > URi(x)
TURi(x)ULi(x)U

T
Li(x); 8x 2 Rn (21)



for i = 1; 2; : : : ; n so that coe�cients of virtual and actual
inputs of � cannot be made zero by uncertainties[3]. The
structure of � de�ned with (10) through (21) is called the ro-
bust strict-feedback form[6]. For the di�eomorphism between
x and �, we take

S(x) =

2
64

1 0 0 0
�s1 1 0 0
s1s2 �s2 1 0

(�1)n�1s1 sn�1 sn�2sn�1 �sn�1 1

3
75 (22)

Let the state-feedback be in the following form.

u = sn(x)�n (23)

The smooth scalar functions s1(x[1]), s2(x[2]), � � �, sn(x[n]) are
to be designed from s1 through sn in a recursive manner. The
state-dependent scaling is chosen as

L=

(
�=

2n

block-diag
i=1

�i :
�i=�i(x[(i+1)=2])Iqi for odd i
�i=�i(x[i=2])Iqi for even i

�i(x)>0; 8x2Rn

)
(24)

The following demonstrates that the solutions fs1; � � � ; sng,
f�1; � � � ; �2ng and P of (8) always exist for any �; � > 0.

Theorem 2 The system � in the robust strict-feedback form
can be input-to-state stabilized by the state-feedback law (23)
for all admissible uncertainties ��.

Due to the triangular structure of �, recursive construction of
fsk; �2k�1; �2kg from k = 1 through k = n is always feasible
based on an idea which is similar to [6]. By using Schur
Complements Formula, it follows from � > 0 that Msf < 0 is
identical with

�Msf =

2
64
�

ŜTÂTT TP + PTÂŜ+
�P + ��1PTBBTT TP

�
PTB� Ŝ

T ĈT
� �

BT
� T

TP �� DT
� �

�Ĉ�Ŝ �D� ��

3
75<0

Restricting P to being diagonal, we can pick n matrices �Msf
[k]

, k = 1; : : : ; n of principal minors from the matrix �Msf , which
satisfy the following properties

(i) �Msf
[k]

is independent of fxk+1; xk+2; � � � ; xng.

(ii) �Msf
[k]

does not include fsk+1, � � �, sn�1, sn, �2k+1, �2k+2,

� � �, �2ng.

(iii) �Msf
[k] < 0 implies �Msf

[k�1] < 0.

(iv) �Msf
[n]

= �Msf

On the assumption of �Msf
[k�1]

< 0, Schur Complements For-

mula reduces the problem of solving �Msf
[k]
< 0 for fsk, �2k�1,

�2kg into simple inequalities equivalently.

�2k�1 > 0; �2k > 0 (25)

��2k�1 �Fk3 < (I �D�;kD
T
�;k) (26)

UT
RkURk�2ks

2
k+2Pkak;k+1sk+ULkU

T
LkP

2
k�
�1
2k +P

2
k�<0(27)

The C0 function �Fk3(x[k]) which is semi-negative de�nite

for all x[k] is independent of fsk; �2k�1; �2kg. The C0

function �(x[k]) is independent of fsk; �2kg. The set of
inequalities(25-27) can be solved globally for smooth func-
tions fsk; �2k�1; �2kg easily, so that the existence of the state-
feedback law solving Msf < 0 for all x 2 Rn is proved. The
computation of solving �Msf

[k]
< 0 directly is amenable to e�-

cient algorithms of numerical optimization due to a�ne prop-
erties of �Msf

[k]
< 0 with respect to the decision parameters.

3 Output Feedback Stabilization

Consider another uncertain nonlinear system � described by

� :

(
_x = A(y)x+B(y)w+B�(y)w� +G(y)u
z� = C�(y)x
y = Cyx

: (28)

where Cy is a constant row vector, and y(t) 2 R1 is the mea-
surement output. Suppose that the state variable x cannot
be measured. The uncertain system �� is de�ned by (2) and
(3). The uncertainty �� is said to be admissible if (4) is sat-
is�ed for all i = 1; : : : ;m. We employ the following observer
to estimate the state.n

_̂x = A(y)x̂+ Y (y; x̂)(y � ŷ) +G(y)u
ŷ = Cyx̂

(29)

This section seeks the output feedback control consisting of
(29) and

u = K(y; x̂)x̂ : (30)

Functions Y and K are C0 functions which have yet to be
determined. For the output-feedback case, state-dependent
scaling matrices are chosen as

L=

�
�=

m

block-diag
i=1

�i :
�i=�i(y; x̂)Iqi

�i(y; x̂)>0; 8(y; x̂)2Rn+1

�
(31)

Consider a global di�eomorphism between [x̂T ; x̂T � xT ]T 2
R2n and [�̂T ; �]T 2 R2n as follows:h

�̂
�

i
=
h
S(y; x̂) 0

0 W

i h
x̂

x̂� x

i
(32)

The time-derivative of �̂ is obtained as

_̂� =

�
@S

@y1
x̂;
@S

@y2
x̂; ;

@S

@yn
x̂

�
Cy _x+

h
@S

@x̂1
x̂;

@S

@x̂2
x̂; ;

@S

@x̂n
x̂
i
_̂x

+S(y; x̂) _̂x = X(y; x̂) _x+ T (y; x̂) _̂x :

The square matrix W is constant and non-singular. The
closed-loop system consisting of (28) and the output-feedback
law (29-30) is represented on the new coordinate (�̂; �) by�
_̂�

_�

�
=

�
(X+T )ÂŜ �(XA+TYCy)W

�1

0 Ŵ T �AW�1

�h
�̂
�

i
+
h
XB
�WB

i
w

+
h
XB�

�WB�

i
w� ; z� = C�

�
S�1 �W�1

� h �̂
�

i
�A=

�
CT
y AT

�
; Ŵ =

�
�Y TW T

W T

�
; Ŝ=

�
S�1

KS�1

�
; Â=[A G]

Theorem 3 If there exist positive de�nite matrices P and
~P , positive real numbers �, �, ~� and a scaling function matrix
� 2 L such that

Mof(y; x̂)=

2
666664

�
ŜT ÂT (X + T )TP+
P (X + T )ÂŜ + �P

�
PXB PXB�

BTXTP ��I 0
BT
� X

TP 0 ��
�C�S

�1 0 0
�W�T (XA+ TY Cy)

TP � ~PWB � ~PWB�

S�TCT
� � �P (XA+ TY Cy)W

�1

0 �BTW T ~P
0 �BT

� W
T ~P

�� ��C�W
�1

�W�TCT
� �

�
W�T �AŴ ~P+

~PŴ T �ATW�1 + ~� ~P

�

3
777775< 0 (33)



is satis�ed for all (y; x̂) 2 Rn+1, the output-feedback law (29-
30) renders the nonlinear system � input-to-state stable for
all admissible uncertainties ��.

It can be veri�ed that the strict inequality characterization
in Theorem 3 can be rewritten by the non-strict inequality
Mof � 0.

The block-component situated at the bottom right corner of
Mof reveals that ISS requires the observer error dynamics by
itself to have a certain level of robustness even if the system is
free from uncertainties �i. This situation contrasts with nom-
inal asymptotic stabilization[11, 8]. Namely, conventional ob-
server backstepping[11] based on cancellation of nonlinearity
in error dynamics and linear observer design is not su�cient
to assure ISS since its observer only assures global asymp-
totic stability of the error dynamics. If the nonlinear system
involves uncertainties, the observer should be robust and we
need the concept of robust observer[8].

Now we suppose that the system � satis�es the following tri-
angular structure.

A(y)=

2
664

a11 a12 0 0
a21 a22 a23 0 0

0
an�1;1 an�1;2 an�1;n
an1 an2 ann

3
775 ; G(y)=

2
4 0

0
an;n+1

3
5

(34)

ai;i+1(y) 6= 0; 1 � i � n; 8y 2 R (35)

B(y) =

2
4 B11 0 0
B21 B22

0
Bn1 Bn;n�1 Bnn

3
5 (36)

B�(y) =

2
4 B�;11 0 0
B�;21 B�;22

0
B�;n1 B�;n;n�1 B�;nn

3
5 (37)

C�(y) =

2
4 C�;11 0 0
C�;21 C�;22

0
C�;n1 C�;n;n�1 C�;nn

3
5 (38)

where B�;ij(y) 2 R1�q(2i�1) , C�;ij(y) 2 Rq(2i�1)�1 and m =
n. The above matrices are dependent only on the output y
so that this paper calls the structure of � the robust output-
feedback form. Note that the class is more general than a
standard output-feedback form[11] in which the nonlinearity
is restricted to A(y)x = A0x +  (y). We assume that the
output equation of � is given by

y = x1

or equivalently Cy = [1 0 � � � 0]. This case is sometimes called
output feedback in the nonlinear control literature[11]. We
de�ne S(x1; x̂) and the feedback gain as follows:

S�1(x1; x̂[n�2]) =

2
64

1 0 0 0
s1 1 0 0
0 s2 1 0

0 0 sn�1 1

3
75 (39)

u = sn(x1; x̂[n�1])�̂n (40)

The parameters s1(x1), s2(x1; x̂1), ..., sn(x1; x̂[n�1]) are
smooth scalar-valued functions which are to be determined
in a recursive manner from s1 through sn. Let W be

W =

2
64

1 0 0 0
w2 1 0 0
0 w3 1 0

0 0 wn 1

3
75 (41)

whose entries wi for 2 � i � n are constant. De�ne the
observer gain by

Y (x1) = �W�1
h
w1(x1)

0

i
= �

2
4 w1

�w1w2

(�1)n�1w1w2 wn

3
5 (42)

where w1 is a C0 function of x1. The parameters w1; � � � ; wn

have yet to be determined recursively from k = n through
k = 1. The state-dependent scaling for the output-feedback
problem is chosen as

L=

�
�=

n

block-diag
i=1

�i :
�i=�i(y; x̂[i�2])Iqi > 0
8(y; x̂[i�2])2R�R

i�2

�
(43)

We restrict our attention to the following class of systems.

Assumption 1 The function A(x1)x satis�es

A(x1)x = A0x+  (x1) + �(x1)x2 (44)

with a constant matrix A0 and C0 functions  and �. There
exist constants �i > 0 such that��a2i2(x1)=a12(x1)�� � �i; i = 2; 3; : : : ; n (45)

hold for all x1 2 R. The matrix B satis�es

B(x1)=

2
4B11(x1) 0 0

0 B22(x1)
0

0 0 Bnn(x1)

3
5 ; Bii(x1)2R

1�pi (46)

and there exist constants �i > 0 such that

B11(x1)B
T
11(x1)p

a212(x1)
��0;

B22(x1)B
T
22(x1)p

a212(x1)
��1;

Bii(x1)B
T
ii(x1)��i

i = 2; 3; : : : ; n
(47)

The matrices B� and C� satisfy

B�(x1)=

2
4 B�;11(x1)
B�;21(x1)

B�;n1(x1)

3
5 ; C�(x1)=[C�;11(x1) 0 0 ] (48)

where B�;i1(x1) 2 R
1�q1 , C�;11(x1) 2 R

q1�1 and q1 = q.

This assumption is the same as that in [8]. It should be noted
that the diagonal restriction (46) imposed on B does not cause
any loss of generality. Indeed, an ISS problem with a triangu-
lar B can be recasted as another ISS problem with a diagonal
B. We are now in a position to state the following theorem.

Theorem 4 Under the Assumption 1, the system � in the
output-feedback form can be input-to-state stabilized for all
admissible uncertainties �� by the output-feedback law (29-
30) with (40) and (42).

The proof of Theorem 4 needs some nontrivial modi�cations
in the recursive procedure for observer-gain design established
in [8] in addition to the feedback-gain design. The subprob-
lems of feedback-gain design and observer-gain design are de-
rived from the application of Schur Complements Formula
to (33). We �rst determine the parameters wk of the ob-
server gain from k = n down to k = 1. Then, the parameters
fsk; �kg of feedback gain design solving Mof < 0 are deter-
mined from k = 1 up to k = n in a recursive manner. It is
only required to solve simple scalar-valued inequalities which
are a�ne in wk or fsk; �kg in each step of the recursive design.
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Figure 1: Nonlinear plant with input unmodeled dynamics

4 Integral Input-to-State Stabilization

Let � = 0 and ~� = 0 in the characterization Msf < 0 and
Mof < 0 of previous sections. Then, the time-derivative of
the quadratic Lyapunov functions satis�es

d

dt
V (xcl) � �wTw (49)

where xcl denotes the state of the entire closed-loop system.
The inequality (49) implies that the closed-loop system is
zero-output smoothly dissipative[1]. The closed-loop system
is also proved to be 0-GAS since

d

dt
V (xcl) � xTclM(xcl)xcl (50)

holds for w � 0, and M(xcl) < 0 holds for all xcl. Owing to
the result of [1, 12], Theorem 1 and 3 guarantee iISS of the
closed-loop systems when � = 0 and ~� = 0. Note that every
input-to-state stable system is necessarily integral input-to-
state stable but the converse is not true[12]. For linear sys-
tems, it is obvious that there exists � > 0 such that Msf < 0
is satis�ed if and only ifMsf < 0 is satis�ed with � = 0. Sim-
ilarly, the existence of � > 0 and ~� > 0 satisfying Mof < 0
also implies and is implied by Mof < 0 of � = ~� = 0. This
fact explains exactly the equivalence between ISS and iISS
property for linear systems[14].

5 Robustness for Passive Uncertainty

This section addresses the problem of designing controllers
which remain input-to-state stabilizing in the presence of a
certain class of dynamic uncertainties. The following is the
de�nition of strict passivity[2].

De�nition 1 The system

�sp :
n

_x� = f�(x�) + g�(x�)z�
w� = h�(x�); x�(t) 2 R

n� (51)

is said to be strictly passive if there exist a C1 positive de�nite
radially unbounded function V�(x�) and a class K1 function
 (�) such thatZ t

0

wT
� z�d� � V�(x�(t))� V�(x�(0)) +

Z t

0

 (kx�(� )k)d� (52)

for all z� 2 C
0, x�(0) 2 R

n and t � 0.

Consider the uncertain system � shown in Fig1 in which �sp :
z� 7! w� is a dynamic uncertainty which is assumed to be
strictly passive. The system � is described by

� :
n
_x = A(x)x+B(x)w+G(x)�(w� + u)
z� = u : (53)

where � is a real number and � > 0. We consider the following
state-feedback control

u = K(x)x (54)

and de�ne the following functions.

Ŝ =

�
S�1

KS�1

�
; Â = [A �G]

We now introduce a new class of scaling matrices as follows:

Ld =
�
�(s)=�(s)I : �2C0; 0 < �(s) � ��; 8s2 [0;1)

	
(55)

where �� is an arbitrary �nite number. In particular, we are
interested in �(s) whose independent variable s is a quadratic
function of �. This new class of scaling is di�erent from
state-dependent scaling for static uncertainties in that it is
uniformly bounded. This new class of scaling enables us to
establish the input-to-state stabilization in the presence of the
dynamic input uncertainty.

Theorem 5 Given any �l > 0, the uncertain system con-
sisting of (53) and (51) is input-to-state stabilized by a state
feedback law (54) for all � 2 [�l;1) if there exist a positive
de�nite matrix P and positive real numbers �, � and a scaling
function � 2 Ld such that

Msp(x)=

�
ŜT ÂTT TP + PTÂŜ + �P PTB

BTT TP ��I

�
� 0 (56)

PTG+ S�TKT� = 0 (57)

are satis�ed with s = xTSTPSx for all x 2 Rn and all � 2
[�l;1).

The theorem is proved by employing the Lyapunov function

V (xcl) =

Z V0(x)

0

1

�(s)
ds+ 2�V�(x�); V0(x) = �TP� (58)

where xcl = [xT ; xT� ]
T and P is a positive de�nite matrix.

Next, we show that a controller which ful�lls (56) and (57)
can be always constructed if � is in the strict-feedback form.
Suppose that the matrices A(x), B(x) and G(x) are given
as (10-14). Let the state-feedback law be (23) and P is a
diagonal matrix. Then, the equation (57) reduces toh

0
Pnan;n+1

i
+
h

0
sn�

i
= 0

Thus, for the feedback gain, we pick

sn = �
Pnan;n+1

�
(59)

By virtue of the development in [6], the condition Msp < 0 is
satis�ed if

2Pkak;k+1sk � �k(x[k]) < 0; for k = 1; 2; : : : ; n� 1
2Pk�ak;k+1sk � �k(x[k]) < 0; for k = n

(60)

are achieved by �nding sk(x[k]) recursively from k = 1
through k = n. The function �k(x) is an appropriate
C0 function which is independent of fsk; � � � ; sng. Since
ak;k+1(x[k]) are positive and Pk; � > 0, there always exist
fs1(x[1]); � � � ; sn�1(x[n�1])g satisfying (60). As for k = n, sub-
stituting (59) into (60), we obtain

2�P 2
na

2
n;n+1 > ��n(x); 8x 2 Rn (61)

It is seen that there exits a C0 function �(�TP�) such that

2�lP
2
na

2
n;n+1 > ��n(x); 8x 2 Rn (62)

0 < �(�TP�) < ��; 8x 2 Rn (63)

are satis�ed with a �nite number ��. It should be noted that
sn and � are independent of �. To summarize the above
discussion, we state the following theorem.



Theorem 6 Suppose that the system (53) is in the strict-
feedback form. Given any �l > 0, the uncertain system con-
sisting of (53) and (51) can be always input-to-state stabilized
by a state feedback law (59) for all � 2 [�l;1).

An important point of the above theorem is that the ISS can
be achieved robustly by using the state-dependent scaling and
the Schur complements formula recursively. This feature is
quite di�erent from, for example, the development[10] where
the Legendre-Fenchel transform and Young's Inequality are
employed to prove ISS in the presence of the passive uncer-
tainty. It is also interesting that the state-dependent scaling
approach is able to construct an inverse optimal controller
without referring to the Sontag-type controller[7].

According to Theorem 6, by letting �l ! 0, we can make
the stability margin extremely large, which means the gain
margin tends to (0;1) and the phase margin tends to 90�.
However, we should be careful that the gain of the control
law can be harmfully very high, according to (59) and (62).
For output-feedback control, it is generally known that the
state-feedback/observer design reduces stability margins. It is
possible to characterize the reduced margins in the case of the
output-feedback by restricting the set of uncertain dynamics
and uncertain parameters accordingly.

The introduction of the new type of scaling (55) is crucial
for establishing the input-to-state stability in the presence of
input unmodeled dynamics. If the scaling is replaced by the
unbounded one (7), the ISS is not guaranteed in the presence
of dynamic uncertainties. If the scaling is replaced by constant
scaling, in general, the condition (61) cannot be met globally
for nonlinear systems. Thus, the new scaling (55) and the
creation of a new type of Lyapunov functions (58) from the
scaling are signi�cant.

6 Concluding Remarks

In this paper, the input-to-state stabilization and the inte-
gral input-to-state stabilization have been characterized by
using the state-dependent scaling and di�eomorphism exclu-
sively. The recursive design procedure presented is based on
recursive application of the Schur complements formula to the
characterization. This paper use neither Young's formula nor
completing the squares which are usually conservative than
the Schur complements formula[8]. All developments in this
paper only use the state-dependent scaling, the di�eomor-
phism and the Schur complements, and combination of them
has been found useful in dealing with ISS and iISS problems.
The systems are allowed to have uncertain parameters and
dynamics. For input unmodeled dynamics, a new class of
state-dependent scaling has been introduced to create Lya-
punov functions of a new type in the SD scaling design.

The ISS has been also achieved by output feedback. In con-
trast to asymptotic stabilization of nominal systems[11, 8], the
ISS requires the observer to have a certain level of robustness.
Conventional observer backstepping[11] based on cancellation
of nonlinearity in error dynamics and linear observer design
is not su�cient. In order to construct such a robust observer,
this paper has employed a recursive procedure whose order is
reverse of backstepping for feedback-gain design.

Corollary 1 and Theorem 3 of this paper can be regarded as
improved versions of the input-to-state stabilization results
presented in [7, 8]. The key di�erence is that this paper does
not introduce unnecessary �ctitious output functions which
previous papers[7, 8] used as free parameters. The character-
istic matrix Nsf in Corollary 1 does not have any �ctitious
output and scaling matrices, while the previous papers aug-

ment the characteristic matrix by including �ctitious output
channels and corresponding scaling matrices. Using the Schur
complements formula, it can be seen that the indirect design
in [7, 8] tends to require more e�ort of control than the method
of this paper to make the characteristic matrix negative de�-
nite. In addition, the characterization presented in this paper
o�ers more 
exibility to deal with advanced problems such as
ISS problems of uncertain systems addressed in this paper.
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