A projector to design a passive-based feedback
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Abstract

This paper deals with the decomposition of the drift
term of nonlinear multivariable regular systems. A
transverse and tangent decomposition of the vector field
is presented, then a feedback neutralizing the transverse
part is studied. Zero dynamics stability is considered
and sufficient conditions to obtain a global passivity of
the system are given. An other decomposition based on
the workless field; attracting field; and rejecting field is
also studied. Some illustrative examples are given all
along the paper.
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1 Introduction

In this paper, our main motivation is to design a very
simple feedback in order to “stabilize” a regular square
input-affine system (transform the system into a pas-
sive one). For this an adequate projector allows us to
analyze the original structural dissipative properties of
the system and after design a feedback.

As it is well known, the notion of passivity was first
introduced in the electrical network theory literature
([4, 7]) and also in the area of robotics[5, 6]. A more
general form of passivity is called ”dissipativity”[14],
which is closely related to a rather intuitive phenom-
ena of energy loss of a physical system. It has been
shown that the feedback interconnection of two passive
systems is stable irrespective of physical parametric un-
certainties in the two systems. A geometric approach to
feedback equivalence of nonlinear passive systems was
contributed in [1]. Unfortunately, there are many sys-
tems which are not naturally passive and this stability
result can not be extended directly to these systems.
One possible way to overcome this problem is to design
a suitable pre-feedback which make passive these sys-
tems.

In [8], in the case of mono-variable systems, a projec-
tor was introduced to obtain a canonical decomposition
of the drift vector field as : the workless field; the at-
tracting field; and the rejecting field. This approach
has found application in the robotics and mechanical
systems. Moreover, in [9, 10] one finds a generalization
of this projector to multivariable systems but with a
single output which is a storage function. Here we gen-
eralize it by considering multi outputs instead of single
output. Other decomposition of the drift vector field
is to rewrite it into the tangent part and the transverse
part ([8]). This is done, in our case, in order to design a
pre-feedback which transforms the system in a passive

one.
The outline of the paper is as follows: in section 2,
firstly, a transverse and tangent decomposition of the
vector field is presented, leading to the design of a feed-
back which neutralizes the transverse part. Secondly,
from the structure of the tangent part of the drift vector
field, we analyzes the stabilization of the zero dynamics
and give sufficient conditions in order to obtain a global
passivity of the system after a static feedback. We give
in section 4 an other decomposition of this vector into
a workless; attracting; and rejecting field. Some illus-
trative examples are given along the paper.

2 A Tangent and Transverse decomposition

2.1 Notations and assumptions
Consider the regular square input-affine system :

o= fl@)+) gil@)u (1)
i—1
yi = oi(x) forl1<i<m<n

where r e XY C Ry, ueld C R,y e Y CR™, g;and
f are vector fields functions on X € R" and o;(x) are
functions on X € R™. All the functions are assumed
to be sufficiently smooth. We denote by S the working
surface

S = iﬁ(f;l(O) ={reX;0i(zx)=0;Vi=1,.,m}
(2)
and its tangent space at a point x by T,S =
151 ker do;(z).
Note G(z) = [g1(2), ..., gm ()] & n X m matrix, A(x) =
[ng(ri(x)]l <ij<m (the so called decoupling matrix)

and Vo = [Voi(z), ..., Vo, (x)] a n x m matrix where
Voi(z) = <g;fi, ..... , g:;;) is the gradient of o;. It
is easy to verify that A(z) = [Vo(z)]” G(x). We denote
er = 10,....,0,1,0,...,0]" € R™ (the k™ component of
the vector ey, is equal to 1).

We suppose, throughout the paper, that the following
hypothesis holds :

Hypothesis 1
1) The vector fields g; are linearly independent.
2) The functions o; are linearly independent such that

Vo #£0 € span{gi(z),....gm(z)} : v ¢ TS  (3)

which is called the “Transversality Condition”.



The point 2) means that span {g1, ..., gm} is transverse
to the level surface S which is of dimension n — m.

Lemma 1 The following conditions are equivalent
1) span{gi,...,gm} is transverse to the level surface S

2) the matriz A(z) = [Ly,0r(x)]

1<ki<m 8 1nwertible

3) there exists a regular static state feedback
u=a(z)+ B(x)v

such that, do; (g;) = 1 and do; (gj) = 0 fori # j, which

means : A(x) = [Lg,0k(2)] <1 scm = Lm» where

Fla) = @)+ Y as@gs(al Gi@) = Y () (a)

4) the modified system is input-output decoupled, that
means : the derivative 6; = Lyo; + Lg,0,v; doesn’t
involve the input v for j # 1.

It is well known that point 2) is equivalent to 3) and
equivalent to 4) (see for example [3]). The point 1) is a
geometric interpretation for decoupling technique. This
is proved in the next:

Proof: 1) A(z) is singular if and only if there exist
i <mand @1.....,@;_1,Qj41, .., @y € R, such that for
eachk=1:m

J#i J#
< span{gi, ..., gm } is not transverse to S. ]

dop(gi — > ajg9;) =0 & (gi — Zajgj> € 51 ker do;

Remark 1 The regular static state feedback in 3) of
lemma (1) is
Uy Ly Uy
Dol == (A)T : -
Um, Lfynz Um
leading to : f = f(z) — (A(z))™" L¢Vol and G(z) =
G(z)A(z)7! then A(x) = Vol G(x)A(z)™ = I,,,.

2.2 Construction of the projector

Thanks to the hypothesis 1, the following proposition
points out the properties of the projector M (x) which
will be used to obtain the desired decomposition :

Proposition 1 Consider the n X n matriz

M(z) = I, = G(x) [A(2)] " Vo(x)" (4)

then  M(x) 18 a  projector  along  the
span{gi(z),...,gm(x)} on the tangent space T,S
of S, which is equivalent to

i)- M(z)[I, — M(x)] =0
it)- M(z)gr =0 for all1 <k <m

iii)- M(2)TVor =0 forall1 <k <m

Proof: i) as Vol'G(z) = A(z) we have

M (z) [I, — M ()]
= [I.— G(x)A(m)*IVo*T] G(z)A(z) Vel
= G(2)A(z) Vol - G(z)A(x) Vol =0

1) as Vo (z) = Vo(x)er, and gr(z) = G(x)eg,

we obtain

iii) as G(z)TVo = A(z)T, we get

M(2)"Vor(z)

|
Thanks to the projector M (z) given in (4), Vz € X,
T.X = Ker[M(x)]® Ker[I, — M(z)]
= span{gi,....gm} ® TS

using this decomposition we obtain the following corol-
lary

Corollary 1 The drift vector field f(x) is decomposed
into tangent part and transverse part with respect to S
as

flx) = M(2)f(x) + (In — M(x))f(x) (5)

tangent part

transverse part

i.e. M(z)f(x) € T,S and (I, — M(x))f(z) €
span{gi,...,gm}. The system (1) can be rewritten as

&= M(z)f(x) + G(:I:)[A(:U)_1V(7Tf(:1:) + u] (6)



2.3 Neutralization of the transverse part

The following proposition gives a feedback which neu-
tralize the transverse part of the drift vector field f(z)
in 6.

Proposition 2 The regular static state feedback
u=A@@)" [v = (Vo@)" f(z) (7)
transforms the system (1) into

&= M(x)f(x) + G(z)A(z) "My (8)

Proof: From (6) and the feedback (7) we have

& = M(x)f(z)+ G@)A(x) Vo' f(z)
+G(2)A(z)! [v — V(ITf(:r)]
M(x)f(z) + G(x)A(x) " v

Let us consider the “degenerate” storage function V =
m

1302 (V is a semi definite positive function). Using
i=1

the feedback (7) and property iii) of proposition 1, one
obtain a property of passivity (see definition 10.4 page
439 in [2)).

m . m
Corollary 2 Let V = 33 07 then V = > ov;
i=1 '

=1

Proof: Tacking derivative by time

of the degenerate storage function V

V. = Y oVol [M(x)f(z) + G(x)A(z)" W] =
i=1

‘m o0;Vol'G(z)A(z) v because Vol M(z)f(x) = 0,

=1
and as Vo; = Voe,, this gives

Vo= > Vol Gx)A(x) v
i=1

= ZaieiTVaTG(x)A(x)_lv = Zaivi
— i—1

=t A(z)

Remarks 1

1) if m = n, then TS = {0}, we have lossless passivity
property, with a positive definite storage function V(z).

2) if m < n, the corollary is not sufficient to guarantee
the global passivity because it doesn’t take into account
the global state behavior (the function V(z) is only

positive semi definite). Consequently, some peaking
phenomena may appear (see [11]). In fact the problem
occurs on the tangent space when the manifold S is not
yet reached.

2.4 Illustrative examples
The basic philosophy of the proposed approach is ex-
plained by some examples.

Example 1 Chemical reactor : Let us consider the
continuous exothermic chemical reactor example used
in [10], and in which a first order and exothermic reac-
tion A — B occurs:

z = f(z)+G@)u

i = o) =m 9)

y2 = o3(z) =x3

f —k(z3)z) — By

with  f(xz) = fo | = | k(xs)r1 — B

f3 ak(r3)z1 — qr3
6 0
and G(z) = [g1,92]=1[ 0 O
0 1

where x = [x1, X2, mg]T , where x1 1is the concentration of
the reactant A and x4 is the concentration of the product
B. The variable x3 represents the reactor temperature.
B > 0 is a constant associated with the dilution rate
while o > 0 is the exothermicity of the concentration of
the reactant A in the feed flow. And we have also the
constant g > 0, the function k(xzg) = ko exp(—%). and

the input u = [uy, ug]?.

Now, we define the decoupling matrix
Aw) = vo@) 6w = (5 1)

and

M(z) = Iy—G(2)[A)] " [Vo(a)]"

this represents the projection on the second variable xs.
Considering the feedback (7) the system (9) becomes

.’I'}1 = U
:tg = k(I3)1‘1 — 61‘2
étg = Uy

Considering the degenerate storage function V =
% Z?Zl oi(r)? = %(m% + 22) one obtains
Vo= T1v1 + T3vU2

yTv



Example 2 Lagrangian system : Let x € R", y €
R™ and consider the following system

T=y .
y=flz,y) + G(@)u
0; =Y

It is assumed that G(x) is n x n symmetric definite
positive matriz (in the case of a mechanical system
G(x)~" is the inertia matriz). Then the decoupling ma-
triz is A(z) = é(m) which tmplies that the projector

M(z) = Iz, — G(z)A(z)"'Vo (2)T = ( éz 8: ) '

0, .
In fact G(x) = é(m) where 0, is the n X n zero
matriz. Using the feedback (7), the system becomes :
T=y
y=v
0i = Yi

note that this feedback is the well known feedback lin-
earization ([3]). Now consider a storage function (the
total energy) (see def. 10.4 pp. 439 in [2])

V=597 G@ ™y - Q)

with %yTé(x)_ly is the Kinetics energy and Q(x) is
the potential energy, then

V16 U+§5 [1Tm:> y_aQwW

82?1 811

and by using the following feedback

=i [, ot

2 81‘1 J 6:@

one obtains

n
V=yTw= Z?szz
i=1

2.5 Zero dynamics stability and passivity
The following theorem gives a sufficient conditions such
that the system has a stable zero dynamics :

Theorem 1 Assume that there exist sq, ..... s Sn—m Such
that
i) dim{do,...... ,dop,,dsy, ...,

dsn—m} =n,

m,andi=1,..,n—m

), Vsjrgi =0, forall j=1,..,

iii) sVsTM(x)f(x) = —P() + iy]\f (@)

where sVsT = [s;Vs? | ... sp_mVsE_ 1T with N;(x)
a defined and bounded functwns for all x and P(z) a

positive semi definite function, there exists a feedback
such that the system (1) has a stable zero dynamics.

Note that i) and ii) are equivalent to span{g, ..., gm}
is involutive.

Proof: By i) the function
V = 5 ; U’L + 5 < Sj

is a non degenerate storage function. The derivative of
V with respect to the system (8) gives

V= iyivi — P(x
i=1

m

+ Z yi N ()

i=1
then V) = —P(z) < 0, which implies that the zero
dynamics of the system is asymptotically stable. ]

Example 3 Let us consider again the system studied
in example 1. In this system the zero dynamics is

Tg = —fwo

which is stable (because B > 0). We obtain the same
conclusion by using theorem 1. In fact, it is sufficient
to take s1 = wa, which gives V. = (2% + 23 + 23),
Ny = 29k(x3), Na =0, and P(x) = (B3, this gives

V = 201 + 2309 — ﬁx% + zyxok(zs3)

thus the restriction of V to S gives V‘S = —B23 <0

which means that the system has a stable zero dynamics

Hereafter,a restrictive sufficient conditions is given,
with respect to the transverse and tangent dynamics,
under which the system can be made passive, with
positive definite storage function, after regular static
feedback.

From the proof of theorem 1, one obtains VvV =
S yivi — P(z) + Yot yiNi(z), and setting v; =
w; — N;(x), we have

V= iyzwl — P(x
i=1

which guarantees the passivity. We resume the previous
result on the next corollary :



Corollary 3 Under hypothesis 1 and conditions i) i)
and i) of theorem 1, there exists a regular static feed-
back which transform the system (1) into a passive one
with positive definite storage function.

Example 4 For the previous evample 3, considering
again V. = (a3 +a3+23) we have P(z) = 23, Ny =
xok(xzs), No =0. As 8 > 0, one obtain

V = xqv1 + 2309 — ﬁx% + zyxok(xs)

and by using the feedback v1 = wy — xok(x3) and vy =
wa, one obtains:

V

2
Tiwy + T3Wwe — P)

2

2_.T
E yiw; — fry <y w
im1

which means that the system is passive with a storage
function V' definite positive.

Example 5 (Lagrangian system : Rigid Body) Con-
sider the equations for the angular velocities of rigid
body with two external torques aligned with two princi-

pal azes ([3])

wy = Iazwaws
wg = Iazwiws + cruq
w3 = Ipzwiws + cauz
01 =Wy + w2
09 = w3 + w%

with Iog = l‘%]i < 0. Using the feedback (7) the system
becomes :

wy = Ixzwaws

wg = —Iazwaws + v;

w3 = —2l3wiwows + V2

It is easy to show that the zero dynamics wy = Ia3ws is
stable because Iz < 0.

Now consider the storage function V = (03 + 03+ s?)
with s1 = wy then

(51Vs1)" M(z)f(z) =
Lswiyrye — Iawiys — Ipswiys.

Lswiwows = Iswi+

The conditions of the corollary 3 are satisfied, con-
sequently, we can find a feedback (for example vi =
wy — lagwiys + Tegw? and vo = wo + Ipzw? ) which
guarantees the passivity of the system with a storage
function V' positive definite.

3 W.A.R. form

For a better understanding of sliding mode based con-
trol for nonlinear systems, the corresponding method is

developed in [12, 13, 8]. This method consists in a de-
composition of the drift vector field as (W.A.R. form)
: the Workless field; the Attracting field; and the Re-
jecting field for multi-variable systems. Based on the
previous results for the nonlinear square multivariable
system (1), one considers a sliding surface s(z) satis-
fying the transversality condition (2). One can rewrite
this system in the W.A.R. form:

z = Z [Tk(z) + Sk(2)] Vor(z) + G(z)u (10)
k=1
yi = oi(x) i=1,..,m

where [J; is a skew-symmetric matrix and Sy can be
nonuniquely decomposed as the sum of two symmetric
matrix S, = Slj + S, where 8,;" is a positive semi-
definite and S, is a negative semi-definite matrix. The
proposition 1 gives immediately :

Corollary 4 Consider the decoupled system

b= f@) ) @) (11)
Yi = 05

this means that Ly, 01, # 0 and Lg,0; =0 fori # k for
1 < k,i < m. Then the projector M(z) on T,S along
span{gi,..,gm} has the following form

g (Voi) "

M) =1,—> !
k=1

— LgkO'k

For m = 1, the projector M(x) is the one introduced

in [8].

Proof: From the proposition (1) and the definition of
M(z) = I, — G(z) [A(z)] " Vo™ (z), and as the system
(11) is supposed to be decoupled

1

LgkUJ 1<k<m

A(z)! = {

G(x) [A(x)] ™" Vo' (2)
]T

1
— ), ooy G (T VUT,....,VUQ
[91(2), ..., gm ()] |:Lg,\.0'lc:|1<lc<m[ '
) T
— [gl(x),,gm(.’t)} |:Lgl()'1 vo’lw..-, Lgmo_vam
— gr (Vo)
;Lgko-k
||



Theorem 2 Let the drift vector fieldf (x) be a smooth
vector field, then

m

D [Tk() + Sk(@)] Vo(x)

k=1

f(z)

3
3

= (Jk(I)VO'k + S:(l‘)VUk + S];(l‘)VUk )

workless field — rejecting field  altracting field

with : Jp(x) = ﬁ%iok [fg,{ —gka] and Si(z) =
ﬁﬁ [fg,z —i—gka] , where Jp(z) is a skew-
symmetric matriz and Si(x) is a symmetric one.

m

The workless field is represented by > [Jx(z)] Vor(x),
k=1

the attracting field by > [S; ()] Vor(x) and the re-

jecting field by kg:l [S,;(;l)] Vo (z).
Proof: from the decomposition (5), one obtains
@I = 1) - Y () 0

= ingﬂk [%Lgko—k}f — g1 (Vor)" f]

k=1

where Ly, o = g,{V(rk and (V(rk)T f = fTVoy, then

M(@)f(@) = > —

izt Lok

[ifgff - gka] Vo
m

which is skew-symmetric if m =1 (see [8] for the SISO
case). Now, for m > 1, we have :

1 1
— 1o —gefT = - [foF — guf]
1—
+2—mm [fng +gka]
o  l4ms 1 T g
(z)f(x) szngkak [foi — gef"] Vou
1-mes 1 T g
W’c:ngkak 95 +9ef7] Vo
Now
1~ M(@)] f(z) = k_ngiU 91 (Vou)” 7()

Ies 1
- QZLgA Ok lowf" = J9u] Vo
= Ly,

e 1
33 Ty 017 Fol] V0
k=1

then
k=1 k=1
therefore
Giw) = 5 [fof — "]
2m Lg, oy, k
. 1 T T
Se(z) = 3~ Toon [foi +orf"]
]
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