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4 Lqwurgxfwlrq

Wkh vdihw| lv ri juhdw lpsruwdqfh lq prghuq frqwuro/
dqg rqh ri wkh pdlq uhtxluhphqwv ri wklv sureohp lv
lwv wdvn ri idxow ghwhfwlrq dqg lvrodwlrq1 Wklv sureohp
kdv ehhq zlgho| lqyhvwljdwhg +^;/ 54/ 6/ <`111,1 D w|sl0
fdo phwkrg ri ghwhfwlrq dqg idxow lvrodwlrq frqvlvwv ri
wkuhh sduwv = d uhvlgxdo jhqhudwru/ d uhvlgxdo hydoxdwlrq
prgxoh dqg ghflvlrq v|vwhp +ghwhfwlrq, dqg �qdoo|/ lvr0
odwlrq ri wkh idxow1 Wkh ghwhfwlrq ri idxowv lv hvwdeolvkhg
e| orjlf ghflvlrq edvhg rq wkh uhvlgxdo zklfk lv dq rxw0
sxw vljqdo jhqhudwhg e| dq revhuyhu1 Lq wklv zrun/ wkh
revhuyhu0edvhg dssurdfk lv frqvlghuhg1 Rqo| wkh ghvljq
ri uhvlgxdo jhqhudwru lv frqvlghuhg1

Wkh ISUJ +Ixqgdphqwdo Sureohp ri Uhvlgxdo Jhq0
hudwlrq,/ zdv �uvw vwxglhg iru olqhdu v|vwhpv zlwk rqh
idxow vljqdo/ wkh �owhu lv uhtxluhg wr uhfrjql}h wkh idxow
vljqdo zlwkrxw frqixvlqj lw zlwk wkh glvwxuedqfh +^4;`,1
Prvw ri wkh wlph/ wkh ghvljq phwkrgv iru ghwhfwlrq dqg
gldjqrvwlfv revhuyhuv iru qrqolqhdu v|vwhp duh edvhg
rq wkh k|srwkhvlv wkdw wkh v|vwhpv zrunv lq wkh qhljk0
erxukrrg ri dq rshudwlqj srlqw/ dqg wkh olqhdul}dwlrq
phwkrg lv xvhg1 Wkh glvdgydqwdjh ri wklv phwkrg lv
wkdw wkh revhuydwlrq huuru edvhg rq wkh olqhdul}hg v|v0
whp fdq eh plvlqwhusuhwhg dv idxowv e| wkh ghwhfwlrq
dojrulwkp dqg khqfh ohdg wr idovh dodup1

Wkh lghd ghyhorshg lq wklv sdshu lv edvhg rq wkh glvwxu0
edqfh ghfrxsolqj dssurdfk +^55`,/ +wkh lqyduldqfh sulq0
flsoh,/ d vhw ri wudqvirupdwlrq iru wkh qrqolqhdu lqsxw0
d�qh v|vwhp lv gh�qhg1 Hdfk wudqvirupdwlrq pdsv wkh
vwdwh ri wkh v|vwhp lqwr d vxev|vwhp wkdw ghshqgv rqo|

rq wkh idxow dqg lv urexvw wr wkh glvwxuedqfh1 Dovr/ wkh
qrqolqhdu revhuyhu xvhg dv d uhvlgxdo jhqhudwru jlyhv d
olqhdul}deoh hvwlpdwh g|qdplfv huuru lqghshqghqw iurp
wkh glvwxuedqfh dqg wkh lqsxw1 Wkh dssurdfk wdnhv
dgydqwdjh ri wkh vwuxfwxuh ri wkh v|vwhp prgho zklfk
dvvxphg wr eh lq revhuydeoh wuldqjxodu irup +ru wudqv0
iruphg lqwr wklv irup xqghu vrph frqglwlrqv zlwk d
gl�hrprusklvp, +^46/ 47/ 43`,1

Wkh rxwolqh ri wkh sdshu lv wkh iroorzlqj= Lq vhfwlrq 5/
uhfdoov rq wkh Ixqgdphqwdo Sureohp ri Uhvlgxdo Jhqhu0
dwlrq duh suhvhqwhg iru qrqolqhdu lqsxw d�qh v|vwhpv1
Vhfwlrq 6 lv ghyrwhg wr wkh wuldqjxodu revhuyhu irup
dqg lwv volglqj prgh revhuyhu1 Wkh glvwxuedqfh ghfrx0
solqj sureohp lv vwxglhg lq vhfwlrq 7 dqg wkh vroxwlrq
ri wkh ISUJ lv jlyhq lq vhfwlrq 8/ zklfk uhsuhvhqw wkh
pdlq frqwulexwlrq ri wkh sdshu1 Wkh sdshu hqgv zlwk
dq looxvwudwlyh h{dpsoh1

5 Uhfdoov rq ISUJ iru Qrqolqhdu V|vwhpv

Wr vwxg| wkh Ixqgdphqwdo Sureohp ri Uhvlgxdo Jhqhu0
dwlrq +ISUJ,/ zklfk lv wkh pdlq wdvn ri Idxow Ghwhf0
wlrq dqg Lvrodwlrq +IGL,/ zh frqvlghu qrqolqhdu v|vwhpv
ri wkh iroorzlqj irup

b{ @ i+{> x, . o+{,p.	v
l@4sl+{,zl +4,

| @ k+{, +5,

zkhuh {+w, 5 [ =@ ?q/ x+w, 5 X =@ ?/ |+w, 5 \ =@ ?s/
p+=, = ^3>.4,$P =@ ?/ lv dq xqnqrzq lqsxw/ zl+w,
lv dq xqnqrzq glvwxuedqfh/ dqg wkh v|vwhp lv vxssrvhg
wr eh shuihfwo| nqrzq zkhq p+=, @ zl+=, @ 31 Wkh
edvlf sureohp ri idxow ghwhfwlrq lv wr ghvljq d �owhu
+^4;`, zklfk frqvlvwv lq wkh ghwhuplqdwlrq ri d uhvlgxdo
yhfwru wr ghwhfw wkh idloxuh prgh1 Lq rughu wr gh�qh wkh
uhvlgxdo jhqhudwru iru wkh suhylrxv v|vwhp/ zh frqvlghu
wkh iroorzlqj �owhu ghvfulehg e| wkh htxdwlrqv

b� @ iu+�+w,> |+w,> x+w,, +6,

u+w, @ ku+�+w,> |+w,> x+w,, +7,

zkhuh ku> iu 5 F4 dqg u+w, uhsuhvhqwv wkh uhvlgxdo
zklfk lv d vfdodu +ru yhfwru zkhq pruh wkhq rqh idxow
rffxu, ydoxhg vljqdo frqwdlqlqj lqirupdwlrq rq wkh wlph
dqg orfdwlrq ri wkh rffxuuhqfh ri wkh idxow1 Zkhq qr
idxow lv suhvhqw lq wkh v|vwhp/ u+w, vkrxog eh qhdu }hur
dqg ghyldwh iurp }hur zkhq d idxow lv kdv dffuxhg1
Wkh hydoxdwlrq lv edvhg rq orjlf ghflvlrq O+u,/ dqg
wkh wkuhvkrog Owk/ wkh idxow ghwhfwlrq surfhgxuh fdq
eh vwdwhg dv iroorz=

O+u, ? Owk @, p @ 3



O+u, A Owk @, p 9@ 3

Lq dq lghdo fdvh/ d uhvlgxdo u+w, zloo eh }hur li qr idxow
lv suhvhqw/ gl�huhqw iurp }hur zkhq idxow lv suhvhqw/
Owk @ 3/ zklfk lv/ krzhyhu/ lpsrvvleoh lq sudfwlfdo fdvh/
ehfdxvh ri qrlvh dqg prghoolqj huuruv1 Pruhryhu/ zh
dlp d frpsohwh ghfrxsolqj ri wkh uhvlgxdo iurp wkh glv0
wxuedqfh z+=, dqg wkh frqwuro x+=,1 Wklv phdqv wkdw
wkh uhvlgxdo lv uhtxluhg wr eh d�hfwhg rqo| e| wkh idxow1
Dovr wkh revhuydeoh prghv ri wkh v|vwhp duh dv|ps0
wrwlfdoo| vwdeoh1 Li vxfk d �owhu +6,0+7, h{lvwv/ wkhq d
vroxwlrq wr wkh ISUJ h{lvwv1 Zh fdq uhvxph lq wkh
iroorzlqj frqglwlrqv =

�NAa�|�NA 4�� Wkh revhuydeoh prghv ri wkh v|vwhp
duh dv|pswrwlfdoo| vwdeoh1

�NAa�|�NA 4�4 Wkh uhvlgxdo u+w, lv qrw d�hfwhg e| wkh
shuwxuedwlrq dqg wkh lqsxw1

�NAa�|�NA 4�
 Wkh uhvlgxdo u+w, lv d�hfwhg e| idxow1

Li wkh suhylrxv frqglwlrqv duh yhul�hg/ rqh frqvlghu wkh
v|vwhp +4,0+5, dqg zlwkrxw orvv ri jhqhudolw| zh vxs0
srvh {3 @ 3 dv dq htxloleulxp srlqw1 Wkh �uvw vwdjh
ri ghvljqlqj d uhvlgxdo jhqhudwru frqvlvwv lq ghfrxsolqj
wkh idxow zlwk uhvshfw wr wkh shuwxuedwlrq1 Wklv frqvlvw
lq pdnlqj wkh v|vwhp +4,0+5, lqwr wkh irup =

b}4 @ �*4+}4> }5> |4> |5> x, . �o4+}4> }5,p +8,

.	v
l@4�sl>5+}4> }5,zl

b}5 @ �*5+}5> |4> |5> x, . �o5+}4> }5,p +9,

|4 @ �k4+}4> }5, +:,

|5 @ �k5+}5, +;,

zkhuh }4 @ +}44> ====> }4q4,
W > dqg }5 @ +}54> ====> }5q5,

W 1
Zh frqvlghu wkh k|srwkhvlv wkdw wkh vxev|vwhp +9,0+;,
lv revhuydeoh1 Wkh sureohp lv wr �qg d gl�hrprusklvp
} @ #+{, zlwk #+3, @ 3 gh�qhg lq X3/ d qhljkerxu0
krrg ri {3 @ 31 Zh vxssrvh wkdw wkh �owhu +6,0+7, fdq
eh fkrvhq dv d qrqolqhdu volglqj prgh revhuyhu fkdudf0
whul}hg e| d vwhs e| vwhs frqyhujhqfh + ^8/ 5`,1

6 Wuldqjxodu Irup

Frqvlghu wkh v|vwhp 	

b{ @ I +{, .J+{> x, +<,

| @ K+{,

zkhuh { 5 ?q lv wkh vdwh yhfwru/ x 5 ? wkh lqsxw yhf0
wru/ | 5 ? wkh rxwsxw yhfwru dqg I>J>K duh dqdo|wlf
yhfwruv ixqfwlrqv1 Dovr/ iru doo { 5 ?q > wkh v|vwhp +<,

hvw vxssrvhg wr eh ELEV = Erxqghg Lqsxw Erxqghg
Vwdwh/ lq �qlwh wlph1 Lq rughu wr wudqvirup wkh v|vwhp
+<, lqwr d wuldqjxodu revhuydeoh irup/ rqh xvh wkh iro0
orzlqj _ghjhqhudwh% udqn frqglwlrq +^45`, =

�NAa�|�NA 
��

� udqn

3
EEEC

gK
gOIK

111
gOq�4

I K

4
FFFD @ q

zkhuh OIK @ CK
C{

I lv d fodvvlfdo Olh ghulydwlyh1

Wkh frqglwlrq 614 lv fodvvlf iru dxwrqrprxv v|vwhpv1
Zh kdyh dovr wkh qh{w frqglwlrq=

�NAa�|�NA 
�4 J yhuli| iru doo x 5 X � ? zkhuh X
lv wkh vhw ri dxwkrul}hg lqsxwv

� gOJO
l
IK 5 
l ;l 5 i3> ===> q � 4j

zlwk 
l @ vsdqigK>gOIK> ====> gO
l
IKj

Rqh vhw wkh iroorzlqj sursrvlwlrq +^53`,

�iNVNt�|�NA 
�� Wkh v|vwhp +<, pd| eh wudqviruphg

e| xvlqj wkh gl�hrprusklvp �
7
@ !+{,/ lqwr d wuldqjxodu

revhuydeoh irup + lq wkh qhljkerxukrrg ri {,

b�4 @ �5 . j4+�4> x,
b�5 @ �6 . j5+�4> �5> x,
111
b�q�4 @ �q . jq�4+�4> ===> �q�4> x,
b�q @ iq+�, . jq+�> x,
| @ �4

+43,

zlwk �jl+=> x @ 3, @ 3 iru doo l 5 i4> ===> qj/ li dqg rqo| li
frqglwlrqv 614 dqg 615 duh yhul�hg lq wkh qhljkerxukrrg
ri {1

Surri = Vhh ^8` iru ghwdlov ri surri1

614 Wuldqjxodu Revhuyhu

Iurp wkh zrun ^:` dqg ^4` zh sursrvh wkh iroorzlqj w|sh
ri volglqj revhuyhu iru wkh v|vwhp +43, =

ba�4 @
a�5 . j4+�4> x, . �4vljq4+�4 � a�4,

ba�5 @
a�6 . j5+�4> ��5> x, . �5vljq5+��5 � a�5,

111
ba�q�4 @

a�q . jq�4+�4> ��5===> ��q�4> x,

. �q�4vljqq�4+��q�4 � a�q�4,
ba�q @ iq+�4> ��5===> ��q, . jq+�4> ��5===> ��q> x,

. �qvljqq+��q � a�q,

+44,



zkhuh ��l @ a�l . �l�4vljql�4+�l�4 � a�l�4, iru l @
5> ===> q�4/ dqg wkh vljql+�, ixqfwlrq ghqrwhv wkh xvxdo
vljq ixqfwlrq exw zlwk d orz sdvv �owhu ri wkh � ydul0
deoh +^:`, dqg dqwl0shdnlqj vwuxfwxuh +^48`,1 Wklv dqwl0
shdnlqj vwuxfwxuh lvvxhv iurp wkh lghd wkdw zh gr qrw
lqmhfw wkh revhuydwlrq huuru lqirupdwlrq ehiruh uhdfk0
lqj wkh volglqj pdqlirog olqnhg zlwk wklv lqirupdwlrq1
Pruhryhu zh uhdfk wkh pdqlirog rqh e| rqh1 Grlqj wklv
zh rewdlq d vxe0g|qdplfv ri glphqvlrq rqh dqg frqvh0
txhqwo| zh gr qrw kdyh shdnlqj skhqrphqd1 Pruh suh0
flvho| vljql+=, lv htxdo wr }hur li wkhuh h{lvwv m 5 i4> lj

vxfk wkdw ��m � a�m 9@ 3 +e| gh�qlwlrq ��4 @ �4,/ hovh
vljql+=, lv htxdo wr wkh xvxdo vljq+=, ixqfwlrq1
Lq wkh revhuyhu vwuxfwxuh/ wklv sduwlfxodu vljq ixqfwlrq
doorzv ��l � a�l wr frqyhujh wr }hur li doo wkh ��m � a�m zlwk
m ? l kdyh frqyhujhg wr }hur ehiruh1 Wklv sduwlfxodu
vljq ixqfwlrq zklfk doorzv wr frqyhujh lq �qlwh wlph
vwhs e| vwhs dqg dw hdfk vwhs d g|qdplf ri glphqvlrq
rqh lv d nh| srlqw ri rxu dqwlshdnlqj whfkqltxh dqg jlyh
wkh iroorzlqj uhvxow

C�jNij6 
�� Frqvlghulqj
wkh Erxqghg Lqsxw Erxqghg Vwdwh +ELEV, v|vwhp +43,

dqg revhuyhu +44,/ iru dq| lqlwldo vwdwh �+3,/ a�+3, dqg
dq| erxqghg lqsxw x/ wkhuh h{lvwv d fkrlfh ri �l vxfk
wkdw wkh revhuyhu vwdwh a� frqyhujhv lq �qlwh wlph wr �1

Surri= Iurp +43, dqg +44, dqg frqvlghulqj wkh lqlwldo

vwdwh frqglwlrq vxfk wkdw �4+3, 9@ a�4+3, +li wklv lv qrw
wkh fdvh/ zh gluhfwo| pryh rq wr wkh qh{w vwhs ri wkh
surri,1 Lq idfw wklv revhuyhu lv fkdudfwhul}hg e| lwv vwhs
e| vwhs frqyhujhqfh +vhh ^8/ 5` iru ghwdlov,1

7 Glvwxuedqfh Ghfrxsolqj

Lq wklv vhfwlrq zh sursrvh wr vwxg| wkh sureohp ri gh0
frxsolqj ri wkh glvwxuedqfh dqg wkh ghihfw1 Wkh sure0
ohp frqvlvwv lq euhdnlqj xs wkh wrwdo v|vwhp lqwr wzr
vxev|vwhpv ri zklfk rqh ri erwk gr qrw ghshqg rq wkh
glvwxuedqfh exw ghshqgv rq wkh ghihfw ehfdxvh ri wkh
revhuydelolw| frqglwlrqv1 Wklv vxev|vwhp zloo kdyh dq
rxwsxw zklfk zloo ghshqgv rqo| rq wkh sduw ri wkh vwdwh
lqvhqvlwlyh zlwk wkh glvwxuedqfh1 Lw zloo eh xvhg wkhuh0
diwhu wr ghyhors dq revhuyhu iru idxow ghwhfwlrq1 Qrz
ohw xv frqvlghu ri uhmhfwlrq ri glvwxuedqfh iru wkh iro0
orzlqj qrqolqhdu v|vwhp +wkh lqh{lvwhqfh ri wkh frqwuro
lqsxw dqg wkh ghihfw lq wklv htxdwlrq grhv qrw fkdqjh
dq|wklqj zlwk wkh jhqhudo irup vhhq lq wkh suhfhglqj
vhfwlrq, =

b{ @ i+{, . S +{,s+w, +45,

|4 @ k4+{, +46,

|5 @ k5+{, +47,

zh vhhn d gl�hrprusklvp doorzlqj wr sxw wklv v|vwhp
lq wkh iroorzlqj ghfrxsohg irup =

b�4 @ j4+�4> �5, . �S4+�4> �5,s+w, +48,
b�5 @ j5+�5, +49,

�|4 @ �k4+�4> �5, +4:,

�|5 @ �k4+�5, +4;,

Wkh frqglwlrqv vr wkdw wkhuh lv vxfk d gl�hrprusklvp
duh zhoo0nqrzq +vhh ^46`, wkdw lv wr vd| � @ vpdoohvw
lqyroxwlyh glvwulexwlrq frqwdlqlqj S dqg lqyduldqw zlwk
uhvshfw wr i li wklv glvwulexwlrq lv ri glphqvlrq g wkhq
wkhuh h{lvwv �4 @ +}4> ===> }g,

W dqg �5 @ +}g.4> ===> }q,
W

dqg +48,0+4;,1 Pruhryhu/ rqh nqrzv +vhh ^44` ss1 76,
wkdw }g.4 @ !g.4> ===> }q @ !q zlwk g!l 5 �B iru doo
l 5 ig . 4> qj1 Wkh frqglwlrqv ri wudqvirupdwlrq lqwr
rxwsxwv lqmhfwlrq irup duh lq ^49`1 Rqh uhzulwhv wkh
v|vwhp +45, lq wkh irup1

b{ @ �i+{, . �+|, . S +{,s+w, +4<,

dqg �� @ wkh vpdoohvw lqyroxwlyh glvwulexwlrq lv frqwdlq0
lqj S dqg lqyduldqw zlwk uhvshfw wr �i+{, @ i+{,��+|,
zlwk �� ri glphqvlrq �g ? g1

-j6Bi" g�� Wkh lghd frqvlvwv lq xvlqj wkh ixqfwlrq
�+|, wr idoov wkh glphqvlrq ri �� zlwk uhvshfw wr �=

Dv wkh yhfwru �+|, fdq eh ghfrpsrvhg dv wkh iroorz0
lqj +rqh fkrrvh wkh ruwkrqruphg edvlv g!l iru l A g/
zklfk lv htxlydohqw wr fkrrvh �l qlosrwhqw ri rughu }hur
iru l A g,=

�+|, @
q[
l@4

dl+|,�l +53,

zkhuh dl+|, duh d vfdodu rxwsxw ixqfwlrqv/ zlwk
vsdqi�4> ===> �gj @ � dqg iru l> m A g / zh kdyh g!l�l @ 4
dqg g!l�m @ 3 iru l 9@ m1 Rqh rewdlq lpphgldwho| wkdw
wkhuh h{lvwv d gl�hrprusklvp vxfk wkdw

b�4 @ j4+�4> �5, . ��4+|, . �S +�4> �5,s+w,
b�5 @ j5+�5, . ��5+|,

�|4 @ �k4+�4> �5,

�|5 @ �k5+�5,

wklv lv d gluhfw frqvhtxhqfh ri wkh ghfrpsrvlwlrq ri
i @ �i . �+|, dqg +53,1



C�jNij6 g�� Frqvlghu wkh v|vwhp +4<, vxfk wkdw ��
lv wkh vpdoo lqyroxwlyh glvwulexwlrq lqyduldqw zlwk uh0
vshfw wr �i frqwdlqhg S dqg ri glphqvlrq �g/ wkhq/ wkhuh
h{lvwv d gl�hrprusklvp ! vxfk wkdw wkh v|vwhp fdq eh
uhzulwwhq dv =

b�4 @ j4+�4> �5, . ��4+|, . �S +�4> �5,s+w,
b�5 @ j5+�5, . ��5+|,

�|4 @ �k4+�4> �5,

�|5 @ �k5+�5,

zkhuh �5 lv ri glphqvlrq q� �g1

-j6Bi" g�4 Lq rughu wr kdyh ghwhfwlrq dqg uhmhfwlqj
shuwxuedwlrq/ zh qhhg wkdw wkh idxow dfwv rq �5/ wkxv wkh
frqglwlrq o+{, @5 �� pxvw eh yhul�hg1

-j6Bi" g�
 Lq rughu wr kdyh �|5 rqo| ixqfwlrq ri wkh
ruljlqdo rxwsxwv |4> |5 zh uhfodph wkdw wkhuh h{lvwv d
ixqfwlrq #+|4> |5,> vxfk wkdw g# 5 ��B + ��B lv wkh
dqqlklodwru ri ��, dqg OoO

l
j# 9@ 3 iru dw ohdvw rqh

l 5 i3> ==> qj=

8 Uhvroxwlrq ri wkh ISUJ zlwk volglqj prgh

revhuyhu

Ohw xv frqvlghu wkh revhuydeoh v|vwhp ri wkh irup +4,0
+5,/ zh lqlwldoo| vhhn d gl�hrprusklvp doorzlqj wr sxw
wklv v|vwhp lq wkh irup xqfrxsohg jlyhq e| +8,0+;,1
Zh wkhq sursrvh dq revhuyhu iru xqghu v|vwhp jlyhq
e| +9,0+;, ru zh gr qrw frqvlghu wkh ghihfw1 Lq rughu wr
idflolwdwh wkh vwxg| ri wkh vwdelolw| ri wkh revhuyhu dqg
lwv frqyhujhqfh/ zh sursrvh d wuldqjxodulvdwlrq ri wkh
vxe v|vwhp/ wkxv zh rewdlq1

g}5
gw

@ �*5+}5> |> x, . �o5+}4> }5,p

�|5 @ �k5+}5,

Li wkh h{suhvvlrq ri wkh v|vwhp lv ghyhorshg/ rq rewdlq

�*5+}5> |> x, @ �i5+}5, . �5+|, . �j5+}5,x

�5+|, @ �5+|4> |5,= Wkhq xqghu frqglwlrqv 614 dqg 615
wkhuh lv d gl�hrprusklvp �5 @ !+}5, zlwk glp+�5, @
q� g/ zh pdnh d wuldqjxodulvdwlrq rqo| iru �i5+}5, dqg
�j5+}5,> zh rewdlq wkh iroorzlqj irup

g�5
gw

@ �D5�5 . �5+|, . �j5+�5> x,

.�o5+}4> }5 @ !�4+�5,,p

|5 @ +4>3> ===> 3,�5 @ �54

�D5 @

3
EEEEEC

3 4 3 = = = 3
3 3 4 = = = 3
111

111
111

1 1 1
111

3 3 3 = = = 4
3 3 3 = = = 3

4
FFFFFD

�j5+�5> x, @

3
EEEEEC

�j54+�54> x,
�j55+�54> �55> x,

111
�j5>q�g�4+�54> ===> �5>q�g�4> x,
�i5>q�g+�5, . �j5>q�g+�5> x,

4
FFFFFD

�5 @
�
�54 �55 = = = �5>q�g

�W

Wkxv wkh revhuyhu +idxow ghwhfwru, lv pdgh xs olnh wklv

ba�54 @
a�55 . j54+�54> x, . �o54+}4> a�5,p

.�54vljq54+�54 � a�54,
ba�55 @

a�56 . j55+�54> ��55> x, . �o55+}4> a�5,p

.�55vljq55+��55 � a�55,
111

ba�5>q�g�4 @
a�5>q�g�4 . j5>q�g�4+�54> ��55===> ��5>q�g�4> x,

.�o5>q�g�4+}4> a�5,p

.�5>q�g�4vljq5>q�g�4+��5>q�g�4 � a�5>q�g�4,
ba�5>q�g @ i5>q�g+�54> ��55===> ��5>q�g,

.j5>q�g+�54> ��55===> ��5>q�g> x, . �o5>q�g+}4> a�5,p

.�5>q�gvljq5>q�g+��5>q�g � a�5>q�g,

a|5 @ a�54

Zlwkrxw wkh suhvhqfh ri wkh ghihfw +p @ 3,/ doo wkh ��5l
frqyhujh wrzdugv �5l/ exw zlwk wkh ghihfw/ wkhuh lv dw
ohdvw ��5l zklfk grhv qrw frqyhujh wrzdugv �5l wkhq wkh
lghd wr xvh d vhfrqg revhuyhu

ga�

gw
@ �D5

a�5 . �+|4> |5, . �j5+��5> x, . �5+|5 � |u5,

zlwk |u5 @ a�54= Wklv revhuyhu frqyhujhv wrzdugv }hur
li �5 @ ��5 l1h1 li wkhuh lv qr d ghihfw/ li qrw rqh kdv
+|5 � |u5, 9@ 3 1 Lq sudfwlfh/ rqh kdv mum A %> zlwk %
zklfk lv suhghwhuplqhg/ wkh ghihfw lqwurgxfhg d vnhz
rq wkh revhuyhu1

9 Looxvwudwlyh H{dpsoh

Zlwk dq dlp ri vkrzlqj wkh xwlolw| ri wkh lqmhfwlrq ri
rxwsxw sursrvhg/ zh fkrvh d olqhdu dqg d vlpsoh qrq0
olqhdu prgho lq rughu wr jhqhudwh wkh uhvlgxh1

914 Olqhdu h{dpsoh

Ohw xv frqvlghu wkh olqhdu h{dpsoh

b{ @ D{.Ex.Sz .Op +54,

| @ F{



Zkhuh { 5 ?q lv wkh vwdwh/ x 5 ? lv wkh lqsxw/ | 5
?5 lv wkh rxwsxw/ z 5 ? lv wkh shuwxuedwlrq/ p 5 ?
lv wkh idxow wr eh ghwhfwhg dqg D>E>F>S> dqg O duh
pdwul{ ri dssursuldwh glphqvlrqv1 Wkh dssolfdwlrq ri
wkh ghyhorshg phwkrg wr wklv h{dpsoh jlyhv

b{4 @ D44{4 .D45{5 .E4x. S4z .O4p
b{5 @ D55{5 .E5x.O5p
|4 @ F44{4 . F45{5
|5 @ F55{5

+55,

Wkh frqglwlrq ri wkhruhp 714/ frqfhuqlqj wkh glvwulex0
wlrq � lv jlyhq dv wkh iroorzlqj =

� @ iS>DS> ====> Dq�4Sj

wkh lghd lv wr �qg d ixqfwlrq �+|, @ T| @ TF{ vxfk
wkdw wkh glvwulexwlrq

�� @ iS> �DS> ====> �Dq�4Sj

zkhuh �D @ D�TF1 Wkh lghd lv wr �qg dq dssursuldwh
pdwul{ T lq rughu wr rewdlq Glp+ ��, ? Glp+�,1

Pruh sduwlfxoduo|/ ohw xv vxssrvh

b{ @

3
C 3 3 3

4 3 3
3 4 3

4
D{.

3
C 4

4
4

4
Dz .

3
C 3

4
3

4
Dp

@ D{. Sz . Op

| @

�
4 3 3
3 4 3

�
{ @ F{

zklfk jlyhv

� @ iS>DS>D5Sj @

3
C 4 3 3

4 4 3
4 4 4

4
D

ri glphqvlrq 61 Li zh frqvlghu

b{ @ D{. Sz . Op. �+|,

dqg vxssrvh wkdw= �+|, @ T| @ TF{> dqg T @3
C �4 3

3 3
3 3

4
D rqh rewdlq

b{ @ �D{.Sz .Op.TF{

zlwk �D @ D�TF1 Wkhq

�� @ iS> �DS> �D5Sj @

3
C 4 4 4

4 4 4
4 4 4

4
D

zklfk lv ri glphqvlrq 41 Zh qrwh wkdw O @5 �� dqg iru
#+|4> |5, @ +|4 � |5, zh kdyh g# 5 ��B +# lv fkrvhq dv
d qhz rxwsxw �|5, dqg OO�|5 9@ 31

915 Qrqolqhdu h{dpsoh

Ohw xv frqvlghu wkh qrqolqhdu v|vwhp 	

b{4 @ {5 � {64 � o4p

b{5 @ {6 � {65 . s5z +56,

b{6 @ {5 � {66 . o6p

zlwk |4 @ {4 dqg |5 @ {6= Zh fkrrvh dv lqlwldo frq0
glwlrqv +{4> {5> {6, @ +4> 4> 4, iru rxu vlpxodwlrqv1 Lq
wkh vdph zd|/ z lv d vfdodu glvwxuedqfh dqg zh wdnh
s @ +3> s5> 3,/ s5 @ 4 dqg O @ +�o4>3> o6,

W @ +�4>3>4,W

dqg p lv wkh ghihfw wr eh ghwhfwhg1 Lq rughu wr ghwhfw
wkh ghihfw xvlqj dq revhuyhu/ ohw xv vwduw e| ghfrxsolqj
wkh glvwxuedqfh z+w, dqg wkh ghihfw p+w,= Iru wkdw/ zh
vsolw wkh v|vwhp lq wzr vxe v|vwhpv zkhuh rqh vkrxog
qrw ghshqg rq wkh glvwxuedqfh exw rqo| rq wkh ghihfw1
Frfhtxhqwho|/ zh pxvw �qg �+|, vxfk wkdw �� idoov ri gl0
phqvlrq frpsduhg wr �1 Uhpphpehu wkdw iru �+|, @ 3
rqh �qgv � ri glphqvlrq 6 dqg wkh glvwxuedqfh lv qrw
ghfrxsohg1 Qrz zh vhw

b{4 @ {5 . �4+|,� op

b{5 @ {6 . �5+|, . sz

b{6 @ {5 . �6+|, . op

dqg e| fkrrvlqj �4+|, @ �|64 > �5 @ 3 dqg �6 @
�|65 rqh �qg wkh suhylrxv v|vwhp exw wkh ixqfwlrq
�i @ +{5> {6 � {65> {5,

W / jhqhudwhv xv wkh glvwulexwlrq
�� @ vsdqis> �ij zklfk lv ri glphqvlrq 51 Dv ��W @
vsdqigk @ +4> 3>�4,j/ rqh fdq wkhq fkrrvh wkh fr0
ruglqdwhv }4 @ {4/ }5 @ {5 dqg }6 @ {4 � {6= Rqh
ghgxfhv wkh iroorzlqj uhsuhvhqwdwlrq ri vwdwh iurp lw=

b}4 @ }5 � |64 � op

b}5 @ �}65 . |5 . sz

b}6 @ |65 � |64 � 5op

�|4 @ |4 @ }4

�|5 @ |4 � |5 @ }4 � }6

Dv �� lv lq nhuig�k5j zlwk �k5 @ |4 � |5/ rqh pdnhv dq
revhuyhu rq wkh yduldeoh }6 vwduwlqj iurp wkh frpel0
qdwlrqv ri rxwsxwv �|5= Pruhryhu zh kdyh g+�|5, 5 ��B

dqg OO
�k5 9@ 3= Zh qrwh zhoo wkdw zh kdyh wzr shqqlhv

v|vwhpv ghfrxsohg> wkh �uvw xqghu v|vwhp lv iruphg ri
+}4> }5, dqg vhfrqg lv pdgh ri }61 Rxu revhuyhu zloo eh
uhdol}hg rq wklv odvw xqghu v|vwhp frpsohwho| lqvhqvl0
wlyh zlwk wkh glvwxuedqfh1

ga}6
gw

@ |55 � |54 . �6+}6 � a}6,

Wkh rxwsxwv |4 dqg |5 ehlqj phdvxudeoh/ zh zloo qrw
srvh d sureohp1 Rq wkh rwkhu kdqg wklv revhuyhu lv
olnho| wr fuxvk wkh ghihfw dqg qrwklqj wr ghwhfw ehfdxvh
wkh huuru lv =

bh6 @ �5op. �6+}6 � a}6,
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du

Iljxuh 4= A�i L�|T�|t +� i| +2 @?_ |�i hit�_�@* o ���U�
LUU�h @| Dr�

d jrrg fkrlfh ri �6 @ 43 pdnhv lw srvvleoh wr frq0
yhujh wkh huuru wrzdugv }hur lq wkh devhqfh ri wkh gh0
ihfw1 Zkhq wkh ghihfw dsshdu/ wkh huuru zloo pryh dzd|
iurp }hur1 Wkh uhvxowv ri vlpxodwlrq rewdlqhg +4, vkrz
rxwsxwv |4 dqg |5 zklfk duh glvwxuehg dqg wkh uhvlg0
xdo zklfk lqglfdwhv wkdw dw wkh prphqw w @ 8v d idxow
rffxu1
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