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Abstract
As previous results, multivariable stability margin (kM)
problem can be formulated as solving polynomial sys-
tems by using symbolic computation and strati�ed
Morse theory. Once the solutions are found, the stabil-
ity margin problem can be easily solved. For complex
kM problem, no matter how many uncertainties, there
is only one one-dimensional polynomial system which
needs to be solved in order to �nd all singularities to de-
termine whether the boundary of Horowitz template in-
tercept the origin or not. The objective of this paper is
to describe how to use Groebner Basis method to solve
this polynomial system. Due to the continuity prop-
erty of complex �, numerical solutions are good enough
for complex � computation. In addition, we can sam-
ple this one-dimensional polynomial system into several
zero-dimensional polynomial systems. There are many
e�cient algorithm to solve these zero-dimensional poly-
nomial systems. Therefore, we have an e�cient way of
singularity related method to compute exact complex
kM .

keywords: Groebner basis, symbolic computa-
tion, robustness, stability.

1 Introduction
Symbolic Computation or Computer Algebra can be de-
�ned as computation with symbols representing math-
ematical objects and with numbers [11, 17]. Computer
Algebra Systems allows us to do programming in Sym-
bolic computation environment, e.g., Maple, Mathe-
matica, Macsyma, Axiom, Reduce, etc. In particu-
lar, symbolic computation contains a lot of algorithms
and methods for dealing with multivariate polynomials
and corresponding polynomial systems. In addition,
Computer Algebra Systems have been applied to solve
various control problems in recent years [12, 25]. The
most notable control application of symbolic compu-
tation is to solve nonlinear control problems [12, 25].
Another known control application of symbolic compu-
tation is applied Quanti�er Elimination theory to do
multi-objective feedback design [13].
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Groebner Basis method was introduced by Bruno Buch-
berger in 1965 [1, 5, 7, 10, 29]. Given a �nite set of
multivariate polynomials over a �eld, a new set of poly-
nomials can be found by Buchberger's algorithm, called
a Groebner Basis, which will be used to obtain the so-
lutions of this polynomial system. This method has
been extensively studied, developed and has been im-
plemented on many Computer Algebra Systems.
Robust control refers to the control of a plant with sig-
ni�cant uncertainty by using a �xed controller and is a
main branch of modern control theory [4, 6, 18]. Stabil-
ity robustness analysis is a basic and fundamental topic
in robust control. Robustness margin, kM , is a measure
of the stability analysis of a feedback system. However,
it is a known result that robustness margin problem
is NP-hard. Thus, pursuing the exact calculation of
stability robustness margin is a tough job for control
engineers. Grid method is a popular way to compute
kM which be considered as "Exact" computation [6].
However, the dimension of the uncertainty space in ro-
bust stability analysis is normally high, for example,
20. If we choose 20 sampling points in each uncer-
tainty, it means that 2020 evaluations must be made.
This task is beyond the ability of any current super-
computer. Therefore, the motivation of this research
is to �nd an alternative way to compute kM without
using the grid method and it has the same accuracy.
Safonov and Athans introduced multivariable stability
margin ( kM ) [26]. On the other hand, a framework
for dealing with structured uncertainties is the \struc-
tured singular value" � which was introduced by Doyle
[14]. � is the reciprocal of kM . The standard method
is to use the convex hull of the template to compute
kM instead of the template. Many methods related
to convexity have been proposed to compute the up-
per bound of complex � [9, 14]. Moreover, many Tool-
boxes use with MATLAB to compute the upper bound
of complex � in numerical environment also available
[3, 9]. However, some examples have been used to show
the results of these methods could be too conservative.
On the contrary, our method is to use the boundary
of the template to compute kM , not the convex hull
[19, 20, 21, 22]. Hence the results of our method could



be very accurate if we can �nd the solutions of the cor-
responding polynomial system [23].
As previous discussion, grid method is hard to apply to
compute complex � with many uncertainties. The main
goal of this research is to �nd an e�cient way to com-
pute accurate complex � and do not have to wait for-
ever like grid method do for a typical complex � prob-
lem. Real km problem has been considered as a solving
polynomial system problem by Ke [21]. Complex km
problem has �rst been reformulated as a solving a set
of algebraic equations by Ke [22]. Later, this result was
extended to a set of polynomial system [23]. However,
this polynomial system is one-dimensional. To solve
this polynomial system is a tough job. Fortunately, if
we want to have the same accuracy as grid method, we
can grid one of the equations and obtain several zero-
dimensional polynomial systems. Because the corre-
sponding polynomial systems are zero-dimensional, sev-
eral existing algorithms provide e�cient ways to com-
pute the solutions. Hence, we have an e�cient way of
singularity related method to compute exact complex
�. We will use two examples to demonstrate how to
apply the methods and algorithms of Groebner Basis
for complex � computation.

2 Problem Formulation
A standard stability margin problem is shown in Fig-
ure 1. Let f : D � 
 3 (q; !) 7�! det(I + L(j!)�) 2 C
be Nyquist Map, where D is the space of uncertain pa-
rameters (e.g., the Kharitonov cube or a polydisc) and

 is frequency spectrum. L(j!) 2 C

n�n is the stable
loop transfer matrix. q is the vector of parametric un-
certainty which can be real or complex. The Horowitz
template is N! = f(D ; !) [18, 19, 20, 21]. The max-

�@

@
�

�
@

Figure 1: A standard robust stability problem
imum uncertainty bound, kM , such that the system is
stable for all q 2 D with kqk1 � kM is called the
robustness margin of a control system. In the above

kqk1
def
= maxifj qi jg where j qi j denotes the absolute

value of qi for real uncertainties and the modulus of qi
for complex uncertainties. If we �x frequency, the kM
problem becomes to �nd the smallest solutions, k�k,
of f! = det(I + L�) = 0 which is a polynomial equa-
tion of unknowns. Intuitive, kM is achieved when the
boundary of the template intercepts 0 + j0. Hence, we
start from a small k to check if its image cover the ori-
gin or not. If yes, we set kM = k. If not, we increase
size k and check again. Figure 2 attempts to depict this
method.

Im det(I+kL   )

Re det(I+kL   )

Horowitz Template:

Polydisk: (k    D) n
Critical Situation !

k

k
k

2

1

k k k

1

1
> >

0+j0

Polydisk: (k    D)
n

2

k  z
2

"Template"

det(I+ k  L(j    )   (z))= F(k  z)2 2w

z=(z   ,...,z   )
1 n

2

M

M

M

Figure 2: Horowitz template approach

3 Mathematical Background
As a subset of N of Rn, @N , the boundary of N , is
de�ned as @N = �N � Int(N ). The closure of N , �N ,
is the intersection of all closed sets of RNcovering N ,
while the interior of N , int(N ), is the union of all open
sets contained in N .
A critical point q� of a smooth map f! de�ned over a
smooth manifold is a point where the rank of the Ja-
cobian drops [18, 21]. Therefore, the number of real
constraints for a smooth critical point in the case of n
real uncertainties is equal to the number of the real vari-
ables minus one ( n-1). The boundary of the Horowitz
template is contained in the image of the singularity
set.
A zero-dimensional polynomial system has a �nite num-
ber of roots [1]. The solutions of one-dimensional
polynomial system is topological equivalent to a curve.
For complex kM computation, our corresponding poly-
nomial system is one-dimensional. To solve one-
dimensional polynomial system is not a easy job.
Therefore, we have to transform it to zero-dimensional
polynomial systems in order to �nd the solutions.

4 Groebner Basis Method
Groebner basis method is a major technique to compute
the solutions of polynomial systems [1, 5, 7, 10, 11, 17].
Given a �nite set of multivariate polynomials over a
�eld, a new set of polynomials can be found by Buch-
berger's algorithm, called a Groebner basis, which will
be used to obtain the solution of the polynomial system.
This method has been implemented on many Computer
Algebra Systems, e.g., Mathematica, Maple, Axiom,
Reduce, Macsyma, etc. Before to compute Groebner
basis, we have to set an admissible term ordering �rst.
There are many di�erent admissible term ordering, e.g.
lexicographic order, total order, degree lexicographic
order, degree reverse lexicographic order.
The Groebner basis has the following properties:

1. Every polynomial ideal has a Groebner basis.
2. Given a set of polynomials, the Groebner basis of

this polynomial set still has the same solutions.
3. Fixing a term ordering, every non-zero ideal has a

unique reduced Groebner basis.



The way to apply Groebner basis method is as follows.
First, �nd the Groebner basis with lexicographic or-
der. The Groebner basis with lexicographic order can
be easily used to compute the solutions of the polyno-
mial system due to "elimination property". The use
of the elimination property is as follows: There is a
univariate polynomial in the Groebner basis with lexi-
cographic order. Hence, we can easily solve this uni-
variate polynomial. Then, by substituting the solu-
tions to the Groebner basis, we obtain other univariate
polynomials. By the same procedure, we can obtain
all solutions of the original polynomial system. This
is similar to Gauss's elimination method in the linear
cases. Therefore, if we have the Groebner basis with
lexicographic order, we can easily obtain the solutions
of the polynomial system. However, the complexity of
Groebner basis of polynomial system of degree d in n
variables with lexicographic order is much higher than
other ordering. When the number of solution is �nite,
the complexity is dO(n3) . From the complexity point
of view, the best ordering is the degree reverse lexi-
cographic ordering. The computation of the Groebner
basis by this ordering of a polynomial system is dn

2

.
This complexity will decrease to dn if the solutions at
in�nity are �nite in number as well. Hence, there are
several methods to compute Groebner basis with lexi-
cographic ordering by using basis conversion to save the
computation time [15]. Therere, we want �rst to com-
pute a Groebner basis with other ordering, and then
to convert this basis to a Groebner basis with lexico-
graphic order. How to obtain a Groebner basis with
lexicographic order by basis conversion is under active
development. FGLM algorithm which is known basis
conversion algorithm has been implemented in Maple
[15]. FGLM only can be applied on zero-dimensional
polynomial system. Groebner Walk algorithm, another
basis conversion algorithm, has implemented in Math-
ematica [7, 28].
For complex � computation, we are dealing with zero-
dimensional polynomial systems. In addition, complex
� is continuous [19, 20]. Hence, the numerical solu-
tions are accurate enough for complex � computation.
The computation time for constructing the correspond-
ing Groebner basis with lexicographic order is normally
fast. For Example 2, the computation time to obtain a
Groebner basis is less than one second in Mathematica
[8].

5 Complex kM Computation
Uncertainty space in kM problem is non-manifold
[19, 20, 22, 23]. Due to the di�culty in dealing with
the non-manifold, the concept of strati�ed spaces is
preferred. The idea for searching the singularity of
the complex uncertainty space is as follows: Com-
plex uncertainty space for 2-uncertainties is similar to
a solid torus which is a manifold with boundary. It
can be decomposed into two smooth manifolds, i.e.,
solid torus = open torus [ torus : Hence, the Morse
theory can be applied on both manifolds for singular-

ities. In addition, due to lemma 1 of 1982 Doyle's
paper or Open Mapping Theorem, the image of the
distinguished boundary is �rst to intercept the origin
not the open torus [14, 19]. Therefore, only the sin-
gularities on the distinguished boundary, i.e., T2, are
useful for kM computation. We can used the polar
form to represent the boundary of any size of polydisc
with zi = kej�i , where k is the size of the polydisc, a
�xed number. For example, in case of 2 complex un-
certainties; the distinguished boundary of the polydisc,
S1 � S1, is a 2-dimensional manifold which can be ex-
pressed as f�! = f!(�1; �2). The Jacobian becomes

J
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= 0: For the general case, i.e. m uncertain-
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From the de�nition of critical point, the constraints are
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Therefore, the number of constraints for critical points
in the case of m uncertainties is equal to m� 1. Thus,
no matter how many uncertainties, there is only one
polynomial system needs to be solved.

6 An Algorithm

In Figure 2, we already sketch an algorithm for complex
kM computation. Now, we apply the results of previ-
ous sections to obtain an algorithm for compute kM as
follows:

Input f!.

Output kM .

Initialization Given initial k.

1. Substitute zi by polar form (kej�i) to repre-
sent the boundary of polydisc.

2. Di�erentiate Nyquist map by �i to obtain Ja-
cobian.

3. Construct the corresponding polynomial sys-
tem by using equation 2.

4. Find the solutions of the polynomial system.

5. Use the Nyquist map to �nd the boundary
of the Horowitz template. If the boundary of
the template intercepts the origin, kM = k
and stop. Otherwise, increase k and go to
step 3.

In this algorithm, how to solving the polynomial sys-
tems are the major task. Once we �nd all real solutions
of the polynomial systems, kM can be computed easily.



7 Examples and Discussion
The following examples are used to demonstrate how
to formulate kM problems as solving polynomial sys-
tems by using Symbolic Computation. In addition, we
will show how to construct the Groebner basis. These
examples has been implemented in Mathematica and
Maple.

Example 1 Consider the Nyquist Map with complex

uncertainties for �xed frequency f! = z1 � z2 + z1 + 2:
From the previous discussion, this problem can be re-

formulated as f�! = ej�1 � ej�2 + ej�1 + 2; where ej� =
cos(�) + j � sin(�). We can use function "di�" to dif-

ferentiate f�! in Maple to obtain the Jacobian:

J =

�
�sin(�1 + �2) � sin�1 �sin(�1 + �2)
cos(�1 + �2) + cos�1 cos(�1 + �2)

�

Hence, the constraint is �sin�1�cos(�1+�2)+sin(�1+
�2) � cos�1 = 0: In addition, the hidden constraints are
sin�2

1 + cos21 = 1 and sin�2
2 + cos�2

2 = 1 We can eas-
ily use function "solve" to solve this equation in MAT-
LAB with Symbolic Math Toolbox. However, for more
uncertainties, we are not able to solve this kind of the
trigonometric equations. Hence, we should construct
the corresponding polynomial system as follows: Use
function "subs" in Maple to substitute sin�1 by s1 and
substitute cos�1 by c1. Use the similar substitutions for
other trigonometric functions. Then, the corresponding
polynomial system becomes

�s1 � (c1 � c2 � s1 � s2) + (s1 � c2 + c1 � s2) � c1 = 0
s21 + c21 = 1
s22 + c22 = 1

)

(3)

This is a one-dimensional polynomial system. We can

grid on one equation and get zero-polynomial systems.

For example, we can set s1 as 0 and c1 as 1 to elimi-

nate second equation of equation 3. Hence, we obtain

the constraints, . s2 = 0 and s22+c22 = 1: This is a zero-
dimensional polynomial systems. Similarly, we sample

the circle s21+c21 = 1 and obtain the corresponding poly-

nomial systems. The simulation results for the template

and the boundary are shown in 3 and 4, respectively.
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Figure 4: Boundary of f=z1*z2+z1+2

Exmaple 2 Consider the Nyquist map f! = (1 + j) �
z1 � z2 � z3 + z1 + z2 + z3 + 4: where j zi j� 1. This
problem can be reformulated as f�! = (1 + j) � ej�1 �
ej�2 �ej�3+ej�1 +ej�2+ej�3+4: Then, the constraints
are cond1(�1; �2; �3) =

@<f!
@�1

� @=f!
@�2

� @<f!
@�2

� @=f!
@�1

= 0

and cond2(�1; �2; �3) =
@<f!
@�1

� @=f!
@�3

� @<f!
@�3

� @=f!
@�1

= 0:

Following the same procedure of Example 1, we can �nd
the constraint polynomial equations are

(�s1 � c2 � c3 + s1 � s2 � s3 � c1 � c2 � s3 � c1 � s2 � c3+
s1 � c2 � s3 + s1 � s2 � c3 � c1 � c2 � c3 + c1 � s2 � s3�

s1) � (�c1 � s2 � c3 � c1 � c2 � s3 + s1 � s2 � s3�

s1 � c2 � c3 + c2 � c1 � s2 � s3 + c1 � c2 � c3�

s1 � s2 � c3 � s1 � c2 � s3)� (�c1 � s2 � c3�

c1 � c2 � s3 + s1 � s2 � s3 � s1 � c2 � c3 + c1 � s2 � s3�

c1 � c2 � c3 + s1 � s2 � c3 + s1 � c2 � s3 � s2)�
(�s1 � c2 � c3 + s1 � s2 � s3 � c1 � c2 � s3 � c1 � s2 � c3+
c1 � s1 � c2 � s3 � s1 � s2 � c3 + c1 � c2 � c3
�c1 � s2 � s3) = 0;
(�s1 � c2 � c3 + s1 � s2 � s3 � c1 � c2 � s3 � c1 � s2 � c3+
s1 � c2 � s3 + s1 � s2 � c3 � c1 � c2 � c3 + c1 � s2 � s3
�s1) � (�c1 � c2 � s3 � c1 � s2 � c3 � s1 � c2 � c3

+s1 � s2 � s3 + c3 + c1 � c2 � c3 � c1 � s2 � s3�

s1 � c2 � s3 � s1 � s2 � c3)� (�c1 � c2 � s3 � c1 � s2 � c3
�s1 � c2 � c3 + s1 � s2 � s3 � c1 � c2 � c3 + c1 � s2 � s3+
s1 � c2 � s3 + s1 � s2 � c3 � s3) � (�s1 � c2 � c3

+s1 � s2 � s3 � c1 � c2 � s3 � c1 � s2 � c3 + c1 � s1 � c2�

s3 � s1 � s2 � c3 + c1 � c2 � c3 � c1 � s2 � s3) = 0;
s21 + c21 = 1;
s22 + c22 = 1;
s23 + c23 = 1

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(4)

If we can set c1 = 1 and s1 = 0, we obtain the following
zero-dimensional polynomial system:

�s22 � s3 � s22 � c3 � s2 � s3 + s2 � c3 + s2
�c22 � s3 � c22 � c3 + c2 � s3 + c2 � c3 = 0;
�s2 � s23 � s2 � s3 � s2 � c23 + s2 � c3

�c2 � s23 + c2 � s3 � c2 � c23 + c2 � c3 + s3 = 0;
�1 + s22 + c22 = 0;
�1 + s23 + c23 = 0

9>>>>>=
>>>>>;

(5)



The reduced Groebner basis method with lexicographic
order s2 > c2 > s3 > c3 is

64 � s2 + 32 � c2 + 760 � c43 � 124 � c33 � 793 � c23�

2 � c3 + 127;
5 � c22 � 2 � c2 � 5 � c23 + 2 � c3;

8 � c2 � c3 � 8 � c2 � 200 � c43 + 100 � c33 + 167 � c23�

42 � c3 � 25;
64 � s3 � 124 � c33 � 793 � c23 + 30 � c3 + 127+
760 � c43;

�47 � c33 � 11 � c33 + 3 + 11 � c3 + 4 � c43 + 40 � c53

9>>>>>>>>=
>>>>>>>>;
(6)

We can see this Groebner basis is in "triangular" form.

Once this Groebner basis is obtain, the solutions can

be easily found. If we set c1 = cos(�=8) and s1 =
sin(�=8), we obtain another set of zero-dimensional

polynomial. Once all solutions are found, we can use

Eq. 2 to obtain the Horowitz template. The simulation

results for the template and the boundary are shown in

Figure 5 and Figure 6, respectively. From Figure 5 and

Figure 6, we know the number of the solutions is much

less than the number of grid points in grid method.
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From Example 1 and Example 2, we have an impression
that we will face much larger polynomial systems if we
add one more uncertainty and a few terms in Nyquist

map. However, the reasons for us to expect that there
will be a good algorithm to compute complex kM are
the followings:

1. Only several zero-dimensional polynomial systems
need to be solved for complex kM .

2. The solutions which are real, and Morse critical
points, and lie between -1 and 1 are useful.

Based on the earlier discussion, it is hard to implement
our approach to compute kM under the pure numeric
computing environment. The reasons are the follow-
ings:

1. It needs to partially di�erentiate the Nyquist map
relative to qi or �i.

2. It needs to change and/or substitute variables.

3. It needs to solve polynomial systems.

8 Conclusions
Hence, it has shown that the robustness margin prob-
lem can be formulated as solving polynomial systems
by Symbolic Computation. The main task of this ap-
proach is to �nd the solutions which are the Morse crit-
ical points. However, due to the high dimension of the
uncertainty space, for example, 20 uncertainties, which
could be a real world problem, the corresponding poly-
nomial system is huge, for example, 38 equations for 20
complex uncertainties. Fortunately, the number of the
solutions in this case is �nite. Hence, \Can we solve
these kind of huge polynomial systems ?" and "What
is the limit number of uncertainties which we can com-
pute its exact complex kM?" becomes a main issue of
our future research. Beside Groebner basis method,
homotopy continuation method will be another main
techniques to tackle our problems [2, 24].
For a simple example as Example 2, we already face
a large polynomial system. Hence, one could ask "Is
this method too complicated to implement ?" However,
from the theory of computation, robust stability prob-
lem can be reduced to solving polynomial system, that
means robust stability problem is easier than solving
polynomial system problem [16, 27]. Therefore, if we
can solve the corresponding polynomial systems e�-
ciently we can solve complex � problem. Especially, we
are dealing with zero-dimensional polynomial system
which is considered as an easy job by some computer
scientists and mathematician. In addition, we could
use the boundary behavior to improve our method in
the future. Moreover, due to the continuity property
of complex �, numerical solutions are good enough for
complex � computation. Hence, we have a good way to
compute exact complex �.
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