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Abstract

Given a measurable signal consisting of the sum of n
sinusoids with unknown amplitudes, frequencies and
phases, a dynamic algorithm is designed which is able
to recover, asymptotically, the unknown values of the
frequencies, for any initial condition and any value of
the frequencies.
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1 Introduction

Consider the sinusoidal signal

n
y = ZAY- sin(wit + ¢i) + Ao (1)
i=1

in which the amplitudes A; # 0, the phases ¢; and the
frequencies w; > 0, w; # w; for i # j, are constant
and unknown, while Ap is an unknown constant bias.
Assuming that the signal y is available, we address
the problem of designing a dynamic algorithm which
asymptotically recovers on-line the unknown values w;,
for any initial condition and for any arbitrary unknown
constants A;, wi, ¢;.

A globally convergent frequency estimator was recently
proposed in [1] to estimate on-line the frequency w of
a given sinusoidal signal

y1 = Asinwt . (2)

The estimator in [1] is a modification of the continuous-
time version given in [2] of the discrete-time Regalia’s
algorithmn [3]: it is a third order algorithm

T+ 2(‘51 + 0% = €A2;1/1
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with &« > 1 and e, N, p and ¢ positive reals. It is shown
in [1] that, given an upper bound for the amplitude 4 in
(2) with n = 1, there exist constants ¢, and N such that
for any € < e,, z(t), #(t) and 0(¢) are bounded for any

initial condition and, furthermore, lim; o, 9(t) = w.

In this paper we show how to solve the same problem
via the adaptive observers developed in [4] (see also [5],
Ch. 5), without imposing any restriction on the ampli-
tude A. We then show how the same approach natu-
rally extends to the estimation of two frequencies even
in the presence of an unknown bias Ag. Finally, the
extension to the general case of n unknown frequerncies
is presented.

2 Global estimation of one frequency

The signal y = A sin(wt + ¢) satisfies the linear model

w, =  wo
. 2 A
wo = —w w] = —0uq
y = wi (4)
in which # = w2 is an unknown positive parameter

and the initial conditions w1(0) = Asin¢, wa(0) =
Aw cos ¢ are unknown. System (4) is observable for
any 6 and belongs to the class of systems for which
adaptive observers can be designed, according to [4].
In fact, the filtered transformation (A > 0 is a design
parameter)

£ = —x—y, £0)=0 (5)
y = wi
n = wy— Awi — O (6)

transforms (4) into an adaptive observer form

y = Ay+n+0g

o= = A%y (7)
for which an adaptive observer is given by (k > ﬁ and

~ > 0 are design parameters, (4,7, 0) are estimates for
(y,1,0))

g o= DAy +0E+Ely —9)



i M — A%y
0 = ~&(y—1) (8)

Defining the estimation errors § =y — ¢, 7 = 1 — 1,
0 = 0—0, from (7) and (8) we obtain the error dynamics

g = —kj+i+0¢
o= —A7
0 = —Ep. 9)

The analysis of (9) is easily carried out using standard
arguments in adaptive control. Since £(¢) is bounded
and smooth from (5), the solutions of (9) exist for any
initial condition and are bounded, given that the time
derivative of

1 1
vV = (1/ —O—rj + — 99) (10)
2 ¥
is
Vo= =k i — AP (11)

which is negative semidefinite (recall that k > %) Ac-
cording to [6],

t+T 5 “+o0 1 2
li (rydr = Sy(d
dm [ emar < [l ] s
2
L P
= |- A? (12)
Jw+ A

where Sy(dv) is the spectral measure of the signal y; it
follows that for every t > 0, there exist positive reals T'
and K, such that

t+T
/ fQ(T)dT > K, >0, (13)
Jt

that is the signal £(#) is persistently exciting. This
implies that the origin of (9) is globally exponentially
stable, as it can be directly proved using the Lyapunov
function

1 ~
W=V smlel - V2E7)? (14)

with v1 and ~9 suitable positive constants. In partic-
ular, 5(1‘) tends exponentially to zero for every initial
condition of the fourth order algorithm (5), (8): hence 6
is a global exponential estimator of # = w?. When com-
pared with the third order estimator (3), the proposed
algorithm has the advantage that no upper bound for
the amplitude A is required. It has the additional ad-
vantage of being designed on the basis of a constructive
procedure which may be extended to the two frequen-
cies case. If the given signal contains an unknown bias
Ao, that is y = Ag + A sin(wt + ¢), it can be modelled
as

wy = wo

. _ 2 2 __

wy = —w w4+ Agw” =0y — 01wy
y = wi

in which 6 = [fg,01]7 = [Aow?, w?]T is the vector of
unknown parameters. The adaptive observer is then
modified as follows

£ = —A—y, £0)=0

g'j = ﬁ+)\y+§yé0+élf+k(@/—ﬁ)
o= —Ap—2AYy

bo — Yoly — 4)

51 = 71&ly—9)

where (M k > ﬁm/o,m) are positive design parame-
ters. By using the same arguments we can conclude
that 0g and 6, tend exponentially to Agw? and w?, re-
spectively, for any initial condition.

3 Global estimation of two frequencies

The signal y given in (1) when n = 2 (let A9 = 0 for
simplicity) satisfies the linear model of order 4

wy, = wo
. 2
Wy = —wjwi
wy = 1wy
_ 2.,
Wy = —waws
y = wi+ws (15)

with unknown initial conditions. Its characteristic

polynomial is

4 _ 4 2

st 2+ wd)s® 0wl = s 40152+ 0, (16)
where 0 = w} + w3, 6 = wlwg is a reparametrization
of the two unknowns (w?,w3). Since (15) is observable

(recall that wy # wo), it is transformed by the linear
change coordinates

10 1 0
0 1 0 1
r = wg 0 w% 0 w (17)
0 w? 0 w?
into an observer canonical form (= € R*)
0 1 00
L -6 0 1 0 |
x = 0 0 O 1 x
-6, 0 0 0
0 0
0
= A +01 0

[1000 (18)

.Q
|



with #1, 62 unknown parameters. According to [4, 5],
given an arbitrary Hurwitz vector d = [1, da, ds, d4]%,
i.e. a vector such that all of the zeros of the polynomial
s34 dos? + dys + da have real part less than zero, the
filtered transformation

[y ]
& = Ta—| 0|, &(0)=0
_0_
o= [1 0 0]&
. -0_
o = T&—| 0 €2(0) =0
_:{/_
pe = [1 0 0]é& (19)
21 = x1=y
z; = mj— &1 j-101 — &25-102, 2 <5 <4(20)
with
—dy 1 0
I = —dz 0 1
—dg 0 0

a Hurwitz matrix, transforms (18) into an adaptive ob-
server form (z € R%)

2 o= Acz+d(p161 + pab2)
y = Cez. (21)

Defining n; = zj41 — dj+121, 7 = 1,2, 3, (21) is equiva-
lently expressed as (n = [n1,72,n3]7)

¥y = n1+tdoy+ 101+ pobs
n = Tn+py (22)
with 8 = [d3 — d3,d4 — d3da, —dyds]T. The signals p =

[11, p2] T given in (19) can be equivalently generated by
the minimal realization in controller canonical form

1
x = ITx+]0 |y, x(0)=0
0
H1 -1 O O .
FIRE R T
with transfer matrix:
m(s) | 1 st
|: wa(s) :| s34 dos2 + dgs + dy |: -1 y(s)

= Huls)y(s) .

1
4]

The adaptive observer for (22) is given by (k > is

a design parameter)

§ = i+ day + 1) + pafe + k(y — §)
i = Ti+py
01 = pily —4)

02 = paly—19) (24)

which, along with (23), gives the proposed 9-th order
estimator with (01,05) estimates for (61,05). Defining
G=y—g.7=n—1n,0= [0 — 01,05 — GAQ}T, the error
system is

po= i
io= —kiti+u’o
0 = —uy . (25)

According to [4, 5, 6], if the persistency of excitation
condition

t+T
/ /l,(T)/l,T(T)dT > kpl >0 (26)
i

is satisfied for some T > 0, kp > 0 and for every ¢t > 0,
then éi(t), 1 = 1,2, tend exponentially to zero for any
initial condition as ¢ goes to infinity, while in any case
the state variables in (25) are bounded and §(t) tends
to zero as t goes to infinity, for any initial condition.
Following [6] (Theorem 2.7.2) (see also [7]), since the
signal y = Ay sin(wit + ¢1) + Ag sin{wat + ¢2) is suffi-
ciently rich of order 2, the transfer matrix H,(s) is sta-
ble and H,(jw;) are linearly independent for i = 1,2,
then u(t) is persistently exciting and (26) is satisfied.

If the signal y in (1) contains an unknown bias A, then
it satisfies the linear observable model

0 0
i = Aw+o| Vx| 0
0 —y
0 0
1 0
+Agbq 0 + Agbs 0
0 1
y = Cex (27)

which is an obvious modification of (18). Then there
exists a filtered transformation mapping (27) into

2 = Acz+d(j101 4 1202 + 0p)
y = Cez (28)

with (g1, u2) given by (23) and

1 0
g = AgC.I7 o | 0| +05]0
0 1

Hence (28) can be written as

g = n1+doy + p161 + pofa + g
n = I'n+py

so that the adaptive observer is

§ = 01+ day + p10y + pofe + o + k(y — §)



n = I'm+py

g = y—u
01 = iy —9)
o = paly—4) .

4 Global estimation of n frequencies

A signal

y = Z Ajsin(wit + ¢;) (29)

i=1

with unknown amplitudes A; # 0, phases ¢; and pulsa-
tions w; > 0, 1 <4 <n, w; # w; for i # 7, is generated
by the linear observable model of order 2n

w1 = w9
. 2 .
wip = —wiwi, 1<i<n
n
y o= > wq (30)
i=1

with unknown initial conditions. Its characteristic
polynomial is

n n
1_[(:52 tw?) =" Zw?sﬂn*l)
i=1 i=1
n—1 n n
+Z Z w?w?sg("_g) + ... —O—ng
i=1 j=1+1 i=1
= 020 w40, 087+ 0,  (31)
with (01,...,0,) a reparametrization of the n un-
knowns (w?,...,w2). Actually, (6;,...,0,) are the

coefficients of a characteristic polynomial of order n
whose real positive zeros are (w?,...,w?2). Since (30)
is observable (recall that w; # wj, ¢ # j), it is trans-
formable by a linear change of coordinates into an ob-
server canonical form (z € R?")

0 10 --- 0
-6 01 -~ 0

r = : R
0 00 -+ 1
—0, 0 0 --- 0

n
= Acr — Z Oiciy
=1

y = [ 1 0 0 0 ]:IféCc:I,' (32)
with e; = [0,...,0,1,0,...,0]7 a (2n x 1) vector whose
only nonzero entry is the 2i-th one. According to [4, 5],
given an arbitrary Hurwitz vector d = [1,da, ..., do,|7,
i.e. avector such that all the 2n—1 zeros of the polyno-
mial $2771 449527 24 . 4+ dop_18+day have negative

real part, the filtered transformation

& = D&+ey, 1<i<n, ¢€R™!
wi o= [1 0 - 0]& (33)
71 = x1=y
n
zj; = @Tj— fo,j—leh 2< i< 2n (34)
i=1
with
—dy 1 .- 0
I = : ; .
—dypo 0 - 1
—dop_q 0 -+ 0
a (2n — 1) x (2n — 1) Hurwitz matrix, transforms
30) into an adaptive observer form (z € R*", u =
[ﬂla st a/’l’ﬂ]Tv 0 - [917 trt oﬂ]T)
i o= Aez+duTe
y = Cez. (35)
Defining
njy = Zj+1 — dj+121, 1 S 7 S 2n —1
system (35) is equivalently expressed as (n =
1, 7]2n—1]T)
g = nitday+pte
n = Tn+py (36)

with

B = [d3 — d3,ds — dsds, ..., day — day_1da, —donda]”.
The signals p given as outputs of the n filters (33) can
be equivalently generated by the minimal realization

1
- T 0 2n—1
x = I'x+| . |y, xer™
0
i = —x2i—1, 1<i<n (37)
with transfer matrix
9271,72
—1 :
s = " Y\ s
/( ) 82”71 +"'+d2n_1~9+d2n 82 /( )
1
VAN
= Hu(s)y(s) . (38)

The adaptive observer for (36) is given by (k > m)

a design parameter)

g = in+day+puTe
7 = Ti+8y
0 = uly—9) (39)



which, along with (37), gives the proposed estimator
of order 2(2n — 1) + n 4+ 1 = 5n — 1, with 0 being the
estimate for 6. Definingy =y—y, 71 =n—1, 0=0— é,
the error system is

n o= Dj

L ~ ~ T

y = —ky+m+p 0

0 = —uj. (40)

According to [4, 5, 6] if the persistency of excitation

condition

t+T
/ p(P)pT(T)dr > kyl > 0 (41)

is satisfied for some T > 0, k, > 0 and every t > 0,
then é(t) tends exponentially to zero for any initial con-
dition, as ¢t goes to infinity. In any case the states of
(40) are bounded and () tends to zero as ¢ goes to
infinity. Following [6] (Theorem 2.7.2) (see also [7]),
since the signal y(#) in (29) is sufficiently rich of or-
der n, H,(s) is & stable transfer matrix and H,(jw;)
are linearly independent for i = 1,...,n, then u(t) is
persistently exciting and (41) is satisfied.
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