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Devwudfw

Lq wklv sdshu/ wkh dxwkruv sursrvh d jhqhudol}dwlrq ri
wkh zhoo nqrzq Zlhqhu0Krsi ghvljq phwkrg ri rswl0
pdo frqwuroohuv dqg �owhuv/ dssolfdeoh wr fhuwdlq fodvv ri
v|vwhpv ghvfulehg e| iudfwlrqdo rughu gl�huhqwldo htxd0
wlrqv/ wkh vr fdoohg frpphqvxudwh rughu v|vwhpv/l1h1/ lq
wkh Odsodfh grpdlq/ v|vwhpv ghvfulehg e| wudqvihu ixqf0
wlrqv zklfk duh qrw txrwlhqwv ri sro|qrpldov lq v> exw
lq v�> � @ 4

t
> ehlqj t d srvlwlyh lqwhjhu1 Dv fdq eh yhul0

�hg lq wkh olwhudwxuh/ vxfk wudqvihu ixqfwlrqv dulvh lq wkh
fkdudfwhul}dwlrq ri pdq| lqgxvwuldo surfhvvhv dqg sk|v0
lfdo v|vwhpv zklfk fdq eh dghtxdwho| prghohg xvlqj
iudfwlrqdo fdofxoxv/ ru zkhq prghoolqj vrph glvwulexwhg
sdudphwhu v|vwhpv e| �qlwh glphqvlrqdo prghov1 Wdn0
lqj lqwr dffrxqw wkdw iudfwlrqdo0rughu v|vwhpv dqg frq0
wuroohuv kdyh d olplwhg gl�xvlrq/ diwhu d eulhi h{srvl0
wlrq ri wkh sulqflsdo uhvxowv ri wkh wudglwlrqdo Zlhqhu0
Krsi phwkrg/ vrph ixqgdphqwdo frqvlghudwlrqv derxw
wkh g|qdplfdo surshuwlhv ri vxfk v|vwhpv duh pdgh1 Di0
whu wkdw/ wkh dxwkruv sursrvh d surfhgxuh wkdw doorzv
wkh dssolfdwlrq ri wkh phwkrg wr wkh phqwlrqhg fodvv ri
v|vwhpv1 Dq looxvwudwlyh h{dpsoh lv jlyhq1

4 Lqwurgxfwlrq

Wkh Zlhqhu0Krsi vshfwuxp0idfwrul}dwlrq whfkqltxh lv
zhoo nqrzq dqg zlgho| xvhg iru ghvljqlqj rswlpdo �owhuv
dqg frqwuroohuv lq wkh iuhtxhqf| grpdlq1 Zkhq wkh vlj0
qdov dqg v|vwhpv lqyroyhg duh fkdudfwhul}hg e| Odsodfh
wudqvirupv zklfk duh udwlrqdo ixqfwlrqv/ l1h1/ udwlrv ri
sro|qrpldov lq wkh frpsoh{ yduldeoh v/ wkh ghvljq whfk0
qltxh dqg wkh forvhg irup vroxwlrq lv vwudljkwiruzdug
+vhh/ h1j1/ ^4`/ ^5`,1 Krzhyhu/ wkh sureohp lv qrw vroyhg
zkhq ghdolqj zlwk Odsodfh wudqvirupv zklfk duh qrq0
udwlrqdo1 Dv idu dv wkh dxwkruv ri wklv sdshu nqrz/ rqo|
dq rog sdshu e| G1D1 Slhuuh ^6` ghdov zlwk wklv vxemhfw/

�Wkh dxwkruv olnh wr h{suhvv wkhlu judwlwxgh wr Gu1 Srgoxeq|
+Whfkqlfdo Xqlyhuvlw| ri Nrvlfh/ Vorydn Uhsxeolf,/ iru klv jhqhu0
rxv glvsrvlwlrq iru lqwhufkdqjlqj lqirupdwlrq1 Wklv zrun kdv ehhq
sduwldoo| vxssruwhg e| IHGHU Uhvhdufk Judqw LIG<:03:880F350
34

exw wkh vroxwlrqv sursrvhg lq lw kdyh vrph glvdgydq0
wdjhv= vrph ri wkhp duh qrw forvhg irup h{suhvvlrqv
dozd|v/ dqg rwkhu rqhv uhgxfh wkh sureohp wr wkh wud0
glwlrqdo rqh e| xvlqj udwlrqdo dssur{lpdwlrqv ri wkh
ruljlqdo qrqudwlrqdo ixqfwlrqv1 Wkh qhfhvvlw| ri ghdolqj
zlwk qrq0udwlrqdo ixqfwlrqv fdq dulvh iurp wzr vrxufhv=
wkh idfw ri ghdolqj zlwk v|vwhpv zklfk kdyh qrqudwlrqdo
wudqvihu ixqfwlrqv/ dqg wkh frqyhqlhqfh ri vshfli|lqj d
v|vwhp uhvsrqvh zklfk fdq qrw eh prghohg e| h{sr0
qhqwldo ixqfwlrqv1 Wkh fdvh ri v|vwhpv zlwk wudqvsruw
ghod| lv wkh prvw frpprq ri vxfk fdvhv/ dqg lw kdv ehhq
wuhdwhg e| vrph dxwkruv |hw +vhh ^4`/ ^5` iru dgglwlrqdo
uhihuhqfhv,/ exw wkhuh duhpdq| rwkhu v|vwhpv zklfk fdq
eh ehwwhu prghohg dv frpphqvxudwh rughu v|vwhpv/ l1h1/
dv v|vwhpv zkrvh wudqvihu ixqfwlrq lv d udwlr ri sro|qr0

pldov lq v
4
t / ehlqj t d srvlwlyh lqwhjhu1 Dprqj wkhp/

fhuwdlq fodvv ri glvwulexwhg sdudphwhu v|vwhpv +dw ohdvw/
wkrvh jryhuqhg e| sduderolf sduwldo gl�huhqwldo htxd0
wlrqv, dqg v|vwhpv lq zklfk vrph phpru| skhqrphqd/
dv gl�xvlrq ru ylvfrhodvwlflw|/ duh suhvhqw/ kdyh wr eh
frqvlghuhg +vhh/ h1j1/ ^7`/ ^8`/ ^9` dqg ^:`/ iru dglwlrqdo
uhihuhqfhv,1

Wkh dlp ri wklv sdshu lv wr jhqhudol}h wkh Zlhqhu0Krsi
phwkrg lq rughu wr dsso| lw wr wkhvh frpphqvxudwh ru0
ghu v|vwhpv1 Diwhu d eulhi h{srvlwlrq ri wkh Zlhqhu0
Krsi phwkrg/ dqg d vhfwlrq ghyrwhg wr wkh ixqgdphq0
wdov ri wkh g|qdplfdo surshuwlhv ri frpphqvxudwh rughu
v|vwhpv/ d surfhgxuh iru rewdlqlqj forvhg irup vroxwlrqv
zlwkrxw wkh qhfhvvlw| ri dssur{lpdwlrqv lv sursrvhg lq
wklv sdshu1 Ilqdoo|/ dq looxvwudwlyh h{dpsoh lv jlyhq1

5 Sureohp Vwdwhphqw dqg Zlhqhu0Krsi

Jhqhudo Vroxwlrq

Lq wklv vhfwlrq/ d eulhi h{srvlwlrq ri wkh phwkrg lv jlyhq1
Wklv zrun lv olplwhg wr wkh fdvh ri lqwhjudo vtxduh huuru
sureohpv1 D pruh ghwdlohg h{srvlwlrq fdq eh vhhq lq
^5`1



514 Sureohp Vwdwhphqw

D ghvfulswlrq ri wkh v|vwhp lv vkrzq lq wkh eorfn0
gldjudp ri wkh �jxuh 4/ zhuh wkh iroorzlqj frqglwlrqv
duh dvvxphg=

41 Wkh ixqfwlrqv I +v,>K+v,>J+v, duh wudqvihu ixqf0
wlrqv ri olqhdu/ vwdeoh/ vlqjoh0lqsxw/ vlqjoh0rxwsxw/
dqg sk|vlfdoo| uhdol}deoh v|vwhpv1

51 Wkh ixqfwlrqv J+v,>K+v, duh jlyhq ixqfwlrqv ri v
dqg fkdudfwhul}h wkh sodqw ri wkh ryhudoo v|vwhp/
zkhuhdv I +v, lv wr eh vhohfwhg e| wkh ghvljqhu1

61 Wkh ixqfwlrq J3+v, lv d jlyhq wudqvihu ixqfwlrq ri
d olqhdu dqg vwdeoh/ exw qrw qhfhvvdulo| sk|vlfdoo|
uhdol}deoh v|vwhp/ dqg uhsuhvhqwv wkh lghdo v|vwhp
iru wkh surfhvv dw kdqg zlwk dq lghdo uhdo lqsxw
vljqdo {3+w,1

71 Wkh dfwxdo v|vwhp wr eh ghvljqhg lv vxemhfw wr d
srvvleoh qrqlghdo uhdo lqsxw vljqdo {+w, dqg pxvw
eh sk|vlfdoo| uhdol}deoh1

81 Wkh dfwxdo v|vwhp pd| frqwdlq d vljqdo |k+w,0
shukdsv pruh wkdq rqh0 zklfk lv nqrzq wr eh
olplwhg lq hlwkhu srzhu ru hqhuj|1

91 Wkh lqsxw vljqdov {3+w,> {+w, duh dvvxphg wr eh
ghwhuplqlvwlf dqg wr eh Odsodfh wudqvirupdeoh1

:1 Wkh lqwhjudo0vtxduh ydoxhv ri |k+w, dqg h+w, h{lvw1

;1 Wkh lqyhuvh Odsodfh wudqvirup '
�4 ^I +v,` @ i+w,

lv uhtxluhg wr htxdo }hur iru doo w rxwvlgh wkh wlph
lqwhuydo ^3>4` > wkdw lv/ I +v, lv uhtxluhg wr eh d
vwdeoh v|vwhp1

Iljxuh 4= Jhqhudo Sureohp

Wkh jhqhudo sureohp khuh lv wr vhohfw I +v, vr dv wr plq0
lpl}h wkh lqwhjudo0vtxduh huuru M>

M @
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^h+w,`5 gw @

4

5�l

] l4

�l4
H+v,H+�v,gv +4,

zkhuh H+v, @ ' ih+w,j lv wkh wzr0vlghg Odsodfh wudqv0
irup ri h+w,/ dqg wkh uljkw kdqg whup lv d vwdwhphqw ri

Sduvhydo*v wkhruhp1 D frqvwudlqw fdq eh jlyhq vr wkdw
lqwhjudo0vtxduh ydoxh ri |k+w, pxvw htxdo d frqvwdqw N =

N @

] 4

�4
^|k+w,`

5
gw @

4

5�l

] l4

�l4
\k+v,\k+�v,gv +5,

E| grlqj vr/ dq htxlydohqw sureohp lv wr �qg wkh I +v,
zklfk |lhogv dq devroxwh plqlpxp ri wkh dxjphqwhg
ixqfwlrqdo Mk

Mk @
4

5�l

] l4

�l4
^H+v,H+�v, . k\k+v,\k+�v,` gv +6,

zkhuh k lv d Odjudqjh pxowlsolhu zklfk lv lqghshqghqw
ri wkh yduldeoh v ri lqwhjudwlrq1 Wklv Odjudqjh pxowl0
solhu lv hydoxdwhg xowlpdwho| rq wkh edvlv wkdw wkh hq0
huj| frqvwudlqw +5, pxvw eh vdwlv�hg1 Li dgglwlrqdo frq0
vwudlqwv ri wkh irup +5, h{lvw iru wkh jlyhq sureohp/ wkh|
duh wdnhq lqwr dffrxqw lq wkh vdph zd| zlwk dgglwlrqdo
Odjudqjh pxowlsolhuv1

515 Zlhqhu0Krsi Vroxwlrq

Dsso|lqj fdofxoxv ri yduldwlrqv dqg wkh Zlhqhu0Krsi
vshfwudo idfwrul}dwlrq/ wkh jhqhudo vroxwlrq lv +vhh ^5`,=

I�+v, @

q
J3+v,J+�v,[3+v,[+�v,

^kK+v,K+�v,.J+v,J+�v,`�^[+v,[+�v,`�
r
.

^kK+v,K+�v, .J+v,J+�v,`. ^[+v,[+�v,`.
+7,

zkhuh dq| Odsodfh wudqvirup E+v, lv idfwruhg lq wkh
irup E+v, @ E+v,.E+v,�/ ehlqj erwk E+v,. dqg 4

E+v,.

dqdo|wlf lq �qlwh uhjlrqv zklfk olh wr wkh uljkw ri wkh
m$ d{lv lq wkh v sodqh/ dqg erwk E+v,� dqg 4

E+v,�

dqdo|wlf lq �qlwh uhjlrqv zklfk olh wr wkh ohiw ri wkh
m$ d{lv lq wkh v sodqh/ dqg E+v, lv ghfrpsrvhg lq
wkh irup E+v, @ E+v,. . E+v,�/ ehlqj E+v,. @
'ix+w,'�4^E+v,`j> x+w, wkh Khdyhvlgh vwhs ixqfwlrq/
dqg E+v,� @ E+v,�E+v,.=

6 OWL V|vwhpv ri Frpphqvxudwh Rughu

614 V|vwhp Prghov

Wkh vshfldo fodvv ri OWL v|vwhpv frqvlghuhg lq wklv sd0
shu duh v|vwhpv zklfk fdq eh ghvfulehg e| iudfwlrqdo
rughu gl�huhqwldo htxdwlrqv ri wkh irup=

eq+G
�,q|+w, . eq�4+G�,+q�4,|+w, . ===. e3|+w,+8,

@ dp+G�,p{+w, . dp�4+G�,+p�4,{+w, . =. d3{+w,

zkhuh=

G�i+w, � 4

�+4��,
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g� +9,



lv wkh iudfwlrqdo ghulydwlyh ri rughu � @ 4
t
> dqg t>p dqg

q duh srvlwlyh lqwhjhuv1

Nqrzlqj wkdw wkh Odsodfh wudqvirup ri G�i+w,/ zlwk
}hur lqlwldo frqglwlrqv/ lv=

'^G�i+w,` @ v�I +v, +:,

wkh wudqvihu ixqfwlrq iru wkh v|vwhp zloo eh ri wkh irup=

K+v, @
\ +v,

[+v,
@

dpv
�p . dp�4v�+p�4, . ===. d3

eqv�q . eq�4v�+q�4, . ==. e3
+;,

615 Vwdeoh dqg Plqlpxp0Skdvh V|vwhpv

Lq rughu wr rewdlq wkh idfwruv ^�`. > ^�`� >i�j. >i�j�
zklfk zh qhhg iru dsso|lqj wkh phwkrg/ zh zloo vwxg|
wkh vwdelolw| dqg plqlpxp0skdvh frqglwlrqv ri wkhvh
v|vwhpv1

Dv fdq eh vhhq lq htxdwlrq +;,/ wkh ixqfwlrq K+v, lv
d qrqudwlrqdo ixqfwlrq ri v/ exw d udwlrqdo ixqfwlrq ri
v�= Rq wkh rwkhu kdqg/ wklv ixqfwlrq lv d pxowlydoxhg
ixqfwlrq ri v/ wkh grpdlq ri zklfk fdq eh ylhzhg dv d
Ulhpdqq vxuidfh1 Lw kdv ehhq suryhg e| vhyhudo dxwkruv
dqg e| gl�huhqw zd|v +vhh/ h1j1/ ^;`/ ^<`, wkdw iru d v|v0
whp ghvfulehg e| d wudqvihu ixqfwlrq ri wkh irup riK+v,
lq htxdwlrq +;,/ wkh vwdelolw| frqglwlrq lv mduj�m A ��

5
/ ehlqj 3 ? � ? 5/ dqg � wkh urrwv ri wkh ghqrplqdwru
rewdlqhg e| wdnlqj v� dv yduldeoh1 Lq rwkhu zrugv/ wkh
sulqflsdo vkhhw ri wkh phqwlrqhg Ulhpdqq vxuidfh/ gh0
�qhg e| �� ? duj+v, ? �/ lv wkh vkhhw zklfk frqwdlqv
wkh vwuls ri frqyhujhqfh iru wkh lqyhuvlrq surfhvv1

Wdnlqj lqwr dffrxqw wkhvh frqvlghudwlrqv/ wkh iroorzlqj
vwdwhphqwv fdq eh pdgh=

41 k+w, @ '�4 ^K+v,` lv d vwdeoh uhdo ixqfwlrq ri wlph
li K+v, h{lvw/ lv uhdo iru uhdo v/ dqg lv dqdo|wlf lq
wkh uljkw kdoi sodqh ri wkh sulqflsdo vkhhw ri wkh
Ulhpdqq vxuidfh dqg rq wkh lpdjlqdu| d{lv ri
vxfk vkhhw> l1h1/ li mduj �m A ��

5
/ ehlqj � wkh srohv

ri K+v,=

51 k+w, @ '
�4 ^K+v,` lv d vwdeoh plqlpxp skdvh

ixqfwlrq li erwk K+v,> 4
K+v, duh dqdo|wlf lq wkh

uljkw kdoi sodqh ri wkh sulqflsdo vkhhw ri wkh Ulh0
pdqq vxuidfh dqg rq wkh lpdjlqdu| d{lv ri vxfk
vkhhw> l1h1/ li mduj�m A ��

5 / ehlqj � wkh srohv
ri K+v,> dqg mduj �m A ��

5
/ ehlqj � wkh }hurv ri

K+v,=

7 Phwkrg ri Vroxwlrq

Wdnlqj lqwr dffrxqw wkh uhvxowv dqg frqvlghudwlrqv ri
vhfwlrqv LL dqg LLL zh zloo rewdlq wkh vroxwlrq e| xvlqj

wkh iroorzlqj ohppd dqg wkhruhp1

Ohppd 4 Li K+v, fdq eh h{suhvvhg dv K+v, @

S +v,J+v,/ dqg J+v, @ Jps+v, eJ+v,/ ehlqj Jps+v, d
vwdeoh plqlpxp0skdvh ixqfwlrq/ wkh vroxwlrq fdq eh h{0
suhvvhg dv

I �+v, @
4

Jps+v,
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k eK+v, eK+�v, . eJ+v, eJ+�v,
l.

^[+v,[+�v,`.

zlwk eK+v, @ S +v, eJ+v,=

Surri= Li K+v, fdq eh h{suhvvhg dv K+v, @ S +v,J+v,>
wkhq

^kK+v,K+�v, .J+v,J+�v,`
@ ^kS +v,S +�v,J+v,J+�v, .J+v,J+�v,`
@ kS +v,S +�v,J+v,J+�v,

�
4 .

4@k

S +v,S +�v,
�
+43,

Rq wkh rwkhu kdqg/ li J+v, fdq eh idfwruhg ri wkh irup

J+v, @ Jps+v, eJ+v,> wkhq

^kK+v,K+�v, .J+v,J+�v,`.
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dqg

^kK+v,K+�v, .J+v,J+�v,`�

@

�
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4 .

4@k

S +v,S +�v,
�
`� +45,

E| vxevwlwxwlrq ri +44, dqg +45, lqwr +7,/ h{suhvvlrq
+<, lv rewdlqhg1



Wkhruhp 5 Ohw s dqg t uhodwlyho| sulph srvlwlyh lqwh0
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5 / dqg ohw en> n @ 4>5> ====> s eh wkh s> swk urrwv ri e1

Wkhq=
4

+vu � e,
@

Sps+v�,

Tps+v�,T+v,
+46,

zlwk=

mduj+urrwv+Sps+v
�,,m A �
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mduj+urrwv+Tps+v
�,,m A �

�

5

mduj+urrwv+T+v,,m ?
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5

dqg T+v, ehlqj d udwlrqdo ixqfwlrq ri v=

Surri= E| wkh vwdwhphqwv ri wkh wkhruhp/ zh fdq
h{suhvv +vu � e, ri wkh irup=

+vu � e, @ +v
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zkhuh e4 lv wkh sulqflsdo ydoxh ri wkh swk urrw ri e/ wkdw
lv/
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dqg wkh urrwv ri T+v�, duh en> n @ 5>6> ===> s zlwk
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Wkh plqlpxp ydoxh ri mduj enm zloo eh=
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Lw krogv wkdw
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Dvvxplqj wkdw wkhuh duh q ri vxfk urrwv/ lw fdq eh vwdwhg
wkdw=
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E| dsso|lqj wkh uhgxfwlrq irupxodh jlyhq dqg suryhg
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wr hdfk idfwru ri wkh irup +v
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Zh fdq vhh wkdw li mduj eom ? ��
5
> wkhq mduj et

o m ? t��
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5
> dqg wkh qxphudwru lv d sro|qrpldo ri wkh vdph irup

wkdw T+v�, exw zlwk s @ t/ wkdw lv/ zlwk s ? 7t � 4=
Wkhq=

mduj urrwv+So+v�,,m A �
�

5

dqg

4T
o

+v
4
t � eo,

@

T
o

So+v�,T
o

To+v,
@

Sps+v�,

T+v,

zlwk

mduj+urrwv+Sps+v
�,,m A �

�

5

mduj+urrwv+T+v,,m ?
�

5

Ilqdoo|/ zh fdq vwdwh wkdw=



4

+vu � e,
@

4T
o

+v
4
t � eo,Tps+v�,

@
Sps+v�,

Tps+v�,T+v,
+48,

Lq wkh oljkw ri wkh iruphu uhvxowv/ zh fdq vroyh rxu sure0
ohp e| shuiruplqj wkh iroorzlqj surfhgxuh=

41 Li wkh ixqfwlrq J+v, kdv idfwruv ri wkh irup +vu�
e, zlwk u @ s

t
> � @ 4

t
> s dqg t uhodwlyho| sulph

srvlwlyh lqwhjhuv/ dqg mduj em ? ��
5
> dsso| wkhruhp

5 lq rughu wr rewdlq

J+v, @ Jps+v, eJ+v,

zlwk eJ+v, d udwlrqdo ixqfwlrq ri v=

51 Dsso| htxdwlrq +<, wr rewdlq I �+v,=

8 Looxvwudwlyh H{dpsoh

Wkh surfhgxuh ghyhorshg lq wkh suhfhglqj vhfwlrq lv
qrz xvhg wr ghvljq wkh rswlpdo �owhu ru ihhgiruzdug
frqwuroohu I +v, iru wkh v|vwhp vkrzq lq �jxuh 51 Wkh
ihhgedfn yhuvlrq ri wklv sureohp lv vkrzq lq �jxuh 6/
zkhuh

U+v, @
I +v,

4� I +v,J+v,
+49,

Wkh wudqvihu ixqfwlrq J+v, lv ri wkh irup J+v, @ h�
s
v/

dqg lw fdq eh ruljlqdwhg e| glvwulexwhg sdudphwhu v|v0
whpv ghvfulehg e| sduderolf sduwldo gl�huhqwldo htxd0
wlrqv/ dv rqh0glphqvlrqdo khdw0 rz ru UF wudqvplvvlrq
olqhv +vhh ^43` ,1

Iljxuh 5= Ihhgiruzdug frqwuro sureohp

Vlqfh wkh surfhgxuh kdv ehhq ghyhorshg iru frpphq0
vxudwh rughu v|vwhpv/ wkh �uvw vwhs lv wkh vhohfwlrq ri
d vxlwdeoh dssur{lpdwlrq iru wkh ixqfwlrq h�

s
v= Vdwlv0

idfwru| uhvxowv duh rewdlqhg zlwk wkh irxu rughu Sdgì
dssur{lpdwlrq

Iljxuh 6= Ihhgedfn frqwuro sureohp

hJ+v, @
v5 � 53v

s
v.4;3v� ;73

s
v. 49;3

v5 . 53v
s
v.4;3v. ;73

s
v. 49;3

+4:,

Wkh srohv dqg }hurv ri hJ+v, duh

}4>5 @ 7=53:9	 m8=647; @ 9=::;:h	m3=<345

}6>7 @ 8=:<57	 m4=:678 @ 9=3798h	m3=5<3<

s4>5 @ �7=53:9	 m8=647; @ 9=::;:h	m5=5737

s6>7 @ �8=:<57	 m4=:678 @ 9=3798h	m5=;83:

Dv fdq eh vhhq/ hJ+v, lv d udwlrqdo ixqfwlrq ri wkh frp0
soh{ yduldeoh v�> � @ 4

5 = Rq wkh rwkhu kdqg/ wklv ixqf0
wlrq fruuhvsrqgv wr d qrq0plqlpxp skdvh v|vwhp/ vlqfh
wkdw mduj+}6>7,m @ 3=5<3< ? ��

7 @ �
7 =

814 Vroxwlrq

Wkh vroxwlrq iru wkh fdvh ri [+v, @ [3+v, @
4
v
/ dqg

qrw frqvwudlqwv ri wkh irup +5,/ zloo eh rewdlqhg e|
shuiruplqj wkh iroorzlqj vwhsv=

81414 Idfwrul}dwlrq ri hJ+v,= Lq ylhz ri wkh

}hur0sroh pds ri hJ+v, wkh iroorzlqj idfwrul}dwlrq fdq
eh pdgh=

hJ+v, @
+v� ;=7485

s
v.78=<846,

+v.;=7485
s
v.78=<846,

+v� 44=8;7;
s
v.69=8938,

+v.44=8;7;
s
v.69=8938,

@
+
s
v� }4, +

s
v� }5,

+
s
v� s4, +

s
v� s4,

+
s
v� }6, +

s
v� }7,

+
s
v� s4, +

s
v� s4,

Dsso|lqj wkhruhp 5 wr idfwruv +
s
v� }6, +

s
v� }7,/ wkh

iroorzlqj uhvxow lv rewdlqhg

+
s
v. }6,+

s
v. }7,

@
+
s
v. }6,+

s
v. }7,+

s
v� }6,+

s
v� }7,

+
s
v� }6,+

s
v� }7,



@
+v� }56 ,+v� }57 ,

+
s
v� }6,+

s
v� }7,

@
v5 � 94=43;:v. 4669=9:4<

v. 44=8;7;
s
v. 69=8938

@
T+v,

Sps+v,

Qrz/ hJ+v, fdq eh h{suhvvhg dv

hJ+v, @ Jps+v, eJ+v,

zlwk

Jps+v, @
+
s
v� }4, +

s
v� }5,

+
s
v� s4, +

s
v� s4,

4

+
s
v� s4, +

s
v� s4,Sps+v,

@
v� ;=7485

s
v.78=<846

+v. ;=7485
s
v.78=<846,

5

4

+v. 44=8;7;
s
v. 69=8938,eJ+v, @ T+v, @ v5 � 94=43;:v. 4669=9:4<

81415 Rewhqwlrq ri I�+v,= Zlwk

[+v, @ [3+v, @
4

v
$ [+�v, @ [3+�v, @ �4

v

wkh idfwruv ri h{suhvvlrq +<, duh=

^[+v,[+�v,`� @ [+�v,> ^[+v,[+�v,`. @[+v,

k eJ+v, eJ+�v,
l�

@ eJ+v,>
k eJ+v, eJ+�v,

l.
@ eJ+�v,

;A?A= [+�v, eJ+�v,[3+v,k eJ+v, eJ+�v,
l�

^[+v,[+�v,`�

<A@A>
.

@
4

v

dqg wkh vroxwlrq ehfrphv

I �+v, @ @
+v.;=7485

s
v.78=<846,

+v� ;=7485
s
v.78=<846,

+v. 44=8;7;
s
v. 69=8938,

5

+v5 . 94=43;:v.4669=9:4<,

zklfk lv d iudfwlrqdo rughu �owhu ru frqwuroohu1

9 Frqfoxvlrqv dqg ixuwkhu zrun

Lq wklv sdshu dq hdv| surfhgxuh kdv ehhq ghyhorshg
zklfk doorzv wr xvh wkh Zlhqhu0Krsi phwkrg iru ghvljq0
lqj rswlpdo �owhuv dqg frqwuroohuv lq wkh fdvh ri d pruh
jhqhudo fodvv ri OWL v|vwhpv/ wkh vr0fdoohg frpphqvx0
udwh rughu v|vwhpv/ ghvfulehg lq wkh Odsodfh grpdlq e|
wudqvihu ixqfwlrqv zklfk duh udwlrv ri sro|qrpldov lq wkh
frpsoh{ yduldeoh v�> � @ 4

t
> t ehlqj d srvlwlyh lqwhjhu1

Lw kdv ehhq vkrzq wkdw wkh vshfwudo idfwrul}dwlrq sure0
ohp fdq eh uhgxfhg wr wkh zhoo nqrzq fdvh ri udwlrqdo
wudqvihu ixqfwlrqv zlwkrxw dssur{lpdwlrqv1 Dq h{dp0
soh kdv ehhq jlyhq wr looxvwudwh wkh dssolfdwlrq ri wkh
surfhgxuh1

D vwhs ixuwkhu fdq eh pdgh dw ohdvw lq wzr zd|v= e|
lqwurgxflqj vhqvlwlylw| frqvlghudwlrqv lqwr wkh sureohp/
dqg e| ghyhorslqj d pruh jhqhudo surfhgxuh dssolfdeoh
wr lqfrpphqvxudwh rughu v|vwhpv/ wkdw lv/ v|vwhpv gh0
vfulehg e| jhqhudol}hg iudfwlrqdo gl�huhqwldo htxdwlrqv1
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