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Abstract

This paper analyzes the robustness of a nonlin-
ear observer design recently introduced by the
authors. For uncertainties in the nonlinearities,
bounds are given within which the observer er-
ror gradually increases with an increase in the
uncertainty. For dynamic modeling errors, a ro-
bust output-feedback design is developed using
ISS small-gain tools. A jet engine compressor ex-
ample is used to illustrate the design.

1 Introduction

The global observer designs in the literature
severely restrict classes of systems and nonlineari-
ties. Early efforts by Thau [16], Kou et al. [7],
Banks [2], and their recent extensions, such as
Raghavan and Hedrick [13], and Rajamani [14],
restrict the state dependent nonlinearities to be
globally Lipschitz. An alternative is to restrict the
system structure so that the nonlinearities appear
as functions of the measured output. This class
of systems has been characterized by Krener and
Isidori [8], Bestle and Zeitz [3], and other authors.
Global high-gain observers have been designed by
Gauthier et al. [4], again under a global Lipschitz
assumption.

In [1] we have presented an observer design which
removes the global Lipschitz restriction from state
dependent nonlinearities. This design represents
the observer error system as the feedback inter-
connection of a linear system and a time-varying
sector nonlinearity. Then, the observer gain matri-
ces are selected to satisfy the circle criterion and,
hence, to drive the observer error to zero. The
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class of systems for which this design is applicable
is characterized with two restrictions imposed by
the circle criterion. First, a linear matrix inequal-
ity (LMI) is to be feasible, which implies a positive
real property for the linear part of the observer
error system. The second restriction is that the
nonlinearities be nondecreasing functions of linear
combinations of unmeasured states. This restric-
tion ensures that the vector time-varying nonlin-
earity in the observer error system satisfies the sec-
tor condition of the circle criterion.

In this paper we analyze the robustness of the
new observer against modeling errors. We first
study uncertainties in the nonlinearities and give
bounds within which the observer error gradually
increases with an increase in the modeling error.
Next, we consider unmodeled dynamics, such as
those studied by Praly and Jiang [12], and propose
a small-gain design for observer-based control.

In Section 2 we review the observer design of [1],
and analyze its robustness against inexact mod-
eling of nonlinearities. In Section 3, we present
our robust output-feedback design for unmodeled
dynamics. A jet engine compressor example in
Section 4 is used to illustrate the design, where
the subsystem that does not meet the observer re-
quirement is treated as unmodeled dynamics.

2 The Observer Design

For our observer design we consider the plant

ẋ = Ax+Gγ(Hx) + �(y, u) (1)
y = Cx ,

where x ∈ IRn is the state, y ∈ IRp is the mea-
sured output, u ∈ IRm is the control input, the
pair (A,C) is detectable, and, γ(·) and �(·, ·) are



locally Lipschitz. The state dependent nonlinear-
ity γ(Hx) is an r-dimensional vector where each
entry is a function of a linear combination of the
states

γi = γi(
n∑

j=1

Hijxj), i = 1, · · · , r . (2)

Our main restriction is that each γi(·) be nonde-
creasing, that is, for all a, b ∈ IR, it satisfies

(a− b)[γi(a) − γi(b)] ≥ 0 . (3)

If γi(·) is continuously differentiable, then
dγi(v)/dv ≥ 0 for all v ∈ IR. If, instead, γi(·) sat-
isfies dγi(v)/dv ≥ gi, gi �= 0, we can still represent
the system as in (1)-(3) by defining a new function
γ̃i(v) := γi(v) − giv which satisfies dγ̃i(v)/dv ≥ 0,
and absorbing giv in the linear part of the system.
When the nonlinearity γ(Hx) also depends on y
and u, we require that the nondecreasing property
(3) hold for each y ∈ IRp and u ∈ IRm.

For the plant (1), we construct an observer in the
form

˙̂x = Ax̂+L(Cx̂−y)+Gγ(Hx̂+K(Cx̂−y))+�(y, u) .
(4)

Our design task is to determine the observer ma-
trices K ∈ IRr×p and L ∈ IRn×p. For the observer
equation to be well-defined, the uniqueness of the
solutions x(t) of (1) is guaranteed by restricting
the control law u = α(y, x̂) to be locally Lipschitz
in (y, x̂). As will be further clarified in Section
3, we also assume that u = α(y, x̂) ensures the
absence of finite escape for x(t).

From (1) and (4), the dynamics of the observer
error e = x− x̂ are governed by

ė = (A+ LC)e+G [γ(v) − γ(w)] , (5)

where

v := Hx, w := Hx̂+K(Cx̂− y) . (6)

We begin the observer design by representing the
observer error system (5) as the feedback intercon-
nection of a linear system and a multivariable sec-
tor nonlinearity. To this end, we view γ(v)− γ(w)
as a function ϕ of v and z := v−w = (H +KC)e,
that is, a time-varying nonlinearity in z:

ϕ(t, z) := γ(v) − γ(w) , (7)

where the time dependence is due to v(t). Sub-
stituting (7), we rewrite the observer error system
(5) as

ė = (A+ LC)e+Gϕ(t, z) (8)
z = (H +KC)e ,

and note from (3) that each component of ϕ(t, z)
satisfies

ziϕi(t, zi) ≥ 0 , ∀zi ∈ IR . (9)

Thanks to this sector property of each ϕi(t, zi), the
product ϕ(t, z)T Λz is nonnegative for any diagonal
Λ > 0. This means that the feedback path in the
observer error system depicted in Figure 1 is a
multivariable sector nonlinearity. Thus, from the
multivariable circle criterion, asymptotic stability
is guaranteed if the linear system with input ϑ and
output Λz is SPR, that is, if a matrix P = P T > 0,
a constant ν > 0, and a diagonal matrix Λ > 0
exist such that

(A+ LC)TP + P (A+ LC) + νI ≤ 0
PG+ (H +KC)T Λ = 0 . (10)

In this way, the observer design for system (1) is
reduced to the problem of finding observer matri-
ces K and L such that (10) is satisfied with some
P = P T > 0, Λ > 0, and ν > 0. Because (10) is
a LMI in P , PL, Λ, ΛK and ν, we can use the
efficient numerical tools available for LMI’s to de-
termine whether the problem is feasible and, if so,
to compute K and L.

ė = (A+ LC)e−Gϑ
z = (H +KC)e

z

zϕ(t, z) Λz

Λz

−

ϑ

Λ−1

Λ

ϕ1(t, ·)

ϕr(t, ·)
. . .

Figure 1: Observer error system.

To analyze the robustness of the observer against
inexact modeling of nonlinearities, we suppose
that instead of (1), the plant is

ẋ = Ax+G[γ(Hx) + ∆(Hx)µ(t)] + �(y, u) , (11)



where µ(t) is an unknown bounded disturbance.
Then, using the observer (4), we get the observer
error system

ė = (A+LC)e+G [γ(v)−γ(w)+∆(v)µ(t)] , (12)

where v and w are as in (6).

We now characterize admissible nonlinearities ∆(·)
for which the observer (4) guarantees an ISS prop-
erty from the disturbance µ(t) to the observer er-
ror e(t).

Theorem 1 Consider the plant (11) and the ob-
server (4). Suppose x(t) exists for all t ≥ 0, and
that the LMI (10) holds with a matrix P = P T >
0, a constant ν > 0, and a diagonal matrix Λ > 0.
If, for each i = 1, · · · , r, there exists a class-K
function σi(·) such that, for all a, b, µ ∈ IR,

(a− b)[γi(a) − γi(b) + ∆i(a)µ] ≥ −σi(|µ|) , (13)

then the observer error e(t) satisfies, for all t ≥ 0,

|e(t)| ≤ κ|e(0)| exp(−βt) + ρ

(
sup

0≤τ≤t
|µ(τ)|

)
,

(14)

where κ =
√

λmax(P )
λmin(P ) , β = ν

2λmax(P ) , and the ISS-

gain from µ(t) to e(t) is

ρ(·) = κ

√√√√2
ν

r∑
i=1

λi σi(·). (15)

Proof: We use V = eTPe as an ISS-Lyapunov
function, and evaluate its derivative for (12):

V̇ ≤ −ν|e|2 (16)

−2
r∑

i=1

λi (vi − wi) [γi(vi) − γi(wi) + ∆i(vi)µ] .

Substituting (13), we obtain

V̇ ≤ −2βV + 2
r∑

i=1

λi σi(|µ|) , (17)

from which it follows that

V (t) ≤ V (0) exp(−2βt) (18)

+
1
β

(
r∑

i=1

λi sup
0≤τ≤t

σi(|µ(τ)|)
)
.

Thus, (14) and (15) result from 1
βλmin(P ) = 2κ2

ν . 2

The ISS property established by Theorem 1 shows
that e(t) degrades gracefully with the increase in
the magnitude of the disturbance µ(t). As µ(t)
vanishes, we recover exponential convergence of
the observer error to zero.

The dependence of admissible nonlinearities ∆(·)
on γ(·) is characterized by (13). For example, if
γ(·) is cubic, then ∆(·) is allowed to be linear. In
this case, (13) is satisfied because

(a− b)[a3 − b3 + aµ] ≥ −1
3
µ2 (19)

holds for all a, b, µ ∈ IR due to the identity a3 −
b3 = (a− b)(a2 +ab+ b2). On the other hand, (13)
does not hold for cubic γ(·) and quadratic ∆(·).
To see this, we evaluate (a− b)[a3 − b3 +a2µ] with
b = a+ 1

a , and note that, for any fixed µ > 0, the
resulting function 3 + 3

a2 + 1
a4 − aµ tends to −∞

as a→ +∞, thus violating (13).

3 Robust Output-Feedback Design

We now extend the results of Section 2 to achieve
robustness against dynamic modeling errors. We
consider the problem of output-feedback stabiliza-
tion for the locally Lipschitz system

ẋ = Ax+G[γ(Hx) + ∆(Hx)µ] + �(y, u) (20)
y = Cx

ξ̇ = q(ξ, h(x)) (21)
µ = p(ξ, h(x)) ,

where γ(·) and ∆(·) are as in (13), and the ξ-
subsystem (21) represents unmodeled dynamics.
This formulation extends the applicability of our
observer because, if there is a subsystem to which
the observer is not applicable, it can be treated as
unmodeled dynamics.

The unmodeled dynamics (21) are assumed to pos-
sess the following input-to-output stability (IOS),
and ISS properties:

|µ(t)| ≤ max

{
βµ(|ξ(0)|, t), ρµh

(
sup

0≤τ≤t
|h(x(τ))|

)}

(22)

|ξ(t)| ≤ max

{
βξ(|ξ(0)|, t), ρξh

(
sup

0≤τ≤t
|h(x(τ))|

)}

(23)



where βµ(·, ·), βξ(·, ·) are class-KL functions, and
ρµh(·), ρξh(·) are class-K functions.

The ISS property of the observer error is now
rewritten in the ‘max’ form of Teel [15], which
is suitable for the small-gain analysis we will em-
ploy. Using the fact that for each ρ(·) ∈ K∞ ,
∀a, b ≥ 0, a + b ≤ max{(I + ρ)(a), (I + ρ−1)(b)},
where I(·) = (·) represents the identity function,
we get

|e(t)| ≤ max

{
βe(|e(0)|, t), ρeµ

(
sup

0≤τ≤t
|µ(τ)|

)}
.

(24)

Plant
Observer

error
system

µ

µ

e h(x)

Unmodeled
dynamics

Figure 2: Closed-loop system with observer feedback.

To prepare for a small-gain design of u = α(y, x̂),
we represent the closed-loop system with the
block-diagram in Figure 2. The gains of the un-
modeled dynamics block and the observer error
block are ρµh(·) and ρeµ(·), respectively. Let ρhe(·)
and ρhµ(·) be the plant gains from e and µ to
h(x), respectively. The task for the control law
u = α(y, x̂) is to render ρhe(·) and ρhµ(·) small
enough for the inner loop gain ρhµ ◦ ρµh(·), and
the outer loop gain ρhe ◦ ρeµ ◦ ρµh(·) to satisfy, for
all s > 0,

ρhµ ◦ ρµh(s) < s (25)
ρhe ◦ ρeµ ◦ ρµh(s) < s . (26)

Then, global asymptotic stability (GAS) of the
closed-loop system will be guaranteed as in the
nonlinear small-gain theorem of Teel et al. [6, 15].

Theorem 2 Consider the system (20)-(21), in
which γ(·) and ∆(·) satisfy (13), and the ξ-
subsystem satisfies (22) and (23). Suppose that
the observer

˙̂x = Ax̂+L(Cx̂−y)+Gγ(Hx̂+K(Cx̂−y))+�(y, u)
(27)

is such that the LMI (10) holds with a matrix P =
P T > 0, a constant ν > 0, and a diagonal matrix
Λ > 0. If the control law u = α(y, x̂) guarantees

|h(x(t))| ≤ max

{
βh(|x(0)|, t) , (28)

ρhµ

(
sup

0≤τ≤t
|µ(τ)|

)
, ρhe

(
sup

0≤τ≤t
|e(τ)|

)}

|x(t)| ≤ max

{
βx(|x(0)|, t) , (29)

ρxµ

(
sup

0≤τ≤t
|µ(τ)|

)
, ρxe

(
sup

0≤τ≤t
|e(τ)|

)}
,

where ρhµ(·) and ρhe(·) satisfy (25) and (26), re-
spectively, then the origin of the closed-loop system
(20), (21), (27) is globally asymptotically stable.

4 Design Example

An axial compressor model, which has been the
starting point for jet engine control studies, is
the following single-mode approximation of a PDE
model due to Moore and Greitzer [11],

φ̇ = −ψ +
3
2
φ+

1
2
− 1

2
(φ+ 1)3 − 3(φ+ 1)R

ψ̇ =
1
β2

(φ+ 1 − u) (30)

Ṙ = σR(−2φ− φ2 −R) , R(0) ≥ 0 ,

where φ and ψ are the deviations of the mass flow
and the pressure rise from their set points, the con-
trol input u is the flow through the throttle, and,
σ and β are positive constants. This model cap-
tures the main surge instability between the mass
flow and the pressure rise. It also incorporates the
nonnegative magnitude R of the first stall mode.

A state feedback GAS control law in [10, Section
2.4] was replaced by a design using φ and ψ in
[9]. With a high-gain observer, Isidori [5, Section
12.7] obtained a semiglobal result using the mea-
surement of ψ alone. With y = ψ, we will now
achieve GAS for (30). Our exact observer cannot
be designed because of the nonlinearities φR and
φ2R. However, the (φ,ψ)-subsystem contains the
nondecreasing nonlinearity (φ+ 1)3, and is of the
form (20) with disturbance µ = R. This suggests
that we treat the R-subsystem as unmodeled dy-
namics and apply the design of Section 3.



First, we prove that µ = R satisfies the IOS prop-
erty (22) with h(x) = φ as the input. With
V = R2 as an ISS-Lyapunov function, R ≥ 2.1|φ|
implies V̇ ≤ −0.09σR3, because R(t) ≥ 0 for all
t ≥ 0. This means that (22) holds with the linear
gain

ρµh(·) = 2.1(·) , (31)

and, since µ = ξ = R, the ISS property (23) is also
satisfied.

To design a reduced-order observer for the (φ,ψ)-
subsystem, we let χ = φ+Nψ, and obtain

χ̇ =
(

3
2

+
N

β2

)
χ− 1

2
(χ−Nψ + 1)3

−3(χ−Nψ + 1)R + �̄(ψ, u) , (32)

where

�̄(ψ, u) := −
(

3
2

+
N

β2

)
Nψ − ψ +

1
2

+
N

β2
(1 − u) .

(33)
The resulting observer is the scalar equation

˙̂χ =
(

3
2

+
N

β2

)
χ̂− 1

2
(χ̂−Nψ + 1)3 + �̄(ψ, u)

φ̂ = χ̂−Nψ . (34)

For its implementation we select N such that

k := −
(

3
2

+
N

β2

)
> 0 . (35)

To prove the ISS property (24) for the observer
error eφ = φ − φ̂, we employ the ISS-Lyapunov
function Ve = e2φ, and evaluate its derivative for

ėφ = −keφ − 1
2

(a3 − b3 + 6aR) , (36)

where a := χ − Nψ + 1 and b = χ̂ − Nψ + 1.
Employing the inequality (19), and substituting
a− b = eφ, we get

V̇e ≤ −2ke2φ + 12R2 , (37)

from which |eφ| ≥
√

6.1
k |R| implies V̇e ≤ −0.03ke2φ,

and, hence, the ISS property (24) holds with the
linear gain

ρeµ(·) =
√

6.1
k

(·). (38)

We are now ready to design a control law as in
Theorem 2. Noting that the (φ,ψ)-subsystem in
(30) is in strict feedback form, we apply one step

of observer backstepping, [10]. For ψ, we design
the virtual control law α0 = c1φ̂. Denoting

ω := ψ − c1φ̂ = ψ − c1φ+ c1eφ, (39)

we rewrite the φ̇-equation as

φ̇ = −c1φ− 3
2
φ2− 1

2
φ3−3φR−ω−3R+c1eφ . (40)

The substitution of (34) in (39) yields ω = (1 +
Nc1)ψ − c1χ̂, and, from (30) and (34),

ω̇ =
1 +Nc1
β2

φ+
1
β2

(1 − u) + Γ(φ̂, ψ) , (41)

where Γ(φ̂, ψ) := c1ψ + c1kφ̂ + c1
2 (φ̂ + 1)3 − c1

2 .
Then, the control law

u = 1 + (1 +Nc1)φ̂+ β2(c2ω + Γ(φ̂, ψ)) (42)

is implementable using the signals ψ and φ̂, and
results in

ω̇ = −c2ω +
1 +Nc1
β2

eφ. (43)

The remaining task is to select the design param-
eters c1 and c2 such that (28) and (29) are satis-
fied. For the ISS-Lyapunov function W (φ, ω) :=
1
2φ

2 + 1
2ω

2, the inequalities −3
2φ

3 ≤ 9
8φ

2 + 1
2φ

4,
−φω ≤ 1

2φ
2 + 1

2ω
2, −3φR ≤ 9

4φ
2 +R2, −3φ2R ≤ 0

(because R(t) ≥ 0), c1φeφ ≤ c1
2 φ

2 + c1
2 e

2
φ, and

1+Nc1
β2 ωeφ ≤ (1+Nc1)2

2β4c1
ω2 + c1

2 e
2
φ, yield

Ẇ ≤ −
(
c1
2

− 31
8

)
φ2 (44)

−
(
c2 − 1

2
− (1 +Nc1)2

2β4c1

)
ω2 +R2 + c1e

2
φ .

We let c > 0, and select c1 and c2 to satisfy

(
c1
2

− 31
8

)
> c,

(
c2 − 1

2
− (1 +Nc1)2

2β4c1

)
> c,

(45)
so that

Ẇ ≤ −c(φ2 + ω2) +R2 + (2c+
31
4

)e2φ , (46)

from which (29) follows for x = (φ,ψ). For h(x) =
φ and µ = R, we now compute the gains ρhµ(·)
and ρhe(·) in (28). Using the fact that for each



constant θ > 0, a+b ≤ max
{
(1 + θ−1)a, (1 + θ)b

}
for all a, b ≥ 0, we obtain

Ẇ ≤ −c(φ2 + ω2) +R2 + (2c+
31
4

)e2φ (47)

≤ −2cW + (48)

max
{

(1 + θ−1)R2, (1 + θ)(2c+
31
4

)e2φ

}
,

from which it follows that

W ≥ max

{
(1 + θ−1)

1.9c
R2,

(1 + θ)
1.9c

(2c +
31
4

)e2φ

}

⇒ Ẇ ≤ −0.1cW . (49)

Then, (28) follows because |φ| ≤ √
2W , and the

gains are

ρhµ(·) =

√
(1 + θ−1)

0.95c
(·) (50)

ρhe(·) =

√
(1 + θ)

(
2

0.95
+

31
3.8c

)
(·) . (51)

Using (31), (38), (50) and (51), the inner and outer
loop small-gain conditions, (25) and (26) are, re-
spectively,

2.1

√
(1 + θ−1)

0.95c
< 1 , (52)

2.1
√

6.1
k

√
(1 + θ)

(
2

0.95
+

31
3.8c

)
< 1 . (53)

Selecting c > 0 and k > 0 sufficiently large ensures
that (52) and (53) hold. Additional freedom for
the selection of c and k is obtained from θ > 0,
which allocates the inner and outer loop gains.

5 Conclusion

We have analyzed the robustness of the nonlinear
observer introduced in [1]. This robustness prop-
erty is due to the use of the circle criterion, which
rendered the linear part of the observer error sys-
tem positive real. This indicates the possibility
of improving robustness of observers by requiring
certain structural properties for the observer er-
ror system, such as positive realness. The use of
our observer in conjunction with small-gain tools
has led to an output-feedback design procedure,
illustrated on the jet engine compressor example.
Such combined use of observer and controller de-
sign tools is a promising research direction for non-
linear output-feedback control.
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