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Abstract

A standard geometric-type environment, where only the
very basic tools of the geometric approach are used (those
supported by well-settled and well-tested computational
aids) enables the development of algorithms for numer-
ous control and estimation problems in the discrete-time
case. These are: measurable or previewed signal localiza-
tion problems, perfect or almost perfect tracking (right in-
version), and, by duality, perfect or almost perfect unknown-
input estimation with possible postknowledge and input re-
construction (left inversion). It is also shown that the devices
obtained (compensator and observer), that may be noncausal
when specific stability requirements are not met, can be
implemented as dynamical systems including finite-horizon
convolutors or finite impulse response (FIR) systems.

Keywords: discrete-time systems, disturbance decoupling,
unknown-input observers, perfect tracking, geometric ap-
proach.

1 Introduction

This contribution considers two problems: perfect or almost
perfect decoupling of a signal measurable or known in ad-
vance and perfect or almost perfect unknown-input obser-
vation of a linear function of the state with a possible post-
knowledge. They are the natural extensions of the classi-
cal disturbance decoupling and unknown-input observation
problems, whose duality was pointed out in the very early
approaches with geometric tools. Its motivation is the recent
growth of importance and interest in the second problem,
due to its connection with fault detection: a considerable
number of new solutions to the unknown-input observation
problem have recently been published, most of them giving
numerical examples, that can also be easily handled and ex-
tended with the techniques described in this paper.

It is herein shown that a very complete and easily mecha-
nizable algorithmic support is achievable for both problems
in the discrete-time case, but also valid in particular cases
for continuous-time systems. This is pointed out by solving
a “benchmark example” often considered in the literature.
Minimality of the decoupling compensators or unknown-

input observers is obtained by using for their synthesis the
minimal element of the lattice of self-bounded controlled in-
variants, see [1]. Only the former concepts and algorithms
of the geometric approach (controlled and conditioned in-
variants) are used, without any need for their extensions
(output nulling subspaces or almost controlled and condi-
tioned invariants). The algorithms herein presented are im-
plementable with the standard geometric approach software.

The main difference between the approach presented in
this paper and previous investigations is that the possibil-
ity of trading stabilizability with preview (in the control
problem) or postknowledge (in the observation problem) is
pointed out for the first time with very simple and intuitive
geometric-type arguments. In fact, only the relative-degree
preaction or postknowledge were considered before.

The following notation is used. IR stands for the field of real
numbers. Sets, vector spaces and subspaces are denoted by
script capitals likeV , matrices and linear maps by slanted
capitals likeA, the image and the null space ofA by im A
andkerA, respectively, the transpose ofA by AT, the pseu-
doinverse byA#, and the spectrum byσ(A).

2 The basic problems considered

In this section, the two basic problems, that are dual with
each other, are stated, and a set of necessary and sufficient
conditions for their solvability, corresponding to different
(less or more restrictive) requirements on preaction or post-
knowledge, are derived.

2.1 Previewed signal decoupling
Consider the discrete time-invariant dynamical systemΣ de-
scribed by:

x(k + 1) = Ax(k) + B u(k) + H h(k) ,

y(k) = C x(k) ,
(1)

with statex∈ IRn, control input u∈ IRp, (possibly) pre-
viewed inputh∈ IRs, controlled outputy∈ IRq, matrices
B and H full column rank and matrixC full row rank.
The following standard symbols, referring to system (1),
are used: B for im B, H for im H , C for kerC, V∗

for the maximum(A,B)-controlled invariant contained in



C [maxV(A,B, C)], V∗
g for the maximum internally sta-

bilizable (A,B)-controlled invariant contained inC, S∗

for the minimum(A, C)-conditioned invariant containing
B [minS(A, C,B)] and RV∗ for the reachable set on
V∗, computable asV∗ ∩S∗. Also recall that(A, B, C)
is left-invertible if V∗ ∩S∗ = {0}, and right-invertible if
V∗ +S∗ = IRn. Let us refer to the block diagram shown in
Fig. 1, where a possiblekp-step preview of inputh is repre-
sented with a delay before application toΣ, andΣc denotes
the compensator to be derived.

h(k + kp)
kp-delay

h(k)

u(k) Σ
Σc

y(k)

Figure 1: Decoupling of a measurable or previewed signal.

Problem 1 (decoupling of a measurable or previewed in-
put) Refer to system (1) with zero initial condition and as-
sume that it is stable and that inputh is previewed bykp

instants of time,0 <kp ≤∞. Determine a compensator
having h(k + kp) as input andu(k) as output, that sets
y(k) to be identically zero while maintaining the state of
Σ bounded.

Remark 1 (extension to non-purely dynamic sys-
tems) If the second equation in (1) is generalized as
y(k)=C x(k)+ D u(k)+ M h(k), insert a dummy unit
delay at the output and include it in the system equations,
thus recovering a purely dynamic system for which Problem
1 has clearly the same solution.

The following Property 1 is an extension of the classical dis-
turbance decoupling problem ([2], [17]). It was presented in
[16], while its dual (Property 3) had been presented just one
year before in [4], all referring to continuous-time systems,
thus requiring derivatives of input in control or of output in
observation. Insights in meaning and proof are particularly
straightforward in the discrete-time case. The algorithm pre-
sented in the next section constructively proves the “if” part,
while the “only if” part is a consequence of the maximality
of V∗ as a locus of initial states inC corresponding to trajec-
tories indefinitely controllable inC, and to the maximality
of S∗ as a set of states that can be reached from the origin in
a finite number of steps with all the intermediate states inC
except the last one.

Property 1 (structural condition)Problem 1 is solvable if
and only if

H ⊆ V∗ + S∗ . (2)

The structural condition (2) guarantees that Problem 1 is
solvable, possibly withkp =∞. If the more restrictive nec-

essary and sufficient condition stated in the following Prop-
erty 2 is satisfied, solution of Problem 1 is achievable with a
finite value ofkp.

Property 2 (preview time and stability condition)Refer to
the standard conditioned invariant algorithm

S0 := B ,
Si := A (Si−1 ∩ C) + B , i = 1, . . . , ρm ,

(3)

with Sρm =S∗. Problem 1 is solvable with a finite preview
timekp = ρ if and only if

1. H⊆V∗ +Sρ;
2. Vm :=V∗ ∩minS(A, C,B+H) is internally stabilizable.

The condition stated in Property 2 is an improvement of the
well-known conditionH⊆V∗

g +Sρ (whereV∗
g denotes the

restriction ofV∗ having only “good” modes, in Wonham’s
notation), first stated in [11]. It is more convenient from the
algorithmic standpoint since it provides asVm a minimal-
dimension self-bounded controlled invariant, thus implying
order reduction of the derived decoupling compensators or
unknown-input observers in the dual case.

A proof of Property 2 is available in [1], where a different,
equivalent expression forVm is also provided.

Properties 1 and 2 have the following consequences.

1. Let us assumeH= IRn (all the components of the state
are independently affected byh). By condition (2), in this
case the problem is solvable if and only ifV∗ +S∗ = IRn,
i.e., if and only if the triple(A, B, C) is right-invertible.
2. If conditions 1 and 2 in Property 2 are satisfied forρ =0,
Problem 1 reduces to the standard localization or decoupling
of a measurable disturbance. In this case the algorithmic
setting considered in the next section can also be used for
continuous-time systems without any need for differentia-
tors.
3. Since the internal unassignable eigenvalues ofVm are
a part of those ofV∗ – the invariant zeros of the triple
(A, B, C) – condition 2 in Property 2 is satisfied if (but not
only if) this triple is minimum-phase.
4. If condition 2 of Property 2 is not satisfied forρ = ρm

(i.e., Vm is not internally stabilizable), an infinite or very
large preview time is necessary and the compensator must
include a FIR system. This is achievable in practice in
some cases (for instance, in completely pre-programmed
machine-tool or robot motion control ending in a rest po-
sition). However, almost perfect decoupling is possible with
a FIR system when the preview time is significantly greater
than the time constant of the most significant unstable inter-
nal unassignable eigenvalue ofVm.

Let us now consider the dual setting.



2.2 Unknown-input estimation of inaccessible output or
state
Refer to the discrete time-invariant dynamical systemΣd

described by:

x(k + 1) = Ax(k) + B u(k) ,

y(k) = C x(k) ,

e(k) = E x(k) ,

(4)

with statex∈ IRn, inaccesible inputu∈ IRp, informative
outputy∈ IRq, output to be estimatede∈ IRs, matrixB full
column rank and matricesC andE full row rank. The sym-
bolsB, C,V∗, S∗ denote the same subspaces already defined
when dealing with Problem 1, whileE is used forkerE. Let
us refer to the block diagram shown in Fig. 2, where a pos-
siblekp-step postknowledge of outpute is represented with
a delay andΣe denotes the estimator to be derived.

u(k)
e(k)

y(k)

e(k−kp)

−ẽ(k−kp)

kp-delay
Σd

Σe

Figure 2: Unknown-input current or delayed observation of a
linear function of the state.

Problem 2 (unknown-input current or delayed estimation
of a linear function of the state)Refer to system (4). Deter-
mine a stable dynamic observer, havingy(k) as input and
giving as output−ẽ(k− kp), an estimate of the opposite of
the outpute(k) delayed bykp instants of time,0 <kp ≤∞.
In other words, the observer is required to maintain the
estimation errorη(k− kp) := e(k− kp)− ẽ(k− kp) iden-
tically zero.

Remark 2 (extension to non-purely dynamic systems)If
the second and third equation in (4) are generalized as
y(k)=C x(k)+ D u(k), e(k)= E x(k)+ N u(k), insert a
dummy unit delay at the input and include it in the sys-
tem equations, thus recovering a purely dynamic system for
which Problem 2 has clearly the same solution.

Property 3 (structural condition)Problem 2 is solvable if
and only if

E ⊇ V∗ ∩ S∗ . (5)

Note that condition (5) is the dual of (2). In fact, Problem 2
is the dual of Problem 1 (see [2], [12] and [5]), and all the
previously stated conditions are still valid for it, provided
thatA is replaced byAT, B by CT, H by ET andC by BT.
The preview timekp becomes the postknowledge time in the
dual problem. Duality of conditions (5) and (2) follows from
the well-known identity(

maxV(A, im B, kerC)
)⊥ =

minS(AT, kerBT, im CT) .

Under the above replacements of matrices, Property 2 is also
valid for Problem 2, and the observer solving Problem 2 can
be derived as the dual of the compensator solving Problem
1. The remarks that follows Property 2 can also be easily
dualized. For instance, we conclude that, ifE = {0} (i.e., a
complete state estimation is required), Problem 2 is solv-
able if and only ifV∗ ∩S∗ = {0}, i.e., if and only if the
triple (A, B, C) is left-invertible. Infinite-time postknowl-
edge also has a meaning, corresponding to the case where
recorded data are processed in batch mode. However, al-
most perfect observation is also possible in this case with
a FIR system if the assumed postknowledge time is signifi-
cantly greater than the time constant of the most significant
unstable internal unassignable eigenvalue ofVm.

Remark 3 (right and left inversion)Perfect tracking (right
inversion) and reconstruction of an inaccessible input (left
inversion) can be solved as particular cases of Problems 1
and 2 as shown in Fig. 3. Note that the extensions to non-
purely dynamic systems considered in Remarks 1 and 2 are
necessary in these cases.

+ _

h y u
Σ

a)

u

e

y
Σd
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Figure 3: Schemes for multivariable right and left inversion.

3 An algorithmic solution

We consider here an algorithmic solution1 of Problem 1.
The basic idea, from a theoretical viewpoint, is synthesized
as follows. Let us recall thatVm is a locus of initial states
in C corresponding to trajectories indefinitely controllable
in C, while Sρ is the maximum set of states that can be
reached from the origin inρ +1 steps with all the states in
C except the last one. Suppose that an impulse is applied at
input h at the time instantρ + 1, producing an initial state
xh ∈H, decomposable asxh =xh,s + xh,v, with xh,s ∈Sρ

andxh,v ∈Vm. Let us apply the control sequence that drives
the state from the origin to−xh,s along a trajectory inSρ,
thus nulling the first component. The second component
can be maintained onVm by a suitable control action in the
time intervalρ +1≤k <∞ while avoiding divergence of
the state if all the internal unassignable modes ofVm are
stable or stabilizable. If not, it can be further decomposed
asxh,v =x′

h,v +x′′
h,v, with x′

h,v belonging to the subspace
of the stable or stabilizable internal modes ofVm andx′′

h,v

to that of the unstable modes. The former component can be
maintained onVm as before, while the latter can be nulled
by reaching−x′′

h,v with a control action in the time interval
−∞<k≤ ρ corresponding to a trajectory inVm from the
origin.

1Condition 1 in Property 2, implying the structural condition of Property
1, is assumed to be satisfied. Two different strategies are outlined according
to whether condition 2 in Property 2 is satisfied or not.



The following algorithmic procedure yields a feasible feed-
forward compensator based on the above ideas, hence also
supporting the non-minimum phase case. The algorithms
herein presented require that system (1) is left-invertible
with respect to the control input. Nevertheless, Algorithm 3
(listed next) provides a means to deal with non left-invertible
systems. Algorithms 1 and 2 provide the control and state
sequences for motions onSρ andVm, respectively, assuming
h(·)= I δ(k−ρ−1). To this aim, they require the decom-
position ofH asH =V H ′

1 +SH ′
2, whereV andS denote

basis matrices ofVm andSρ, respectively. Let us chooseF
such that(A+ BF )Vm ⊆Vm and perform the state space
basis transformationT := [ V S T1 ] , whereT1 is such that
T is nonsingular. The system matrices in the new basis have
the structures

A′ =


 A′

11 A′
12 A′

13

0 A′
22 A′

23

0 A′
32 A′

33


 , B′ =


 0

B′
2

0


 ,

C′ =
[

0 C′
2 C′

3

]
,

F ′ =
[

F ′
1 F ′

2 F ′
3

]
,

H ′ =


 H ′

1

H ′
2

0


 .

(6)

Algorithm 1 (Motion on Sρ) The controls U1(k),
k =0, . . . , ρ, and the corresponding statesX1(k),
k =1, . . . , ρ +1, are derived as follows.

1. Compute basis matricesMi for Si−1 ∩C, i =1, . . . , ρ.
SetMρ+1 := S andβ(ρ + 1) := H ′

2.
2. Compute the sequencesβ(i) andU1(i), i =1, . . . , ρ, as[

β(ρ − j)
U1(ρ − j)

]
=

[
AMρ−j B

]#
Mρ−j+1β(ρ − j + 1) ,

j = 0, . . . , ρ − 1 .

3. ComputeU1(0), driving the states from the origin to
M1β(1), byU1(0)=B#M1 β(1).
4. Compute the intermediate states asX1(i)= Mi β(i),
i =1, . . . , ρ + 1.

Algorithm 2 (Motion on Vm) If Vm is internally sta-
bilizable the motion onVm is provided by the pair
(A′

11, H
′
1) in (6), i.e. the controls areU2(ρ + 1 +

i)=F1A
i
11H̄

′
2, i =0, 1, . . ., and the statesX2(ρ + 1 +

i)=Ai
11H̄

′
2, i =0, 1, . . .. Conversely, ifVm is not internally

stabilizable, a further state space basis transformationT ′,
whose aim is to separate the stable and unstable modes of
Vm, is required. Refer to the matricesA′

11 andF ′
1: the cor-

responding matricesA′′
11, H ′

1 andF ′′
1 in the new basis have

the structures

A′′
11 =

[
As 0
0 Au

]
, H ′′

1 =
[

Hs

Hu

]
,

F ′′
1 =

[
Fs Fu

]
.

A preaction, nulling the unstable component of the state
Hu at the time instantρ +1, must be computed back-
ward through the matrixAu. The controlsU3(ρ−j) := −

FuA−j−1
u H̄u, for j =0, 1, . . ., the states areX3(ρ−j) :=−

A−j−1
u H̄u, for j =0, 1, . . .. The stable component of the

stateHs is managed as in case of stabilizableVm.

3.1 Design of the compensator
Let us refer to Fig. 4, which shows a typical input sequence
achieving decoupling of an impulse at inputh and timeρ
in the most general case. If the internal modes ofVm (that
are a subset of the invariant zeros of the plant fromu to y)
are all stable, decoupling is achieved by arelative-degree
dead-beat(motion onSρ), followed by apostaction(motion
onVm along these zeros) that can be realized with a stable
purely dynamic system. In this case the compensator con-
sists of aρ-step FIR system and a dynamic unit, described
by

u(k) =
ρ∑

`=0

Φ(`)h(k − `) , (7)

x(k) =
ρ+1∑
`=1

Ψ(`)h(k − `) , (8)

w(k + 1) = N w(k) + L h(k − ρ − 1) , (9)

u(k) = M w(k) , (10)

x(k) = V w(k) , (11)

for k =0, 1, . . ., with Φ(i) := U1(i) (i =0, . . . , ρ),
Ψ(i) := X1(i) (i =1, . . . , ρ +1), N := A′

11, L :=H ′
1,

M :=F ′
1. If, on the other hand, unstable modes are present

in Vm, a preactionis also required. Since the evolution of
the state according to the unstable modes ofVm can only be
computed backward and reproduced through a FIR system
only, the time interval characterizing the FIR is enlarged
to include the preaction timeka, large enough to make
the decoupling error negligible. Thus, eqs. (7) and (8) are
modified as

u(k) =
ρ∑

`=−ka

Φ(`)h(k − `) , (12)

x(k) =
ρ+1∑

`=−ka+1

Ψ(`)h(k − `) , (13)

with Φ(i) :=U1(i)+ U3(i) (i = − ka, . . . , ρ) and
Ψ(i) := X1(i)+X3(i) (i = − ka, . . . , ρ +1). The dy-
namic unit is still described by (9), (10) and (11) with
N :=As, L :=Hs, M :=Fs.

−ka 0 ρ

preaction

dead-beat

postaction

Figure 4: An input sequence for decoupling at timeρ.

If the triple(A, B, C) is not left-invertible, the previous pro-
cedure can be applied anyhow, provided that a preliminary



manipulation is performed to obtain a left-invertible triple
and the results obtained are suitably adapted to fit the origi-
nal system. The following algorithm traces the way for this.

Algorithm 3 (Extension to non left-invertible systems)If
the triple (A, B, C) is not left-invertible, the previous pro-
cedure should be applied to(A∗, B∗, C), with

1. A∗ :=A+ BF ∗, where F ∗ is a state feedback ma-
trix such that(A+ BF ∗)V∗ ⊆V∗ and all the elements of
σ(A+ BF ∗)|RV∗ are stable;
2. B∗ :=B U∗, whereU∗ is a basis matrix of the sub-
spaceU∗ := (B−1 V∗)⊥, the orthogonal complement of the
inverse image ofV∗ with respect toB.

Let Ūi(k) andX̄i(k) (i =1, 2, 3 andk consistently defined)
be the sequences of controls and states provided by Algo-
rithms 1 and 2 applied to(A∗, B∗, C). The correspond-
ing control sequences for(A, B, C) are to be computed as
Ui(k)= U∗Ūi(k)+ F ∗X̄i(k) (i =1, 2, 3).

4 Illustrative examples

4.1 Example 1
Let us consider the signal decoupling problem for system
(1) with

A =


 .5 0 0

−1 .2 .5
0 .3 .4


 , B =


 −1 0

1 −2
2 1


 ,

H =


 1 0 0

0 1 0
0 0 1


 , C =

[
1 0 1
1 0 0

]
.

(14)

Standard computations2 provide

V∗ = im


 0

1
0


 ,

S∗ = B , S0 = S∗ , Vm = V∗ .

(15)

It follows thatρ = 0. The system is left-invertible and the
unique internal eigenvalue ofVm is z = .8. Hence, in this
case it is possible to derive a single-step FIR system and a
stable postaction dynamic compensator with a single state,
described by the equations (7), (8), (9), (10) and (11) with

Φ(0) =
[ −1 0 0

2 0 −1

]
, N =

[
.8

]
,

L =
[ −5 1 2

]
, M =

[
0

−.3

]
.

(16)

This solution applies both for the output decoupling of a
measurable disturbance affecting all the state components

2These can be done with the Geometric Approach Toolbox for Matlab,
first published with [3] and now available for free download on the web site
http://www.deis.unibo.it/Staff/FullProf/GiovanniMarro/geometric.htm.

and the unknown-input complete state observation of the
dual of system (14), that is achieved with the dual of (16).
In these cases no preaction or postknowledge is required,
and the obtained compensator or observer are strictly stable
non-purely dynamic systems.

4.2 Example 2
Consider again the matrices in (14), but withB22 = − 3.5.
The subspaces (15) are the same, but the internal eigenvalue
of Vm is z =1.25, hence unstable, so that the decoupling
is obtainable only with preaction (and the input to be de-
coupled must be known in advance) or the unknown-input
complete state observation only with postknowledge. The
synthesis procedure in this case yields

U1(0) =
[ −1 0 0

2 0 −1

]
,

U3(−j) = −Fu A−j−1
u H̄u , j = 0, 1, . . . , ka ,

(17)

with

Au =
[

1.25
]

, H̄u =
[ −8 1 3.5

]
,

Fu =
[

0
−.3

]
,

(18)

describing a FIR system withΦ(i)= U1(i)+U3(i) (i = −
ka, . . . , 0) (with U1(i) assumed to be zero if not explic-
itly defined) that approximates an antistable non-purely dy-
namic system. Postaction is not required in this case. With
ka =30 the decoupling error for a unit impulse at inputh
is about10−3, while with ka = 60 it reduces to about10−6.
The same results hold in the dual case for the error in the
delayed observation of the state in the presence of a unit im-
pulse applied at the unknown input.

4.3 Example 3
Let us now consider a standard example known in the lit-
erature [15], [9], [18], concerning the complete state ob-
servation (hence withE = I) of the continuous-time triple
(A, B, C) defined by

A =


 −1 1 0

−1 0 0
0 −1 −1


 , B =


 −1

0
0


 ,

C =
[

1 0 1
1 0 0

]
.

We refer to the dual problem, namely the output decou-
pling of a disturbance affecting the whole state (hence with
Hd := I) for the systemAd := AT, Bd :=CT, Cd :=BT.
The first computation concernsV∗ andS∗, that are

V∗ = im


 0 0

1 0
0 1


 , S∗ = IR3 .

The system is not left-invertible. Left-invertibility is
achieved by using Algorithm 3, with the free eigenvalues



set to−3 and−6, thus obtaining

A∗
d =


 −1 0 0

1 0 −1
0 18 −9


 , B∗

d =


 1

0
0


 ,

F ∗
d =

[
0 1 0
0 18 −8

]
.

Subsequent computations giveVm =V∗, ρ =0, hence
Sρ =B, and the compensator provided by the algorithm in
the previous section is

Φd(0) =
[ −1 0 0

0 0 0

]
, Nd =

[
0 −1
18 −9

]
,

Ld =
[

0 1 0
0 1 0

]
, Md =

[
1 0
18 −8

]
.

By dualizing this compensator we obtain the unknown-input
observer, that is of order two with arbitrary eigenvalues.
This fits the results of the above-mentioned previous inves-
tigations. Note that the arbitrariness of the eigenvalues is
related to lack of left invertibility.

5 Conclusion

A systematic algorithmic procedure has been presented for
solving a class of feedforward control and observation prob-
lems by using the standard tools of the geometric approach.
The main feature of the approach is that the minimum set
of fixed poles of the compensator or observer is sharply se-
lected, thus satisfactorily solving the stability problem.

Recently it has been pointed out that generalH2 optimal
control problems can be solved as extensions of some stan-
dard problems of the geometric approach (e.g., disturbance
localization with state or measurement feedback, see for in-
stance [6]). An interesting feature of the theory presented
in this paper is that it may open the way to the treatment
of both preview optimal control andH2 optimal control in
a unified mathematical framework, where dynamic systems
and FIR systems are considered together.
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